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Ιθάκη

Σα βγεις στον πηγαιμό για την Ιθάκη,

να εύχεσαι νάναι μακρύς ο δρόμος,

γεμάτος περιπέτειες, γεμάτος γνώσεις.

Τους Λαιστρυγόνας και τους Κύκλωπας,

τον θυμωμένο Ποσειδώνα μη φοβάσαι,

τέτοια στον δρόμο σου ποτέ σου δεν θα βρεις,

αν μέν’ η σκέψις σου υψηλή, αν εκλεκτή

συγκίνησις το πνεύμα και το σώμα σου αγγίζει.

Τους Λαιστρυγόνας και τους Κύκλωπας,

τον άγριο Ποσειδώνα δεν θα συναντήσεις,

αν δεν τους κουβανείς μες στην ψυχή σου,

αν η ψυχή σου δεν τους στήνει εμπρός σου.

Να εύχεσαι νάναι μακρύς ο δρόμος.

Πολλά τα καλοκαιρινά πρωιά να είναι

που με τι ευχαρίστησι, με τι χαρά

θα μπαίνεις σε λιμένας πρωτοειδωμένους·
να σταματήσεις σ’ εμπορεία Φοινικικά,

και τες καλές πραγμάτειες ν’ αποκτήσεις,

σεντέφια και κοράλλια, κεχριμπάρια κ’ έβενους,

και ηδονικά μυρωδικά κάθε λογής,

όσο μπορείς πιο άφθονα ηδονικά μυρωδικά·
σε πόλεις A ιγυπτιακές πολλές να πας,

να μάθεις και να μάθεις απ’ τους σπουδασμένους.

Πάντα στον νου σου νάχεις την Ιθάκη.

Το φθάσιμον εκεί είν’ ο προορισμός σου.

Aλλά μη βιάζεις το ταξείδι διόλου.

Καλλίτερα χρόνια πολλά να διαρκέσει·
και γέρος πια ν’ αράξεις στο νησί,

πλούσιος με όσα κέρδισες στον δρόμο,

μη προσδοκώντας πλούτη να σε δώσει η Ιθάκη.

Η Ιθάκη σ’ έδωσε τ’ ωραίο ταξείδι.

Χωρίς αυτήν δεν θάβγαινες στον δρόμο.

΄Αλλα δεν έχει να σε δώσει πια.

Κι αν πτωχική την βρεις, η Ιθάκη δεν σε γέλασε.

΄Ετσι σοφός που έγινες, με τόση πείρα,

ήδη θα το κατάλαβες η Ιθάκες τι σημαίνουν.

Κωνσταντίνος Π. Καβάφης (1911)
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Abstract

This doctoral dissertation studies contemporary issues of relevance and

knowledge dynamics for intelligent agents. The research area that models

knowledge in flux is that of Belief Revision (or Belief Change). In Belief

Revision, as in many areas of Artificial Intelligence, relevance constitutes a

crucial notion, both conceptually and computationally. The contributions of

the dissertation to the aforementioned sub jects are in the form of high-quality

formal results and practical implementations oriented towards real-world

problems.

Belief Revision is a young field of research that lies in the broader context of

Knowledge Representation and Reasoning. The milestone of Belief Revision is

a general and versatile formal framework introduced by Alchourrón, Gärdenfors

and Makinson, known as the AGM paradigm (after the initials of its founders),

which is, to this date, the dominant within the field. The AGM paradigm

captures both axiomatically and constructively the process of rational belief

revision.

Two main shortcomings of the AGM paradigm, as originally proposed, are

its lack of any guidelines for relevance-sensitive and iterated belief revision. A

major part of this dissertation is devoted to the establishment of important

results concerning these two central sub-areas of Belief Revision. In particular,

we study Parikh’s relevance-sensitive axiom, as well as the most influential

work addressing the problem of iterated belief revision, i.e., Darwiche and

Pearl’s approach.

In a more applied direction, several concrete “off the self” revision functions

(operators), implementing the process of belief revision, have been proposed.

In this work, we study a new and important proper subclass of AGM revision

functions, called Parametrized Difference revision operators (or PD operators),

which are natural generalizations of the well-known and intuitive Dalal’s

revision operator. PD operators bring us a step closer to the development

of a successful AGM belief-revision system for real-world applications, due to

their favourable properties, such as the low representational and computational

cost, and the high expressivity.
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Lastly, in this dissertation, a preliminary knowledge-based system capable

of (formally) representing and reasoning about legal knowledge is developed.

The work is implemented by means of the powerful and contemporary Answer

Set Programming framework. The system has a plethora of extensions, and

a variety of nice features (such as sufficient and reliable representation of

the legal knowledge, handling non-monotonicity and exceptions, appropriate

expressive power) that, in essence, reflect the nature of the Law. The overall

approach constitutes an enhancing of the bond between Artificial Intelligence

and Legal Science.



Περίληψη (In Greek)

Η παρούσα διδακτορική διατριβή μελετά σύγχρονα θέματα της συνάφειας και

της δυναμικής της γνώσης για ευφυείς πράκτορες. Η ερευνητική περιοχή που

μοντελοποιεί τη ροή της γνώσης είναι αυτή της Αναθεώρησης Πεποιθήσεων (ή

Αλλαγής Πεποιθήσεων). Στην Αναθεώρηση Πεποιθήσεων, αλλά και σε πολλούς

τομείς της Τεχνητής Νοημοσύνης, η συνάφεια αποτελεί μία καίρια έννοια, τόσο

εννοιολογικά όσο και υπολογιστικά. Οι συνεισφορές της διατριβής στα παραπάνω

αντικείμενα είναι της μορφής υψηλής ποιότητας τυπικών αποτελεσμάτων και

πρακτικών εφαρμογών προσανατολισμένες σε πραγματικά προβλήματα.

Η Αναθεώρηση Πεποιθήσεων είναι ένα νέο ερευνητικό πεδίο, ευρισκόμενο

εντός του ευρύτερου πλαισίου της Αναπαράστασης Γνώσης και Συλλογιστικής.

