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1. Introduction

During the last thirteen years a series of efficient direct methods of numerical solution of
Cauchy-type singular integral equations was developed. Here we will restrict ourselves to such
real equations on a finite interval, which, without loss of generality, can be considered coinciding
with the interval [−1,1]. Here we will study the case of Cauchy-type singular integral equations of
the second kind with constant coefficients of the form

aφ(x)+
b
π
−
∫ 1

−1

φ(t)
t− x

dt +
∫ 1

−1
k(x, t)φ(t)dt = f (x), −1 < x < 1, (1)

where a and b are known constants, k(x, t) is a known regular kernel, similarly f (x) is a known
regular function and φ(x) is the unknown function of this integral equation. Obviously, for a = 0
from Eq. (1) the corresponding equation of the first kind results in.

For the sake of generality, we consider the case where the index κ of Eq. (1) is equal to 1. Then,
in order that Eq. (1) can have a unique solution, it is necessary that this equation be accompanied
by a condition, e.g. the condition ∫ 1

−1
φ(t)dt = 0. (2)

Next, the unknown function φ(x) presents singularities at the ends x = ±1 of the interval [−1,1]
even if the functions k(x, t) and f (x) are completely regular on the whole interval [−1,1]. Therefore,
it should be written in the form

φ(x) = w(x)g(x), (3)

where g(x) is a new unknown (but now regular) function and w(x) is the weight function, which
has the form

w(x) = (1− x)α(1+ x)β with −1 < α,β < 0, (4)

where the constants α and β are determined as functions of the known constants a and b in Eq. (1).
The direct methods of numerical solution of Eqs. (1) and (2) that will be considered here (but

only from the convergence point of view) are (i) the Galerkin method, (ii) the collocation method,
(iii) the quadrature–collocation method and (iv) the quadrature method. It is believed that the
general directions for the proof of the convergence of the above methods, which will be presented
below, can really be used for the rigorous mathematical proof of the convergence of these methods
although this has not been achieved so far simultaneously being outside the scope of the present
technical report.

Furthermore, we make some references to the related literature. In these references, many addi-
tional references to the same literature can also be found. Cauchy-type singular integral equations
of the form (1) were studied from the theoretical point of view in the monographs by Muskhe-
lishvili [1] and Gakhov [2]. The numerical methods of solution of Fredholm integral equations of
the second kind, to which Eqs. (1) and (2) can be reduced (although this does not happen in the
direct methods), are studied in the monographs by Atkinson [3] and Baker [4]. The direct methods
of numerical solution of Cauchy-type singular integral equations are mentioned in the recent pa-
pers of Ioakimidis [5–10] and in many other references cited in these papers. Below we assume the
contents of all these references to be known and we will not make further references. Finally, we
mention the paper by Linz [11], where the convergence of a direct method of numerical solution
of Cauchy-type singular integral equations was studied for the first time. Generalizations of these
results were made by Ioakimidis and were included in a paper by Ioakimidis and Theocaris [12].
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2. The Galerkin method

At first, we consider the Galerkin method with a weight function. Because of Eq. (3), the final
unknown function g(x) = φ(x)/w(x) in Eq. (1) is approximated by a new function gn(x), i.e.

g(x)≈ gn(x) =
n

∑
i=0

γiφi(x), (5)

where φi(x) denotes the Jacobi polynomial P(α,β )
i (x) of degree i, i.e.

φi(x) := P(α,β )
i (x), (6)

and γi are appropriate constants.
Additionally, below we will use the Jacobi polynomial P(−α,−β )

i (x) again of degree i, which are
denoted here by the symbol φ∗i (x), i.e.

φ
∗
i (x) := P(−α,−β )

i (x). (7)

Therefore, because of Eqs. (1), (2) and (3), finally, we have to solve the equations

aw(x)g(x)+
b
π
−
∫ 1

−1
w(t)

g(t)
t− x

dt +
∫ 1

−1
w(t)k(x, t)g(t)dt = f (x), −1 < x < 1, (8)∫ 1

−1
w(t)g(t)dt = 0. (9)

Here by using the Galerkin method under consideration, we can solve in an exact way (i.e. without
the introduction of errors) the approximate equations

aw(x)gn(x)+
b
π
−
∫ 1

−1
w(t)

gn(t)
t− x

dt +
∫ 1

−1
w(t)kn(x, t)gn(t)dt = fn(x), −1 < x < 1, (10)

∫ 1

−1
w(t)gn(t)dt = 0. (11)

In these equations, the new, approximate functions kn(x, t) and fn(x) are of the forms

kn(x, t) =
n−1

∑
k=0

δk(t)φ∗k (x), fn(x) =
n−1

∑
k=0

εkφ
∗
k (x). (12)

These two functions constitute approximations to the original functions k(x, t) and f (x) in Eq. (1),
respectively, by substitutions of the related infinite series (assumed convergent) of the original
functions k(x, t) and f (x), respectively, in terms of Jacobi polynomials φ∗k (x) by the corresponding
finite series. Moreover, in Eqs. (12) the functions δk(t) denote appropriate functions of the variable t
and εk are simply constants.

