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Abstract The problem of the deflection of a straight isotropic elastic beam under a uniform dis-
tributed loading during bending is reconsidered under the inequality constraint that this deflection
should not exceed a critical value because of the existence of a rigid obstacle or because of strength
or even aesthetic reasons. This problem reduces to the problem of positivity of an appropriate quar-
tic polynomial along the beam, which is a computational quantifier elimination problem and can
further be solved by using classical Sturm–Habicht sequences in the theory of polynomials. The
final result is a logical combination of algebraic expressions including the parameters of the present
beam problem, that is the deflections and the rotations at the beam ends, the constant distributed
loading, the critical/maximum permissible deflection as well as the length and the flexural rigidity
of the beam. More complicated loading conditions can also be considered by the same approach,
which is also applicable to the classical finite element method in beam problems for each particular
finite beam element.
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Fig. 1: The loaded beam element above the rigid obstacle.

1. Introduction

We consider the classical problem of bending of an isotropic elastic beam of length L (with
0≤ x≤ L), Fig. 1, under a uniform distributed loading q along the whole beam when the geomet-
rical conditions at the ends of the beam are arbitrary and, moreover, the deflection v = v(x) of the
points of the beam is assumed not reaching a critical value H, that is

∀x such that 0≤ x≤ L =⇒ v(x)< H. (1)

Clearly, this is a mechanical problem under an inequality constraint which should hold true along
the whole beam. The symbol ∀ (for all) in Eq. (1) is called the universal quantifier in applied
logic and the variable x is the related quantified variable. We wish that the inequality constraint
problem (1) be written, equivalently, in a simpler form not including both the universal quantifier ∀
and the related variable x. This is generally called a quantifier elimination (QE) problem or, better,
a computational quantifier elimination (CQE) problem [1–3].

In applied mechanics, the appearance of inequality constraints is not rare. A classical such case
is the case of contact, where the existence (or the lack of existence) of a contact interval has a strong
influence on the solution of the problem under consideration either in closed form or by classical
methods of computational mechanics such as the popular finite element method [4, 5], applicable
also to problems of bending of beams like the present problem. One of the first known references to
problems of beams where inequality constraints are of interest is the paper by Schindler [6], where
the case of a beam on an elastic foundation has been studied in detail with the restriction that the
deflection of the beam should be positive so that the well-known Winkler hypotheses [7] about the
reaction of the foundation can approximately hold true. Several more recent investigations have
also appeared (see, e.g., [8]) and the whole problem seems already sufficiently solved from the
numerical point of view.

Here we assume again that the deflection of the beam should satisfy an inequality constraint,
the constraint (1) in our case. This restriction on the deflection of the beam may be due either to a
physical rigid obstacle (at a distance H below the beam as shown in Fig. 1) or to strength reasons
(there may appear cracks or, simply, yielding in some parts of the beam) or, even, to aesthetic
reasons (the deformation of the beam will be unacceptable from an aesthetic point of view if a very
large value of its maximum deflection is present). Additional reasons for an inequality constraint
along a beam may also appear in practice as is the case, for example, in the classical problem
of a beam on an elastic foundation, where the validity of the Winkler hypotheses [7]] need to be
confirmed or rejected. The general conclusion is that our elastic solution for the problem of bending
of a beam may not be acceptable if a valid inequality constraint is violated/ignored.

Recently, we have seen with great interest the book by Antes and Panagiotopoulos [9], where
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inequality constraints have been taken into account in contact problems in elasticity by the popular
boundary integral equation method. The methods of variational and semi-variational inequalities
have been used in this book. The case of obstacles in contact problems in elasticity is also men-
tioned in the paper by Bermúdez and Fernández [10] on variational inequalities. Some related
books are also available (see, e.g., [11]).

In spite of the interesting theoretical and numerical results in these references, it seems that
CQE (computational quantifier elimination) has not been widely used in applied mechanics and
engineering. The aim of this tool, CQE, is to derive algebraic expressions, combined by the “and”,
“or” and “not” logical operators completely equivalent to the original formula containing the in-
equality constraint (such as formula (1) above). These expressions are called quantifier-free formu-
lae (QFFs). Therefore, in this way, we can study in an algebraic/logical way problems where an
inequality constraint should hold in a whole interval (or region) as is the case with the aforemen-
tioned beam problem. This particular approach, CQE, is not a numerical approach and, therefore,
it cannot be compared with numerical methods.