Ορόσημο της Αναθεώρησης Πεποιθήσεων είναι ένα γενικό και ευέλικτο τυπικό

πλαίσιο που εισήγαγαν οι Alchourrón, Gärdenfors και Makinson, γνωστό

ως παράδειγμα AGM (από τα αρχικά των δημιουργών του), το οποίο, μέχρι

σήμερα, είναι το κυρίαρχο εντός του πεδίου. Το παράδειγμα AGM συλλαμβάνει

τόσο αξιωματικά όσο και κατασκευαστικά την διαδικασία της ορθολογικής

αναθεώρησης πεποιθήσεων.

Δύο κύριες αδυναμίες του παραδείγματος AGM, όπως αρχικά εισήχθη, είναι

η απουσία κατευθυντήριων γραμμών σχετικά με τις έννοιες της συνάφειας και

επανάληψης στην αναθεώρηση πεποιθήσεων. ΄Ενα μεγάλο μέρος της παρούσας

διατριβής αφιερώνεται στην παρουσίαση σημαντικών αποτελεσμάτων που αφορούν

σε αυτές τις δύο υπο-περιοχές της Αναθεώρησης Πεποιθήσεων. Συγκεκριμένα,

μελετάται το αξίωμα συνάφειας του Parikh, καθώς και η προσέγγιση των

Darwiche και Pearl, η οποία αποτελεί την πλέον σημαίνουσα εργασία που

καταπιάνεται με το πρόβλημα της επαναλαμβανόμενης αναθεώρησης πεποιθήσεων.

Σε μία πιο εφαρμοσμένη κατεύθυνση, πλήθος τυποποιημένων συναρτήσεων

(τελεστών) αναθεώρησης έχουν προταθεί στη διεθνή βιβλιογραφία. Στην

εργασία αυτή, μελετούμε μία νέα και σημαντική υποκλάση των συναρτήσεων

αναθεώρησης AGM, αυτήν των τελεστών αναθεώρησης βασισμένων σε ένα

είδος παραμετροποιημένης διαφοράς (τελεστές PD). Οι συγκεκριμένοι τελεστές

αποτελούν γενίκευση του δημοφιλούς τελεστή αναθεώρησης του Dalal, ενώ

φέρνουν πιο κοντά την υλοποίηση ενός επιτυχούς συστήματος αναθεώρησης

πεποιθήσεων AGM, εξαιτίας των ευνοϊκών χαρακτηριστικών τους, όπως το
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χαμηλό κόστος αναπαράστασης, το χαμηλό υπολογιστικό κόστος, και η υψηλή

εκφραστικότητα.

Τέλος, στην παρούσα διατριβή, κατασκευάζεται, με χρήση του πανίσχυρου

και σύγχρονου εργαλείου Answer Set Programming, ένα προκαταρκτικό νομικό

σύστημα βασισμένο σε γνώση, ικανό να αναπαριστά (τυπικά) νομική γνώση και

να συλλογίζεται πάνω σε αυτήν. Το υλοποιηθέν σύστημα διαθέτει μία ευρεία

γκάμα προεκτάσεων, και πλήθος επιθυμητών και χρήσιμων χαρακτηριστικών

(όπως ικανή και αξιόπιστη αναπαράσταση της νομικής γνώσης, διαχείριση της

μη-μονοτονικότητας και των εξαιρέσεων, κατάλληλη εκφραστική ισχύ), τα οποία,

επί της ουσίας, αντικατοπτρίζουν τη φύση του Νόμου. Η συνολική προσέγγιση

αποτελεί μία ισχυροποίηση του δεσμού μεταξύ Τεχνητής Νοημοσύνης και Νομικής

Επιστήμης.



Εκτενής Περίληψη (In Greek)

Η παρούσα διδακτορική διατριβή, υπό τον τίτλο στην Ελληνική �Συνάφεια

και Δυναμική της Γνώσης για Ευφυείς Πράκτορες�, μελετά σύγχρονα

θέματα συνάφειας και δυναμικής της γνώσης, και, πιο συγκεκριμένα,

κυρίως, την ερευνητική περιοχή της Αναθεώρησης Πεποιθήσεων. Η περιοχή

αυτή μελετά τη διαδικασία κατά την οποία ένας ορθολογικός πράκτορας

αναθεωρεί (αλλάζει) τις πεποιθήσεις του — ή, αλλιώς, τη (συμβολική)

γνώση που ήδη διαθέτει — υπό το φως νέων πληροφοριών. Η Αναθεώρηση

Πεποιθήσεων είναι ένας από τους πιο δραστήριους ερευνητικούς χώρους

στα πλαίσια της Αναπαράστασης Γνώσης και Συλλογιστικής,1
με ρίζες στη

Φιλοσοφία, στη Γνωστική Επιστήμη και στην Τεχνητή Νοημοσύνη, αλλά

και με διασυνδέσεις με πληθώρα σύγχρονων επιστημονικών πεδίων, όπως η

θεωρία παιγνίων, η θεωρία κοινωνικών επιλογών, κ.ά.

Τα περισσότερα τυπικά μοντέλα που έχουν αναπτυχθεί στην

Αναθεώρηση Πεποιθήσεων βασίζονται στην τυπική λογική, και μάλιστα

στην κλασική Προτασιακή Λογική. Τα σύνολα πεποιθήσεων αναπαρίστανται

ως λογικές θεωρίες (σύνολα προτάσεων μιας τυπικής γλώσσας κλειστά ως

προς λογική συνεπαγωγή), οι νέες πληροφορίες αναπαρίστανται ως λογικές

προτάσεις, και η διαδικασία της αναθεώρησης πεποιθήσεων κωδικοποιείται

μέσω μιας συνάρτησης που ονομάζεται συνάρτηση αναθεώρησης, η οποία

αντιστοιχίζει μία θεωρία και μία πρόταση σε μία νέα (αναθεωρημένη) θεωρία.

Οι συναρτήσεις αναθεώρησης ορίζονται με διαφορετικό τρόπο από τα

διάφορα διαθέσιμα μοντέλα, ενώ κάθε μοντέλο δεν ορίζει μία συγκεκριμένη

συνάρτηση, αλλά μία ολόκληρη κλάση συναρτήσεων αναθεώρησης — με την

κάθε συνάρτηση να αντιστοιχεί σε μία συγκεκριμένη πολιτική αναθεώρησης.