Below we assume that the functions k(x, t) and f (x) in Eq. (1) are continuous functions with
respect to the variables x and t and that they have at least continuous derivatives of order m, which
are additionally Hölder-continuous functions with exponent µ . We put

p = m+µ (13)
and we have

f (x) ∈Cp, k(x, ·) ∈Cp or f (m) ∈ Hµ , k(m)
x ∈ Hµ . (14)

For increasing values of n in Eqs. (5) and (12), we wish to show that

||g−gn||∞ = O(n−ζ ), (15)
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where ζ is a positive constant and the uniform norm is defined (as usual) by

||g||∞ := max
−1≤x≤1

|g(x)|. (16)

It is believed that Eq. (15) holds true under appropriate conditions and that the simplest way for
its proof is to consider the two Fredholm integral equations of the second kind which are equivalent
to Eqs. (8) and (9) as well as to Eqs. (10) and (11). This seems to be a new approach to the the-
oretical investigation of the direct methods of numerical solution of Cauchy-type singular integral
equations. Evidently, this approach concerns only the justification of the methods, which do not
cease being direct, i.e. not requiring the reduction of the Cauchy-type singular integral equation to
an equivalent Fredholm integral equation of the second kind.

Thus, we consider the two Fredholm integral equations of the second kind which are equivalent
to Eqs. (8) and (9) as well as to Eqs. (10) and (11), respectively, and have the forms

g(x)+
∫ 1

−1
K(x,y)g(y)dy = F(x), −1≤ x≤ 1, (17)

gn(x)+
∫ 1

−1
Kn(x,y)gn(y)dy = Fn(x), −1≤ x≤ 1, (18)

respectively. In the first of these equations, Eq. (17), the new functions K(x,y) and F(x) are defined
by

K(x,y) =
w∗(y)

a2 +b2

[
aw∗(x)k(x,y)− b

π
−
∫ 1

−1
w∗(t)

k(t,y)
t− x

dt
]
, (19)

F(x) =
1

a2 +b2

[
aw∗(x) f (x)− b

π
−
∫ 1

−1
w∗(t)

f (t)
t− x

dt
]

(20)
with

w∗(x) = (1− x)−α(1+ x)−β =
1

w(x)
. (21)

Next, with respect to the new functions Kn(x,y) and Fn(x) in Eq. (18), these are defined by two
equations completely analogous to Eqs. (19) and (20), respectively, simply by using the functions
kn(x,y) and fn(x) instead of k(x,y) and f (x), respectively, there.

Now the following question is posed: If

||k− kn||∞→ 0 and || f − fn||∞→ 0 for n→ ∞, (22)
then (i) is it valid that

||K−Kn||∞→ 0 and ||F−Fn||∞→ 0 for n→ ∞ (23)

and (ii) next, under the usual assumptions for Fredholm integral equations of the second kind, is it
valid that

||g−gn||∞→ 0 for n→ ∞ (24)

or, more clearly, is Eq. (15) valid for some positive constant ζ ?
The reply to this question is that under the assumptions (22) most probably Eqs. (23) and (24)

hold true under appropriate assumptions and conditions of the form (14) and an appropriate use of
the convergence theorems for Fredholm integral equations of the second kind. Nevertheless, the
complete investigation of this question is a subject for a detailed study and it requires the devotion
of the necessary time.

Another possibility consists in using the auxiliary function

G(x) = aw(x)g(x)+
b
π
−
∫ 1

−1
w(t)

g(t)
t− x

dt (25)
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instead of g(x) defined by Eq. (3). Then the initial Cauchy-type singular integral equation (8)
reduces to a Fredholm integral equation of the second kind without a change of its right-hand
side f (x) but only with a change of its kernel k(x,y). Next, if it is proved that the approxima-
tion Gn(x) to G(x) converges for n→∞ to G(x), then since Eq. (25) has a closed-form solution g(x),
it seems also possible to prove the convergence of gn(x) to g(x) for n→ ∞, i.e. to prove Eq. (24) or
rather Eq. (15).

3. The collocation method

The whole thought about the collocation method is exactly analogous to that already developed
about the Galerkin method. The approximations (12) are valid again with the only difference that
the functions δk(t) and the constants εk are defined in these approximations in such a way that

kn(xk, t) = k(xk, t) and fn(xk) = f (xk) with φ
∗
n (xk) = 0, k = 0,1, . . . ,n−1, (26)

obviously with xk denoting the n collocation points.