For example, in the above beam problem, it is a more or less easy task to numerically determine
the maximum value vmax of the deflection v(x) of the points of the beam along the whole beam
(0≤ x≤ L) and compare it with the maximum permissible value H of v(x). This can be done, e.g.,
by determining the points of the beam where the derivative v′(x) of the deflection v(x) becomes
zero and, next, finding the corresponding values of the deflection v(x) at these points. (The values
of the deflection at the ends of the beam, v1 and v2 respectively, are assumed, of course, to have
been compared with H in advance.) This approach is totally classical and elementary as well,
but, by no means is it comparable to the present approach which is algebraic and not numerical.
Therefore, the present approach, leading to algebraic/logical formulae (here called QFFs) is of quite
a general validity and one has simply to use the parameters in the problem under consideration, e.g.
here the values of the deflections v1,2 and the rotations θ1,2 at the ends of the beam, x = 0 and
x = L respectively, the value of the constant distributed loading q, the value H of the maximum
permissible deflection v(x) along the beam as well as, obviously, the length L of the beam and the
value EI of the flexural rigidity of the beam (where E denotes the modulus of elasticity of the elastic
material of the beam and I the appropriate moment of inertia of the cross-section of the beam). Of
course, although in elementary cases, e.g. for linear or even quadratic polynomials, one can still
derive a QFF by simple manual computations, this ceases being the case in more complicated
problems, such as the present beam problem, where we have a quartic polynomial. In such cases,
heavier machinery, such as the classical Sturm sequences in the theory of polynomials [12, 13] or,
better, the modified Sturm–Habicht sequences [14] must be used.

The interest in the derivation of QFFs by using CQE techniques lies in the following facts:
(i) such formulae are of theoretical interest themselves, (ii) the same formulae, when available,
permit us to avoid using numerical techniques, which are costly from the computational point of
view, and (iii) similarly, QFFs, containing symbols instead of numbers, are valid for any values of
the parameters of the problem under consideration (such as those mentioned above in the present
beam problem). This general validity of QFFs is particularly useful in cases where we need to
repeatedly check the validity (or the lack of validity) of an inequality constraint having led to a
quantified formula (such as formula (1)). This is the case, for example, when we have a large
number of beams to check or a simple beam, but for several values of the parameters involved or,
in another computational environment, in the case of use of the finite element method, where the
beam is partitioned into several finite elements. Under these conditions, it seems that the derivation
of QFFs is of particular interest and importance in applied mechanics and engineering.

Following the fundamental results on CQE by Collins [1], whose method is based on cylindri-
cal algebraic decomposition (CAD), having been significantly extended and improved by several
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researchers in the field and, mainly, by his collaborators Arnon, McCallum and Hong (see, e.g.,
[15–17]), we have been already able to consider few CQE problems in applied mechanics [18–20]
including that of an unloaded beam [20]. Related unpublished results by Collins [21] (having kindly
communicated to this author) have been used in [20]. Unfortunately, as was pointed out by Collins
to the author [21], the partial CAD method [16, 17] and the related computer program, qepcad,
in the SACLIB computer algebra system [22], cannot be successfully used for CQE concerning
the positivity of the quartic polynomial. (Quite similar is the case with manual, not computer-
aided approaches [21].) Under these circumstances, the author decided to use here the approach
of Sturm–Habicht sequences [14] (a slight extension of the classical Sturm sequences [12, 13]) so
that a QFF for the positivity of the quartic polynomial, to which the aforementioned beam bending
problem of Fig. 1 is reduced, can be derived.

Although the problem of a uniform distributed loading q has been chosen here along the beam
for the illustration of the approach of Sturm–Habicht sequences [14] (in a case where no other
CQE approach seems applicable), it is clear that the same approach can also be generalized to
much more complicated cases of polynomial equations, e.g. to the case of a linear variation of the
loading distribution, q(x) = q1x+q2, along the beam.

The powerful and popular computer algebra system Maple V [23] has been used for all of the
related symbolic computations both in ordinary and in Boolean algebra.