Η κλάση των ορθολογικών συναρτήσεων αναθεώρησης ορίζεται είτε

αξιωματικά, είτε κατασκευαστικά.

1
Η Αναπαράσταση Γνώσης και Συλλογιστική αποτελεί υπο-πεδίο της Τεχνητής

Νοημοσύνης, το οποίο ασχολείται με την κατασκευή τυπικών πλαισίων αποτελεσματικής

αναπαράστασης της γνώσης, καθώς και αποδοτικών λογικών, ικανών να παράγουν

συνεπαγωγές που καθορίζουν τη συμπεριφορά δυναμικών συστημάτων.
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Το πιο δημοφιλές αξιωματικό μοντέλο είναι αυτό των Alchourrón,

Gärdenfors και Makinson, το λεγόμενο παράδειγμα AGM. Στα πλαίσια

του συγκεκριμένου παραδείγματος, οκτώ αξιώματα — γνωστά ως

αξιώματα αναθεώρησης AGM — οριοθετούν τις ορθολογικές συναρτήσεις

αναθεώρησης, οι οποίες και ονομάζονται συναρτήσεις αναθεώρησης AGM.

Από την άλλη, τρία δημοφιλή κατασκευαστικά μοντέλα έχουν προταθεί

στην διεθνή βιβλιογραφία. Το πρώτο βασίζεται σε προδιατάξεις σε πιθανούς

κόσμους (μοντέλο πιστών προδιατάξεων), το δεύτερο σε προδιατάξεις σε

προτάσεις της υποκείμενης γλώσσας (μοντέλο γνωσιακής κατοχύρωσης),

και το τρίτο σε μέγιστα υποσύνολα μιας θεωρίας τα οποία δεν συνεπάγονται

τη νέα πληροφορία (μοντέλο μερικής επικάλυψης).

Το παράδειγμα AGM, όπως εισήχθη από τους Alchourrón, Gärdenfors

και Makinson, αδυνατεί να συλλάβει την έννοια της συνάφειας στην

αναθεώρηση πεποιθήσεων. Την αδυναμία αυτή, έρχεται να καλύψει ένα

επιπρόσθετο αξίωμα συνάφειας που προτάθηκε από τον Parikh. Το αξίωμα

του Parikh, που ονομάζεται αξίωμα (P), ενστερνίζεται μία συντακτική

προσέγγιση, και επικουρεί επί της ουσίας τα αξιώματα αναθεώρησης AGM.

Σε μία μεταγενέστερη μελέτη, το αξίωμα (P) αναλύθηκε εκτενώς. Από την

μελέτη αυτήν, αναδείχθηκαν δύο διαφορετικές ερμηνείες του, η ασθενής και

η ισχυρή έκδοση του αξιώματος (P).

Στην παρούσα εργασία, γίνονται οι εξής συνεισφορές σε σχέση με το

αξίωμα (P):

• Παρέχονται οι χαρακτηρισμοί (και των δύο εκδόσεων) του αξιώματος

(P) σε όρους των μοντέλων γνωσιακής κατοχύρωσης και μερικής

επικάλυψης. ΄Ετσι, δεδομένου πως ο χαρακτηρισμός του (P) σε όρους

πιστών προδιατάξεων έχει ήδη πραγματοποιηθεί, ολοκληρώνεται η

κατασκευαστική άποψη του αξιώματος (P).

• Αναδεικνύονται σημαντικές ιδιότητες του σημασιολογικού

χαρακτηρισμού της ισχυρής έκδοσης του αξιώματος (P), καθώς

και μία σημαντική ιδιότητα της έκδοσης αυτής, η οποία, εν δυνάμει,

οδηγεί σε μία εκθετική μείωση των πόρων που απαιτούνται για την

υλοποίηση ενός συστήματος αναθεώρησης πεποιθήσεων.
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• Γίνεται μία επιστημολογική (Κουνιανή) ανάγνωση του αξιώματος

(P), δημιουργώντας μία εννοιολογική γέφυρα μεταξύ συνάφειας

στην αναθεώρηση πεποιθήσεων και παραδοσιακής φιλοσοφίας της

επιστήμης.

• Τέλος, επισημαίνονται στοιχεία (κυρίως προς μελλοντική εργασία)

που αφορούν στην γενίκευση του αξιώματος του Parikh, πέραν της

σύνταξης.

Σε μία πιο εφαρμοσμένη κατεύθυνση, πλήθος τυποποιημένων

συναρτήσεων (τελεστών) αναθεώρησης έχουν προταθεί στην διεθνή

βιβλιογραφία (όπως αυτοί των Dalal, Borgida, Winslett, Satoh και Weber),

οι οποίοι υλοποιούν την διαδικασία αναθεώρησης πεποιθήσεων. Στην

εργασία αυτήν, μελετάται μία νέα, σημαντική κλάση τελεστών αναθεώρησης,

οι οποίοι αποτελούν γενίκευση του τελεστή Dalal, ικανοποιούν τα αξιώματα

αναθεώρησης AGM, διαθέτουν χαμηλό αναπαραστασιακό και υπολογιστικό

κόστος, ενώ, παράλληλα, είναι αρκετά εκφραστικοί ώστε να μπορούν

να εφαρμοστούν σε πλήθος πρακτικών εφαρμογών. Οι τελεστές αυτοί

ονομάζονται τελεστές αναθεώρησης παραμετροποιημένης διαφοράς (ή,

αλλιώς, τελεστές PD). Η πολλά υποσχόμενη αυτή κλάση τελεστών

αναθεώρησης έχει, πολύ πρόσφατα, μελετηθεί εκτενώς τόσο αξιωματικά,

όσο και κατασκευαστικά.

Οι συνεισφορές της διδακτορικής διατριβής σε σχέση με τους τελεστές

PD είναι οι ακόλουθες:

• Παρέχονται οι χαρακτηρισμοί των τελεστών PD σε όρους των

μοντέλων γνωσιακής κατοχύρωσης και μερικής επικάλυψης. ΄Ετσι,

δεδομένου πως ο χαρακτηρισμός των τελεστών PD σε όρους

πιστών προδιατάξεων έχει ήδη πραγματοποιηθεί, ολοκληρώνεται η

κατασκευαστική άποψη των τελεστών PD.