4. The quadrature–collocation method

In the quadrature–collocation method, numerical integration rules (quadrature rules) of the forms∫ 1

−1
w(t)g(t)dt ≈

n

∑
i=0

Ai g(ti), (27)

∫ 1

−1
w∗(t)g(t)dt ≈

n−1

∑
k=0

Bk g(xk) (28)

are used. In these numerical integration rules, Ai and Bk are the weights and ti and xk the nodes,
which, in our case, are determined as

φn+1(ti) = 0, i = 0,1, . . . ,n and φ
∗
n (xk) = 0, k = 0,1, . . . ,n−1. (29)

Again in the quadrature–collocation method, the results of Section 2 concerning the Galerkin
method are valid including the expression of the form (5) for the approximation gn(x) to the un-
known function g(x). For the approximations Kn(x,y) and Fn(x) to the functions K(x,y) and F(x),
respectively, in the equivalent Fredholm integral equations of the second kind (17) and (18), re-
spectively, expressions of the forms

Kn(x,y) =
n

∑
i=0

n−1

∑
k=0

λikφ
∗
k (x)φi(y), Fn(x) =

n−1

∑
k=0

µkφ
∗
k (x) (30)

are used instead of the exact expressions (19) and (20), respectively. The expressions (30) are due
to the use of the numerical integration rules (27) and (28) as well as of the analogous rules for
Cauchy-type principal value integrals. For this class of integrals Eq. (28) takes the form

aw∗(x)g(x)− b
π
−
∫ 1

−1
w∗(t)

g(t)
t− x

dt ≈ − b
π

n−1

∑
k=0

Bk
g(xk)

xk− x
+Nn(x)g(x),

x 6= xk, k = 0,1, . . . ,n−1, (31)

where Nn(x) is an appropriate rational function.
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On the basis of the approximations (30) to the functions K(x,y) and F(x) and also of the re-
sults of Section 2, it is believed that it is possible to prove the convergence of the present direct
quadrature–collocation method of numerical solution of a Cauchy-type singular integral equation
by reduction to a system of linear algebraic equations, i.e. to prove a limit of the form (24) or rather
an equation of the form (15).

5. The quadrature method

This method is different from the method of the previous section only since after the determina-
tion of the values of the unknown function g(x) at the nodes ti of the numerical integration rule (27)
no interpolation formula of the form (5) is used for the determination of the unknown function g(x)
or rather of its approximation gn(x) on the whole integration interval [−1,1]. On the contrary, a
natural interpolation formula is used. This formula is based on the numerical integration rule

aw(x)g(x)+
b
π
−
∫ 1

−1
w(t)

g(t)
t− x

dt ≈ b
π

n

∑
i=0

Ai
g(ti)
ti− x

+Mn(x)g(x),

x 6= ti, i = 0,1, . . . ,n, (32)

where Mn(x) is again an appropriate rational function. The above rule corresponds to the rule (27)
but here it concerns Cauchy-type principal value integrals. It is also analogous to the rule (31)
valid in a somewhat different case of Cauchy-type principal value integrals. In this way, through
the application of the numerical integration rules (27) and (32) to the initial Cauchy-type singular
integral equation (8) and the condition (9) and after the determination of the values gn(ti) (exactly as
in the previous section), a natural interpolation formula for the approximation gn(x) to the unknown
function g(x) on the whole interval [−1,1] (but with the exception of the points ti and xk) results in.

For the proof of the convergence of the quadrature method we can work in two different ways.
In the first way, we study the Cauchy-type singular integral equation (8) writing this equation in the
form

G(x) = f (x)−
∫ 1

−1
w(t)k(x, t)g(t)dt (33)

because of Eq. (25). We also study the related approximate equation

Gn(x) = f (x)−
n

∑
i=0

Aik(x, ti)gn(ti) (34)

resulting from Eq. (33) after the application of the numerical integration rule (27) to the ordinary
integral of Eq. (33).

If Eq. (24) is valid for the quadrature–collocation method described in the previous section, we
will also have

max
i=0,1,...,n

|g(ti)−gn(ti)| → 0 for n→ ∞. (35)

Moreover, if the numerical integration rule (27) converges as well, we will also have

||G−Gn||∞→ 0 for n→ ∞. (36)

Finally, by solving Eq. (25) in closed form with respect to g(x) and the corresponding equation
with the function Gn(x) with respect to the approximation gn(x) to g(x), we find that

g(x) =
1

a2 +b2

[
aw∗(x)G(x)− b

π
−
∫ 1

−1
w∗(t)

G(t)
t− x

dt
]
, (37)

gn(x) =
1

a2 +b2

[
aw∗(x)Gn(x)−

b
π
−
∫ 1

−1
w∗(t)

Gn(t)
t− x

dt
]
. (38)
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Then it is hoped that if we have convergence for the numerical integration rule (31), because of the
limit (36), we will also have convergence for gn(x) to g(x). Therefore, the limit (24) will be valid.

Alternatively, we can work with the two Fredholm integral equations of the second kind which
are equivalent to the original Cauchy-type singular integral equation (8) and its approximation.

6. Conclusions

The above developments show that, most probably, it is possible to prove the convergence of the
direct methods of numerical solution of Cauchy-type singular integral equations by using methods
of proof analogous to those used for Fredholm integral equations of the second kind long ago. It is
hoped that the above results will be completely investigated and that they will end up at complete
proofs of convergence concerning both the aforementioned methods and many additional related
methods for the Cauchy-type singular integral equations under consideration as well as for other
similar equations. Of course, convergence should not be expected in all cases of Cauchy-type
singular integral equations and in all applied corresponding numerical methods, but it is worthy of
investigation in which cases there is convergence and in which cases there is not.
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