2. The beam problem

We consider the problem of bending of the beam of Fig. 1, where we assume the geometrical
boundary conditions to be parameters (that is both the deflections v1,2 and the rotations θ1,2 at the
ends x = 0 and x = L, respectively, Fig. 1). Similarly, we consider as parameters the value of the
constant distributed loading q, the maximum permissible deflection H, the length L of the beam
and, finally, the flexural rigidity EI of the beam.

For this simple beam problem, the fundamental differential equation of bending of beams [5,
p. 170]

EI
d4v
dx4 = q (2)

together with the boundary conditions at the ends of the beam

v(0) = v1, v(L) = v2,
dv
dx

(0) = θ1,
dv
dx

(L) = θ2 (3)

permit us to easily find the polynomial equation for the deflection of the beam

v(x) = a0 x4 +b0 x3 + c0 x2 +d0 x+ e0, (4)

which is, obviously, a quartic polynomial with coefficients determined from (because of Eqs. (2)
and (3))

a0 = +
q

24EI
, (5)

b0 = − qL
12EI

+
2(v1− v2)+L(θ1 +θ2)

L3 , (6)

c0 = +
qL2

24EI
− 3(v1− v2)+L(2θ1 +θ2)

L2 , (7)

d0 = θ1, (8)

e0 = v1. (9)
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(Of course, for an unloaded beam, q = 0, v(x) in Eq. (4) reduces to the related somewhat more
classical cubic polynomial [5, pp. 173–174].)

Now the fundamental inequality constraint (1) easily reduces to the positivity of a quartic poly-
nomial

∀ξ such that 0≤ ξ ≤ 1 =⇒ p(ξ ) = aξ
4 +bξ

3 + cξ
2 +dξ + e > 0, (10)

where the auxiliary, dimensionless variable ξ = x/L has been used and, moreover, the modified
coefficients a, b, c, d and e are given, because of Eqs. (4) to (9), by

a = − qL4

24EI
, (11)

b = +
qL4

12EI
−2(v1− v2)−L(θ1 +θ2), (12)

c = − qL4

24EI
+3(v1− v2)+L(2θ1 +θ2), (13)

d = −Lθ1, (14)

e = H− v1. (15)

(All of these symbolic computations were easily performed with Maple V [23].)
In this way, we transformed the physical beam problem under the constraint that the deflection

v(x) of the beam does not reach H along the whole beam, x ∈ [0,L], to an algebraic problem con-
cerning the positivity of a quartic polynomial, p(ξ ). Of course, before proceeding to the solution
of this algebraic problem, we should check the positivity of p(ξ ) at the ends, ξ = 0 and ξ = 1, of
the beam, that is we must simultaneously have

p(0) = e > 0 and p(1) = a+b+ c+d + e > 0 (16)

or, equivalently, because of Eqs. (11) to (15),

v1,2 < H, (17)

two physically obvious conditions for the present inequality constraint problem, which are assumed
to hold true in advance. Now we will proceed now to the solution of our CQE (computational
quantifier elimination) problem (10) by using Sturm–Habicht sequences and the related theorem
about the roots of a polynomial.

3. The Sturm–Habicht sequence

At first, for convenience, we will use the auxiliary interval [1,∞] instead of the original inter-
val [0,1] for p(ξ ). This can easily be achieved through the use of the new variable η = 1/ξ . Then
our CQE problem (10) takes the equivalent form

∀η such that 1≤ η ≤ ∞ =⇒ s(η) = eη
4 +dη

3 + cη
2 +bη +a > 0, (18)

where the new polynomial s(η) is given by

s(η) = η
4 p(1/η), η = 1/ξ , η ∈ [1,∞]. (19)
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The Sturm–Habicht sequence for the quartic polynomial s(η) in formula (18) was constructed
with the help of the related sth command in the IF package of the share library of the computer
algebra system Maple V [23]. This sequence consists of five polynomials and has the form

h0(η) = s(η) = eη
4 +dη

3 + cη
2 +bη +a, (20)

h1(η) = ds(η)/dη = 4eη
3 +3dη

2 +2cη +b, (21)

h2(η) = e[(3d2−8ce)η2 +(2cd−12be)η +bd−16ae], (22)

h3(η) = e[Fη +(C−F)], (23)

h4(η) = eD. (24)