• Αποδεικνύεται πως οι τελεστές PD ικανοποιούν την ισχυρή έκδοση

του αξιώματος (P) του Parikh. Καθώς είναι ήδη γνωστό πως οι

τελεστές PD ικανοποιούν την ασθενή έκδοση του (P), εδείχθη πως οι
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συγκεκριμένοι τελεστές αναθεώρησης είναι πλήρως συμβατοί με την

έννοια της συνάφειας, όπως αυτή αποτυπώθηκε από τον Parikh.

Μία άλλη πολύ σημαντική αδυναμία του παραδείγματος AGM, όπως

αρχικά εισήχθη, είναι η απουσία κατευθυντήριων γραμμών σε σχέση με την

επαναλαμβανόμενη αναθεώρηση πεποιθήσεων. Η πλέον σημαίνουσα εργασία

που καταπιάνεται με το πρόβλημα αυτό είναι η προσέγγιση των Darwiche

και Pearl (η οποία και βρίσκεται εντός των πλαισίων του παραδείγματος

AGM).

Στα πλαίσια της προσέγγισης αυτής, οι συναρτήσεις αναθεώρησης

λειτουργούν σε επίπεδο επιστημικών καταστάσεων (και όχι σε επίπεδο

συνόλων πεποιθήσεων). Οι Darwiche και Pearl τροποποίησαν (ελαφρώς)

τα αξιώματα αναθεώρησης AGM, προκειμένου να αντανακλούν την

προαναφερθείσα μετάβαση (από σύνολα πεποιθήσεων σε επιστημικές

καταστάσεις), ενώ εισήγαγαν τέσσερα επιπρόσθετα αξιώματα — γνωστά

ως DP αξιώματα — τα οποία επιχειρούν να συλλάβουν την (ορθολογική)

επαναλαμβανόμενη αναθεώρηση πεποιθήσεων. Σημειώνεται, στο σημείο

αυτό, πως οι Darwiche και Pearl δεν όρισαν αυστηρά την έννοια της

επιστημικής κατάστασης — τα αποτελέσματα της εργασίας ρίχνουν φως

στην έννοια αυτήν.

Η παρούσα διδακτορική διατριβή συνεισφέρει στα εξής σε σχέση με την

επαναλαμβανόμενη αναθεώρηση πεποιθήσεων:

• Εισάγονται νέα σενάρια στα οποία το πρώτο εκ των τεσσάρων DP

αξιωμάτων οδηγεί σε αντι-διαισθητικά αποτελέσματα.

• Αναδεικνύεται μία ισχυρή αντίφαση μεταξύ καθενός εκ των DP

αξιωμάτων και του αξιώματος (P) του Parikh. Η πολύ σημαντική

αυτή αντίφαση μεταξύ συνάφειας και επανάληψης στην αναθεώρηση

πεποιθήσεων επιφέρει πλήθος άλλων κομβικών συνεπειών.

• Συγκεκριμένα, το αξίωμα ανεξαρτησίας (που εισήχθη προκειμένου να

βελτιώσει προβλήματα με τα DP αξιώματα), καθώς και η δημοφιλής

(ποσοτική) μέθοδος του Spohn για αναθεώρηση πεποιθήσεων είναι

ασυνεπείς με το αξίωμα (P).
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• Οι τελεστές PD, καθώς και ο τελεστής Dalal, είναι ασυνεπείς με τα

DP αξιώματα.

• Μία διάταξη ευλογοφάνειας (σε πιθανούς κόσμους) είναι ανεπαρκής

για την αναπαράσταση μιας επιστημικής κατάστασης.

Τέλος, στα πλαίσια της παρούσας διδακτορικής διατριβής, υλοποιείται

ένα προκαταρκτικό νομικό σύστημα βασισμένο σε γνώση, ικανό να

αναπαριστά (τυπικά) νομική γνώση, και να συλλογίζεται πάνω σε

αυτήν. Σημειώνεται πως ο νομικός τομέας είναι ο πλέον κατάλληλος

για εφαρμογή μεθόδων και τεχνικών της Αναπαράστασης Γνώσης και

Συλλογιστικής, καθώς ο νομικός κώδικας οφείλει να κατανοείται από τους

εμπλεκόμενους, και οι νομικές αποφάσεις να αιτιολογούνται/εξηγούνται

στους ενδιαφερόμενους. ΄Ετσι, η τυπική λογική δύναται να παρέχει μία

ακριβέστερη και σαφέστερη ερμηνεία των κανονισμών, σε σύγκριση με την

ασάφεια της φυσικής γλώσσας.

Το υλοποιηθέν σύστημα διαθέτει μία ευρεία γκάμα προεκτάσεων,

και πλήθος επιθυμητών και χρήσιμων χαρακτηριστικών (όπως ικανή

και αξιόπιστη αναπαράσταση της νομικής γνώσης, διαχείριση της

μη-μονοτονικότητας και των εξαιρέσεων, κατάλληλη εκφραστική ισχύ), τα

οποία, επί της ουσίας, αντικατοπτρίζουν τη φύση του Νόμου. Απώτερος

στόχος (ως μελλοντική εργασία) είναι η ενσωμάτωση μοντέλων της

αναθεώρησης πεποιθήσεων στο σύστημα, έτσι ώστε να είναι εφικτή η

ορθολογική και αποτελεσματική αναθεώρηση ενός οποιουδήποτε σώματος

νομικού κώδικα.

Το νομικό σύστημα υλοποιήθηκε με χρήση του σύγχρονου εργαλείου

Answer Set Programming. Το Answer Set Programming αποτελεί ένα

ισχυρότατο εργαλείο μοντελοποίησης, προσανατολισμένο σε εφαρμογές

Αναπαράστασης Γνώσης και Συλλογιστικής, το οποίο υποστηρίζει

πολύπλοκες μορφές συλλογισμού. Η βασική ιδέα του είναι να εκφράσει ένα

πρόβλημα σε μία λογική μορφή, έτσι ώστε τα μοντέλα της αναπαράστασής

του να παρέχουν τις λύσεις του αρχικού προβλήματος. Τα παραχθέντα

ευσταθή μοντέλα αναφέρονται και ως σύνολα απάντησης.

Ειδικότερα, σε πρώτη φάση, το πρόβλημα μοντελοποιείται ως ένα
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(πρωτοβάθμιο) λογικό πρόγραμμα. Κατόπιν, ο γειωτής Gringo παράγει μία

πεπερασμένη προτασιακή αναπαράσταση του εισαχθέντος προγράμματος.

Τέλος, o επιλυτής Clasp υπολογίζει τα ευσταθή μοντέλα του προτασιακού

προγράμματος, τα οποία και αντιστοιχούν στην λύση του αρχικού

προβλήματος.

Τα συστήματα Gringo και Clasp ενσωματώνονται σε ένα ενιαίο

σύστημα, ονόματι Clingo. Το σύστημα Clingo πλαισιώνεται από ένα Python

API, έτσι ώστε να επιτυγχάνεται πλήρης και ακριβής έλεγχος των επιμέρους

διαδικασιών (γείωση, επίλυση και μεταφορά δεδομένων). Επιπροσθέτως,

το Python API διευρύνει την γλώσσα εισόδου του Gringo με αυθαίρετες

εξωτερικές συναρτήσεις.

Σημειώνεται πως η συνολική προσέγγιση που υιοθετήθηκε αποτελεί

μία ισχυροποίηση του δεσμού μεταξύ Τεχνητής Νοημοσύνης και Νομικής

Επιστήμης, με στόχο την περαιτέρω κατανόηση της κοινής τομής των δύο

αυτών πεδίων.
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Chapter 1

Introduction

“I adore simple pleasures.

They are the last refuge of the complex.”

Oscar Wilde

1.1 Knowledge Representation and

Reasoning

Undoubtedly, homo sapiens (the “wise man”) considers his mental abilities

special.2 Since his initial appearance, the understanding of natural world

has been one of his main goals. He has always been a researcher. So far,

he has been trying to describe and understand the world around him,

and, subsequently, to imitate it. He has studied the aerodynamics of

birds and built airplanes, he has studied the hydrodynamics of marine

beings and built submarines. Nowadays, the problem of intelligence and

cognition has been put in the light of scientific scope; consciousness is

part of the natural world, and, as a consequence, a (natural) theory about

it is necessary for a genuine description of the world.

Artificial Intel ligence (AI) attempts, in the first place, to understand

intelligent entities, and, following that, to develop systems that possess

features of intelligence. During this process, a plethora of other science

fields contribute, such as mathematics, neuroscience, cognitive psychology,

linguistics, to name but a few. Since its foundation as an academic

discipline in 1956, AI has made tremendous progress. For the best

introduction in the topic, the interested reader is referred to the leading

2Throughout the dissertation, gender-specific terms will be used, solely, to ease the

text flow.
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textbook of Russell and Norvig [113].

At the core of Artificial Intelligence lies Knowledge Representation

and Reasoning (KRR). In the book of Brachman and Levesque, [32, p.

xvii], one can read: “[K]nowledge Representation and Reasoning is the

area of AI concerned with how knowledge can be represented symbolically

and manipulated in an automated way by reasoning programs”. That

is to say, KRR deals with what an agent knows (or believes), how this

can be symbolical ly represented, and how the agent uses this knowledge

— or, alternatively, reason about this knowledge — in deciding what to

do. Roughly speaking, KRR is the study of thinking as a computational

process [32, p. 1].

Representing knowledge and reasoning about it are two important

sides of AI, and important components of any intelligent system. In

this context, the role of (formal) logic is central, as logic is one of the

oldest intellectual disciplines in human history, dating back to Aristotle

[49, 88, 89, 61]. Another important expectation from intelligent systems

is their ability to accept high level requests — as opposed to detailed

step-by-step instructions — and use their knowledge and reasoning ability

to figure out the detailed steps that need to be taken. In order to possess

this ability, intelligent systems must possess a declarative interface, whose

input language must be based on logic [19, 85].3

The above needs satisfies a know ledge representation framework, also

referred to as know ledge representation language. One popular such

framework is Answer Set Programming (ASP), which we shall in this

dissertation adopt. ASP allows the user to define a generative space in

abstract terms, and then iteratively place constraints on that generative

space, in order to whittle down the output to the desired result (solution

of the problem).

For a survey on the substantial body of scientific and/or engineering

insights that constitute the corpus of KRR, the interested reader may

3 In the context of declarative paradigms, the ob jective is not to tell a system how

to solve a particular problem (describing a control flow), but to describe what the

problem is, and leave the system to find an appropriate solution.
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refer to the Handbook of Knowledge Representation by Harmelen, Lifschitz

and Porter [127].

1.2 The Role of Belief Revision and

Relevance

A young field of research that lies in the broad area of KRR, and deals

with the sub ject of how agents rational ly change their minds in the face

of new (contradictory) information, is Belief Revision (also referred to

as Belief Change).4 Belief Revision was established by the 1985 seminal

paper of Alchourrón, Gärdenfors and Makinson, in the Journal of Symbolic

Logic [1]. Since the capability of an intelligent agent to effectively revise

her beliefs based on new pieces of information is crucial, Belief Revision

constitutes a central topic in AI.

Roughly speaking, the process of belief revision can be outlined as

follows [54, 98]:

• A rational agent receives new information.

• In the principal case where the new information contradicts her

initial beliefs, the agent needs to withdraw some of the old beliefs

before she can (consistently) accommodate the new information.

• She is, also, obliged to accept the consequences that might result

from the interaction of the new information with the (remaining) old

beliefs as well.

What makes the problem non-trivial is that several different ways

for performing the belief-revision process may be possible. Suppose,

for example, that the beliefs of a rational agent are the following three

sentences:

4To distinguish the research area from the process, we shall use the capitalized term

Belief Revision (or Belief Change) for the former, and the same term in lower-case

letters, i.e., belief revision (or belief change), for the latter.
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1) All African lions are brown.

2) The animal she encounters is a lion.

3) The animal she encounters comes from Africa.

Along with the above three sentences, the agent is obliged to believe

their following immediate consequence:

4) The animal she encounters is brown.