The quantity D in Eq. (24) is the discriminant of both polynomials p(ξ ) and s(η) and is given
by

D = −4b2c3e+b2c2d2−27a2d4−27b4e2 +18b3cde+18abcd3

+16ac4e−4ac3d2−80abc2de−4b3d3−128a2c2e2

−192a2bde2−6ab2d2e+144ab2ce2 +144a2cd2e+256a3e3. (25)

Moreover, the quantities C and F in Eq. (23) are also functions of a, b, c, d and e and are given by

C = −48abe2−36b2e2 +32ace2−4bc2e+32acde−8c3e−12ad2e

+3b2de+28bcde−9ad3 +bcd2 +2c2d2−6bd3, (26)

F = −36b2e2 +32ace2−8c3e−12ad2e+28bcde+2c2d2−6bd3. (27)

Now, according to the Sturm theorem [12, 13] (here the Sturm–Habicht theorem [14]), we have
to test the signs of the values of s(η) at the ends η = 1 and η = ∞ of the interval [1,∞]. From
Eqs. (20) to (24) we directly find that

h0(1) = a+b+ c+d + e = H− v2 > 0, (28)

h1(1) = A = b+2c+3d +4e, (29)

h2(1) = eB = e(3d2−8ce+2cd−12be+bd−16ae), (30)

h3(1) = eC, (31)

h4(1) = eD. (32)

Similarly, for η = ∞ we find the analogous sequence

h0(∞) = e = H− v1 > 0, (33)

h1(∞) = 4e = 4v1 > 0, (34)

h2(∞) = eE = e(3d2−8ce), (35)

h3(∞) = eF, (36)

h4(∞) = eD, (37)
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where just the leading coefficients (with respect to η) in Eqs. (20) to (23) have been taken into
account.

As is clear from Eqs. (28) to (37), we have to take into consideration ten quantities, hk(1)
and hk(∞) (k = 0,1, . . . ,4) in order to become able to decide about the positivity of the quartic
polynomial p(ξ ) in formula (10) on [0,1]. But since, because of the first of Eqs. (16), e is a positive
quantity (this is simply due to the fact that the deflection v(x) of the beam should be less than H
at x = 0 as is clear from Eq. (15)), we have to consider only the signs of the values of the set of
quantities

S = {A,B,C,D,E,F}, (38)

determined from Eqs. (29), (30), (26), (25), (35) and (27), respectively. These equations, together
with Eqs. (11) to (15), permit us the direct derivation of the values of the quantities in the set S in
terms of the physical quantities (parameters) in our present problem of bending of an elastic beam.

Finally, just for computational convenience, below we will assume that the six quantities in the
set S can take only either positive or negative values, never the value zero. This is rather permissi-
ble in the present applied mechanics/engineering environment, since the distinction between zero
and ±10−10 (for example) is of no particular importance and is rather impossible under the accu-
racy expected from the available numerical values of the physical quantities in Eqs. (11) to (15).
If the precision in these values were infinite, then the aforementioned approximation would lead
to our ignoring just one point of contact or to confusing such a point with an infinitesimal contact
interval in extreme cases. But, generally, this approximation is acceptable from the engineering
point of view and it really greatly simplifies the QFF (quantifier-free formula) to be derived in the
next section, since the number of cases under investigation is greatly reduced (as far as their combi-
nations are concerned) because the sign of each of the six quantities in S can take only two values:
+1 and −1 instead of three: +1, −1 and 0. The latter case (of three possible values of the sign in
the quantities of interest) has been considered in detail by Hong [17].

Now we can proceed to the derivation of the present QFF, equivalent to the quantified for-
mula (10), by using Sturm’s theorem [12, 13] (almost equivalently, especially now that zeros have
been ignored, the strongly related Sturm–Habicht theorem [14]).

4. The quantifier-free formula

This formula concerns the conditions for the positivity of s(η) in formula (18) on [1,∞], equiv-
alently of p(ξ ) in formula (10) on [0,1] or, better (as far as the physical point of view is concerned),
of H− v(x) in formula (1) on [0,L]. In order to become able to derive this QFF, we will use all of
the quantities hk(1) and hk(∞) (k = 0,1, . . . ,4) in Eqs. (28) to (32) and in Eqs. (33) to (37), respec-
tively, equivalently, as is clear from these equations, the quantities A, B, C, D, E and F in the set S
in Eq. (38). As is well known from the Sturm/Sturm–Habicht theorem [12–14], the difference of
the sign variations (here denoted by var)

V =V1−V2, where V1 = var(1) and V2 = var(∞), (39)

is the quantity determining the number of roots of our polynomial (here s(η)) in the interval [1,∞].
Beginning with V1, we observe from Eqs. (28) to (32) that we have to consider just the signs

of the four quantities A, B, C and D, here assumed restricted to the values ±1 (with the value zero
exempted). By constructing the related truth table (or the Karnaugh map) in elementary Boolean
algebra [24, 25] (appropriate for use here because just two values for the sign function are consid-
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ered), we observe that

V10 = A∗B∗C∗D∗, (40)

V11 = Ā∗B̄∗C̄∗D̄∗+A∗B̄∗C̄∗D̄∗+A∗B∗C̄∗D̄∗+A∗B∗C∗D̄∗ = B̄∗C̄∗D̄∗+A∗B∗D̄∗, (41)

V12 = Ā∗B̄∗C∗D∗+AB̄∗C∗D∗+ Ā∗B∗C∗D∗+ Ā∗B̄∗C̄∗D∗+A∗B̄∗C̄∗D∗+A∗B∗C̄∗D∗

= Ā∗C∗D∗+A∗C̄∗D∗+ B̄∗D∗, (42)

V13 = Ā∗B∗C̄∗D̄∗+ Ā∗B̄∗C∗D̄∗+A∗B̄∗C∗D̄∗+ Ā∗B∗C∗D̄∗ = Ā∗B∗D̄∗+ B̄∗C∗D̄∗, (43)

V14 = Ā∗B∗C̄∗D∗, (44)

where V1j are Boolean variables denoting just j sign variations at η = 1. Similarly, in the above
equations we used the usual Boolean notation that products denote the “and” logic operator, whereas
sums denote the “or” logic operator. Finally, in the same equations, for convenience we used the
starred symbols A∗, B∗, C∗ and D∗ also as Boolean variables to denote the positivity (Boolean
value 1) or the negativity (Boolean value 0) of the corresponding unstarred quantities.

In quite a similar way and with exactly the same remarks, we also found the expressions of the
quantities V2 j (at η = ∞) as follows:

V20 = E∗F∗D∗, (45)

V21 = Ē∗F̄∗D̄∗+E∗F̄∗D̄∗+E∗F∗D̄∗ = E∗D̄∗+ F̄∗D̄∗, (46)

V22 = Ē∗F̄∗D∗+E∗F̄∗D∗+ Ē∗F∗D∗ = Ē∗D∗+ F̄∗D∗, (47)

V23 = Ē∗FD̄∗, (48)

V24 = false. (49)

All of the above expressions, Eqs. (40) to (49), are directly obvious from the sequences (28)
to (32) and (33) to (37) although the construction of the related truth tables is helpful for their
understanding. Moreover, the simplified expressions for V11, V12, V13, V21 and V22 (after the second
equal signs) were derived by using the simplification (almost equivalently, minimization) command
bsimp of the logic package of Maple V for Boolean logic[23]. More powerful simplification
algorithms and related computer programs are reported by Hong [17] and described in sufficient
detail in References [24, 25].

We can also mention that the tautology command of this logic package was also employed to
show that all possible cases have been taken into account both in Eqs. (40) to (44) and in Eqs. (45)
to (49).