Suppose now that, as a matter of fact, the animal she encounters

turns out to be white. In order for the agent to maintain a consistent

corpus of beliefs after adding the (contradictory) fact of whiteness of the

lion, she needs to revise her initial beliefs. That is to say, some of her

original beliefs must be withdrawal. Clearly, she does not want to give

up al l of her beliefs, since this would be an unnecessary loss of valuable

information. It is not hard to verify that, in this case, there are at least

three different ways for performing revision. In general, this can be done

in a number of ways. More importantly, the problem of belief revision

is that logical considerations alone are not sufficient for choosing which

beliefs have to be given up; this has to be decided by means of extra-logical

structures.

The milestone of Belief Revision is a general and versatile formal

framework introduced by Alchourrón, Gärdenfors and Makinson, known

as the AGM paradigm (after the initials of its originators), which is, to

this date, the dominant within the field. The AGM paradigm captures

both axiomatical ly and constructively the processes of rational belief

expansion, belief revision, and belief contraction. Axiomatically, by

means of rationality postulates that any rational (expansion or revision

or contraction) function ought to satisfy, and constructively, by means

of explicit, extra-logical structures based on preference orderings. Since

belief expansion is essentially a special type of belief revision, and the

processes of belief revision and contraction are interdefinable, herein we

are studying principally belief revision.
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The initial proposal of Alchourrón et al. still forms the core of Belief

Revision. Nevertheless, new research directions have been emerged, and

promising connections with adjacent fields have been established; e.g.,

social choice [23], description logics [18], game theory [28], argumentation

theory [50], and so on. In their very recent book [52], Fermé and Hansson

discuss a wide range of topics concerning the field of Belief Revision.

Furthermore, in [109], a coherent volume of individual papers can be

found, which shed light on contemporary issues of Belief Revision, such

as the impact of the AGM paradigm on AI.

As far as the problem of relevance is concerned, it is undoubtedly a

crucial issue in many areas of AI, both conceptual ly and computational ly.

Consequently, relevance has received considerable attention; refer to a

special issue of the Artificial Intel ligence Journal on the topic [123].

Confined to Belief Revision, note that, as knowledge bases grow

in size, the process of belief change needs to be restricted to a local,

relevant portion of the base. Otherwise, the belief-change task may become

infeasible. With respect to relevance-sensitive belief revision, reference is

indicatively made to the work of [55, 94, 95, 38, 36, 80, 87, 136, 108, 44].

In this dissertation, the focus is primarily on the syntax-based notion of

relevance proposed by Parikh in [95], after his observation that the early

AGM paradigm is too liberal in treatment of local change.

Having discussed the place of KRR, Belief Revision and relevance in

AI, we turn to a more philosophical tone. The next section discusses the

close relation between Philosophy of Mind and AI, whose deep study is, in

our view, a prerequisite for the understanding of the nature of intelligence

and cognition. This understanding will, in turn, serve to the development

of “more intelligent” systems.
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1.3 Philosophy of Mind and Artificial

Intelligence

For most of its history, AI research has been characterized by deep

philosophical differences. According to Roger Penrose, [97], there are

mainly four streams concerning the relation between cognition — in

particular, consciousness — and AI, presented subsequently:5

A. Thinking is computation. That is, feelings of conscious awareness

are, merely, the result of computational processes.

B . Consciousness is a feature of specific physical actions of the

brain. Whereas physical processes can be simulated computationally,

computational simulations cannot by themselves evoke consciousness.

C . Consciousness is a feature of specific physical actions of the brain.

However, these physical actions cannot be properly simulated by

computational processes.

D . Consciousness cannot be explained by physical, computational or

any other scientific term.

It should be noted that a plethora of intermediate or different versions

of the aforementioned viewpoints may very well exist.

Beginning backwards, statement D places the mind beyond any

scientific consideration, and is rooted in various religious doctrines.

The opposite statement of D is statement A. Statement A is known as

strong AI, and assumes that physical systems can be regarded as merely

computational entities or are themselves merely “patterns of information”.

According to A, any computer-controlled system which, after sustained

questioning, convincingly behaves as though it possesses consciousness

5A clear cut definition of consciousness is not an easy task. More or less,

consciousness is the self-evident sense of personal awareness, which gives a human

being the feeling of ownership.
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— that is, after it has succeeded in Turing test6 — must be considered

actual ly to be conscious.

John Searle has extensively criticized viewpoint A. According to

Searle, it is not a matter of how advanced the technology is or how quickly

or complicatedly the computations are performed by a computer. If it

really is a computer, its processes should be, in principle, symbolical ly

defined, whereas consciousness or awareness have to do with something

other than symbolic manipulations; they are also characterized by

meaning.7 In other words, the brain, says Searle, is not merely a computer,

as mental states are caused by biological phenomena. Although statement

A has clearly a significant prevalence — possibly due to the powerful role

that computational simulations play in modern science — contemporary

research in neurology, biology and psychology does not advocate in its

favour.

The acceptance of Turing test distinguishes statement B from

statement A. According to viewpoint B , which is also referred to as weak

AI, a computer-controlled system could perfectly well behave exactly

as a conscious person might behave (imitating them), without itself

actually possessing any mental quality. As Searle has put it: “A computer

simulation of a hurricane is, certainly, no hurricane”.

Both statements A and B would allow a computer-controlled system to

convincingly behave as a conscious being does. On the contrary, viewpoint

C does not even admit that a fully-fledged simulation of a conscious person

could ever be achieved, merely by means of computational processes.

Given that viewpoints B and C go along with the physicalist standpoint

that consciousness arises as manifestations of the behaviour of certain

physical causal powers (of brains, but not, in principle, necessarily only

of brains), an implication of C is that not all physical processes can be

properly simulated computationally.

6The famous Turing test was introduced by Alan Turing, in his 1950 revolutionary

paper [126].
7The centerpiece of this argument is a famous thought experiment proposed by

Searl, known as the Chinese room [116].
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Viewpoint C is supported by Penrose, who claims that a necessary

precondition of human consciousness is a natural quantum activity of

specific microscopic substructures of the brain neurons (i.e., cytoskeleton

and microtubules).8 Of course, the complex neuronal organization

is indeed involved in a fundamental way to control the form of

consciousness. Penrose believes that the aforementioned quantum activity

is a non-computational process (that is, it cannot be simulated by

a Turing machine), and pushes the research towards a new physical

theory, which bridges the quantum level and the classical level (quantum

gravity).9 Last but not least, he does not rule out the construction

of a hypothetical “device” of genuine intelligence under C , a fact that

requires the understanding of intelligence in the basis of scientific, albeit

non-computational, terms.