Since we are interested in finding the condition that the quartic polynomial s(η) in formula (18)
has no root in [1,∞], we have considered this particular case, denoted by R0. Obviously, we have

R0 =V10V20 +V11V21 +V12V22 +V13V23 +V14V24. (50)

By using the aforementioned expressions for the Boolean variables Vij in the right-hand side of this
equation and proceeding again to simplification (once more with the bsimp command), we found
that

R0 = A∗B∗D̄∗F̄∗+ B̄∗C̄∗D̄∗E∗+A∗B∗D̄∗E∗+ Ā∗C∗D∗F̄∗

+A∗C̄∗D∗Ē∗+ B̄∗D∗F̄∗+ B̄∗D∗Ē∗+ Ā∗B∗D̄∗Ē∗F∗

+A∗B∗C∗E∗F∗+A∗C̄∗F̄∗+ B̄∗C∗Ē∗F∗+ B̄∗C̄∗F̄∗+ Ā∗C∗Ē∗F∗. (51)
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This equation is the final QFF for the present application in our beam problem. If the Boolean
variable R0 is equal to 1, equivalently to true, then the deflection of the points of the beam does
not reach H. (On the contrary, if R0 is equal to 0, equivalently to false, then the deflection of the
beam exceeds the critical value H in one or two intervals.) Of course, in order that this can hold
true, that is R0 = 1, we must have one of the terms in the above sum equal to one. For example,
it is sufficient that both A and B be positive quantities, whereas, simultaneously, both D and F be
negative quantities if we restrict ourselves just to the first term in Eq. (51). (The signs of C and E
are of no importance as far as this particular term is concerned.) On the other hand, the derivation
of this expression by hand is rather difficult and the aid of the computer (here equipped with the
computer algebra system Maple V) is really valuable.

In quite a similar manner, we can determine the conditions so that we can have 1, 2, 3 and 4
roots of the quartic polynomial s(η) in [1,∞]. We denote the related Boolean variables by R1, R2,
R3 and R4, respectively. Working as previously, we have been easily able to find (with the help of
the Maple V) that

R1 = R3 = false, (52)

R2 = Ā∗B∗D̄∗F̄∗+ B̄∗C∗D̄∗F̄∗+ B̄∗D∗E∗F∗+ Ā∗B∗C̄∗D∗Ē∗+ Ā∗C∗E∗F∗

+ Ā∗B∗D̄∗E∗+ B̄∗C∗D̄∗E∗+A∗C̄∗D∗E∗F∗+ Ā∗B∗C̄∗F̄∗, (53)

R4 = Ā∗B∗C̄∗D∗E∗F∗. (54)

The first of these equations can easily be interpreted because of formula (16), that is because of the
fact that the deflection v(x) of the beam was assumed less that H at both its ends x = 0 and x = L.
(This was further taken into account during the application of the Sturm/Sturm–Habicht theorem
and the derivation of the present formulae.)

The above expressions, (52) to (54), are of sufficient interest in the present CQE problem so
that we can become able to determine an expression R∗0 as our QFF by demanding that

R∗0 = R1R2R3R4 = R2R4 (55)

(because of Eq. (52)). This simply means that in order that the deflection of the beam nowhere
reaches the critical value H, it is necessary and sufficient that this deflection does not take this
value either two times (R2) or four times (R4). This happens since the related polynomial v(x) is
a quartic polynomial in the present beam problem. Now, by performing the necessary Boolean
computations and the related simplification in Eq. (55) (again with Maple V), we can easily find
the related QFF

R∗0 = A∗D∗Ē∗+C∗D∗Ē∗+C∗D∗F̄∗+A∗B∗D̄∗+A∗B∗F̄∗+ B̄∗C̄∗D̄∗

+ B̄∗C̄∗F̄∗+ D̄∗Ē∗F∗+ B̄∗Ē∗F∗+A∗B∗C∗. (56)

The advantage of this expression, R∗0 (compared to R0 in Eq. (51)), is that it is considerably simpler
than R0.

Logically speaking, these two expressions, R0 and R∗0, are not equivalent (as was really con-
firmed with Maple V), simply since Maple V and its logic package know nothing about the
Sturm/Sturm–Habicht theorem. But algebraically/mechanically speaking, these two expressions
are really equivalent and, therefore, we can use Eq. (56) as our final QFF in the present beam
problem.
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Finally, another convenient QFF, directly resulting from Eq. (55) (before the negation), has the
form

R∗∗0 = Ā∗B∗D̄∗F̄∗+ B̄∗C∗D̄∗F̄∗+C̄∗D∗E∗F∗+ Ā∗B∗C̄∗D∗

+ Ā∗C∗D̄∗E∗+ Ā∗B∗E∗F∗+ B̄∗C∗E∗F∗. (57)

The sole advantage of this formula, Eq. (57), over Eq. (56) is that is contains only seven product
(atomic) terms in the sum instead of ten such terms of Eq. (56). Yet, in practice, the standard form
of Eq. (56) and the fact that its product terms have only three factors (instead of four in Eq. (57))
make Eq. (56) the most appropriate QFF in the present beam problem.