Let us close this section with a note on the nature of knowledge.

Brachman and Levesque’s definition of knowledge, presented in the

previous section, refrains from a notion of knowledge that cannot be,

in principle, symbolically represented, and, subsequently, be reasoned.

For example, someone has the skill to play the guitar or knows how the red

color looks like, however, they cannot explicitly describe this knowledge

in any symbolic system.10 In their book [48], Dreyfus and Taylor argue

that knowledge consists of more than the representations we formulate.

Humans gain knowledge of the world through bodily engagement with it —

by handling things, moving among them, responding to them — and these

forms of knowing cannot be understood in “mediational” terms.

8 It appears that there are, currently, significant indications that microtubules play

an important role in controlling the plasticity of the brain.
9Penrose argues that, although this (new) theory is non-computational, yet, it

retains a mathematical shape.
10 In this sense, such knowledge possess, at least to a certain degree, animals as well.
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1.4 Dissertation Overview

This doctoral dissertation studies contemporary issues of Relevance and

Knowledge Dynamics for intelligent agents. As stated, the research area

that models knowledge in flux is that of Belief Revision (or Belief Change).

In Belief Revision, as in many areas of Artificial Intelligence, relevance

constitutes a crucial notion, both conceptually and computationally. The

contributions of the dissertation to the aforementioned sub jects are in

the form of formal results and practical implementations oriented towards

real-world problems. For a contribution of the author in the area of

machine-learning-based AI, refer to his work [11].

The rest of the thesis is structured as follows.

• Chapter 2 is, essentially, an introductory chapter that provides the

general outline of the (theoretical and applied) formalization utilized

throughout the work. It is divided in two parts.

The first part discusses general aspects of epistemic models (ways

of modelling belief sets, that is, the beliefs of an agent), as well as

the types of belief change.

The second part deals with Answer Set Programming (ASP),

a KRR framework oriented towards difficult (primarily NP-hard)

search problems. ASP will serve as the basic tool for the

implementations of this work. To illustrate the modelling

methodology of ASP, the degree/diameter problem is encoded in its

realm, an indicative combinatorial problem with multiple potential

applications.

• In Chapter 3, we survey the area of Belief Revision, concentrating

on the AGM paradigm.

Firstly, the axiomatic approach of the latter is discussed.

We make reference both to the process of belief revision and

belief contraction, we introduce the so-called AGM postulates for

revision/contraction, and note that revision and contraction are
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different sides of the same coin; hence, the focus will be primarily

on belief revision.

Furthermore, three well-known explicit constructions for the

process of belief revision are presented. The first construction is

based on preorders over possible worlds (faithful-preorders model),

the second on preorders over sentences (epistemic-entrenchment

model), and the third on preorders over sets of sentences/remainders

(partial-meet model).

• Chapter 4 studies the notion of relevance in the context of Belief

Revision, a significant aspect which, strangely, the original AGM

paradigm leaves unattended. Accordingly, Parikh proposed an

additional axiom, called axiom (P), to supplement the AGM ones

and capture the intuition of local change. Axiom (P) is based

on a syntax-splitting approach, and is open to two different

interpretations, namely, the weak and the strong versions of (P),

both of which are plausible depending on the context. Our main

contributions are focused on Parikh’s notion of relevance.

More precisely, the characterizations of (both versions

of) Parikh’s relevance-sensitive axiom (P) in terms of the

epistemic-entrenchment and partial-meet models are provided.

Hence, together with the faithful-preorders characterization of (P)

provided in [107], axiom (P) is fully characterized in terms of all

popular constructive models of Belief Revision. The completion of

the constructive view of (P) opens the door to new approaches to

measuring the relevance of explanations for AI.

Moreover, in this chapter, interesting properties of the

semantical characterization of the strong version of (P) are pointed

out, as well as a vital feature of it, which, potentially, results in an

exponential drop on the resources required for an implementation of

a belief-revision system.

Furthermore, Parikh’s axiom is discussed from an epistemological
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(Kuhnian) perspective, establishing a conceptual bridge to

traditional philosophy of science, that sheds light on the application

of formal epistemological tools in the dynamics of (any corpus of)

knowledge.

Lastly, some final remarks on the generalization of Parikh’s

notion of relevance, beyond a syntax-splitting concept, are made,

mainly as future work.

• Chapter 5 studies Parametrized Difference revision operators (for

short, PD operators), a recently introduced proper subclass of

AGM revision operators (i.e., revision functions satisfying the AGM

postulates for revision). PD operators are natural generalizations

of the well-known Dalal’s revision operator, can cover a whole

range of different applications, and, at the same time, have low

representational and computational cost.

This family of operators was introduced in [105, 106], and was

defined in terms of faithful preorders. Our contribution is to provide

its epistemic-entrenchment and partial-meet characterizations.

Furthermore, we prove that PD operators satisfy the strong version

of axiom (P). Consequently, together with the result of [105] that

PD operators satisfy the weak version of (P), we show that they are

fully compatible with Parikh’s notion of relevance.

• In Chapter 6, another important aspect of belief revision that was

left unattended by the early AGM paradigm is analysed; that is,

iterated belief revision. Our contribution is structured around

the most influential work addressing the problem of iterated belief

revision (within the confines of the AGM paradigm), proposed by

Darwiche and Pearl, and called herein the DP approach. In its

context, Darwiche and Pearl introduced four new postulates, alias,

the DP postulates, to regulate the process of iterated revision, which

works on the level of belief states (rather than belief sets).

Despite its popularity, the DP approach remains quite
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controversial. Herein, we make further observations on it, which

imply that there are still important pieces missing from the puzzle

of iterated revision.

Firstly, we point out new scenarios for which the first DP

postulate produces counter-intuitive results.

Secondly, we prove that the DP postulates are, in a strong

sense, inconsistent with axiom (P), extending a previous first conflict

identified in [101]. Immediate consequences of this result are that

PD operators, and their specialization Dalal’s operator, violate

the DP postulates, as well as that the Independence postulate

(introduced to remedy problems with the DP postulates) and Spohn’s

conditionalization (a well-established quantitative construction

capturing iterated revision) are inconsistent with (P).