5. Conclusions–discussion

From the above results it is concluded that the method of CQE (computational quantifier elim-
ination) in applied logic and computer algebra can easily be used in practical applied mechanics
problems where inequalities are present (as is quite frequently the case) such as the present beam
problem under an inequality constraint for the deflection of the beam. Instead of having to consider
this deflection at each particular point of the beam proceeding in a numerical way, we can work
along the whole beam by using the above-derived QFF (quantifier-free formula) (56) and its equiv-
alent forms. This QFF, appropriately stored in the computer memory, together with the expressions
of a, b, c, d and e in Eqs. (11) to (15), respectively, and the expressions of A, B, C, D, E and F in
Eqs. (29), (30), (26), (25), (35) and (27), respectively, permits us to directly decide about the valid-
ity (or the lack of validity) of the inequality constraint (1) along the whole beam. The above results
are also applicable when we work with the finite element method, where the beam is appropriately
partitioned into several finite elements and, moreover, they can easily be modified to apply also to
cases where the boundary conditions at the beam ends are not purely geometrical (deflections and
slopes), but mechanical as well (shearing forces and bending moments). Mixed conditions can also
be studied without the slightest difficulty.

On the other hand, we can also proceed to higher-degree polynomials (e.g. to the quintic poly-
nomial) in cases where we have a more complicated loading along the beam (e.g., because of
Eq. (2), a linearly varying loading will lead to a quintic polynomial for the deflection of the beam,
a quadratically varying loading to a polynomial of the sixth degree, etc.). The above-described
approach, based on Sturm–Habicht sequences, is valid for any case of a polynomial deflection of
the beam provided that a sufficiently powerful computer is available for the derivation of the related
QFF together with a similarly powerful algorithm for the derivation of Sturm–Habicht sequences
and a sufficiently “smart” logic simplification package. Of course, as the degree of the polynomial
increases, the resulting QFF will become more complicated.

Evidently, the case of non-polynomial loadings of the beam can also be considered simply
through an approximation to such a loading by a polynomial loading by using, e.g., Chebyshev or
mini-max approximations. This can be done either along the whole beam or, better, along each
finite element of the beam so that the accuracy of the approximation can be improved without the
necessity of resorting to higher-degree polynomials.

Furthermore, the above results for a beam problem, having led to the derivation of a QFF for
the quartic polynomial, are also of interest in more complicated cases, e.g. in the case of a square
plate α ≤ x ≤ β and γ ≤ y ≤ δ (instead of a beam), where we have a two-dimensional problem
under the same inequality constraint (the normal deflection v(x,y) of the plate is again assumed not
to reach a critical value H).

Next, the present approach of CQE, leading to the related QFFs, is applicable, beyond obstacle
problems, to a variety of contact problems including pure contact problems and crack problems in
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fracture mechanics, where the crack opening displacement between the crack edges should be a
continuously positive quantity along the whole crack in order that the classical elastic solution can
be valid (equivalently, no contact can be observed). These problems appear also both in two- and
in three-dimensional elasticity/fracture mechanics and, obviously, lead to related CQE problems
in one and two dimensions, respectively. In the future, we hope to become able to consider both
contact and crack problems by the present approach, based on Sturm–Habicht sequences, by using
either the whole contact interval/crack or its boundary elements according to the popular boundary
element method.

Finally, there exist several further possibilities of applying the present results, either directly
or after appropriate generalizations, to applied mechanics and engineering in general. In any such
case, we assume to be able to derive the related QFF in a symbolic/parametric form and, further,
to directly decide about the validity of the inequality constraint without resorting to numerical
methods. We believe that the application of CQE techniques to applied mechanics and engineering
will prove in the future to be a really interesting tool in spite of the fact that this approach has been
essentially ignored in the past. The present results in a classical beam problem have been an effort
towards this direction.
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