Lastly, we prove that the one-to-one correspondence between

belief states and total preorders over possible worlds is not sufficient

to “cover” all possible revision policies aligned with the DP

postulates, a result implying that a preference ordering (over possible

worlds) is an insufficient representation for a belief state. As a

consequence, we shed more light on the nature of a belief state, for

which Darwiche and Pearl have not given an explicit definition.

We conclude this chapter with a general discussion on a direction

towards a concrete approach for iterated belief revision.

• Chapter 7 provides a preliminary knowledge-based system capable

of (formally) representing and reasoning about legal knowledge.

The system is implemented by means of Answer Set Programming,

and has a variety of nice features (such as sufficient and reliable

representation of legal knowledge, handling non-monotonicity and

exceptions, appropriate expressive power) that, in essence, reflect the

nature of the Law. Although limited to university regulations, the

work has multiple extensions; for instance, clinical decision support

systems or argumentation systems.
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The overall approach constitutes an enhancing of the bond

between Artificial Intelligence and Legal Science, and a first big

step of our work-in-pro ject, aiming to the future development of

innovative intelligent legal-reasoning tools, deployed in the market.

These tools, in their final form, would be capable of rationally and

effectively revising any body of legal knowledge, with the aid of

belief-change models.

• Chapter 8 summarizes the contributions of this doctoral dissertation,

and outlines interesting avenues for future work.

• The proofs of the established results of Chapters 3–6 are delegated

to Appendices A–D, respectively.

• Lastly, the main references used throughout the dissertation are

presented in the last chapter.
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Chapter 2

Background

“I would never die for my beliefs, because I might be wrong.”

Bertrand Russel l

2.1 Introduction

In this chapter, the formal (logical) tools utilized throughout this work are

introduced. In particular, we present some general aspects of epistemic

models, the types of belief change, as well as the Answer Set Programming

framework.

2.2 Epistemic Models

This section follows, in general, the approach of [54]. Epistemic models

are structures that are used for representing the beliefs of an agent, at

a given point of time. An epistemic model is an epistemological concept

which is a rational idealization of the corresponding psychological concept.

For instance, the beliefs of an agent may be assumed to be consistent or

closed under logical implication, criteria which, often, are not met due to

the cognitive limitations of real-world (human) agents.

Idealized epistemic models are in equilibrium. That is to say, the

(rational) agent adjusts her beliefs, exercising internal forces of criticism,

until it reaches an equilibrium that satisfies given rationality criteria

(e.g., consistency). These internal forces should not be confused with

epistemic inputs (new information), that serve as external forces taking

an epistemic model from one equilibrium to another.

Several epistemic models for representing an agent’s set of beliefs —

also referred to as a belief set — are used in epistemological theories. The
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most common are presented subsequently:

• Sentential models. The beliefs of an agent are represented as a set

of sentences, expressed in a formal language. This set, essentially,

contains those sentences that the agent accepts in the modelled

situation. The central rationality criterion herein is consistency and,

often, logical omniscience. These models are simple, however, not

quite precise.

• Possible-worlds models. The beliefs of an agent are represented

as a set of possible worlds (models). The agent knows that the

“actual world” is contained in that set, however, any world in the

set could be the actual one. In a sense, the use of possible worlds

is a way of describing what the agent does not know. The more she

learns, the fewer possible worlds are compatible with her knowledge.

• Bayesian models. The beliefs of an agent are represented by a

probability measure defined over a formal language or over a space

of events. These models are, often, used in decision theory, with the

central rationality criterion being coherence.

The aforementioned models are interconnected; the interested reader

may refer to [54] for the technical details on their interconnection. In this

work, an agent’s set of beliefs shall be represented by means of the first

two.

2.3 Types of Belief Change

Given that rational epistemic models are in equilibrium, a change in the

former is caused only by epistemic inputs, namely, whenever the agent is

faced with new pieces of information. Suppose, without loss of generality,

that the beliefs of a rational agent are modelled by a set K of sentences,

and an epistemic input arrives in the form of a sentence ϕ.

If ϕ is consistent with the sentences in K , then the simplest way to

model the change induced by ϕ is to add ϕ set theoretical ly to K , and then
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close under logical consequence the expanded set. This kind of change is

called expansion of K by ϕ.

On the other hand, if ϕ contradicts (some of) the sentences in K ,

there is no straightforward way of modelling the change induced by the

addition of ϕ. The addition of ϕ in K , while maintaining consistency

(given that ϕ is itself non-contradictory), is called revision of K by ϕ, and

it is analysed extensively throughout this dissertation. It is worth bearing

in mind that the main issue, in this case, is to minimal ly change K in

order to consistently incorporate ϕ; there are, in principle, a plethora of

ways.

The change of the set K induced by the retraction of a sentence ϕ is

called contraction of K with respect to ϕ. Since K is closed under logical

implication, in order for ϕ to be retracted from it, it may be necessary

to remove other beliefs in K that imply ϕ. The rationality criterion for

contractions is, again, the minimal change of K , so that no information

is given up unnecessarily.

The types of belief change presented above are interdefinable, an issue

that will be discussed in the next chapter.

2.4 Answer Set Programming

Answer Set Programming (ASP) is a declarative problem-solving

framework, that constitutes an easy and powerful modelling tool for KRR

applications (mainly, for solving NP-hard search problems) [58, 60]. ASP’s

expressive power allows for a transparent and natural representation of

the basic characteristics of the underlying problem.

The basic idea of ASP is to express a problem in a formal way, so that

the stable models of its representation (alias, the answer sets) correspond

to the solutions of the original problem. From a representational

viewpoint, the closed-world assumption is adopted; that is, considering

propositions as false, unless proved otherwise. In this sense, ASP can

effectively capture non-monotonicity, a crucial feature for a wide range

of applications.
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The overall solving process of ASP can be summarized as follows

(Figure 2.1) [58]:

(i) A problem is modelled in the syntax of first-order logic programs.

(ii) A grounder (e.g., Gringo) generates a finite propositional

representation of the input program.

(iii) A solver (e.g., Clasp) computes the stable models of this

propositional program, which in turn correspond to the solution

of the original problem.

Problem

Logic Program Grounder Solver Stable Models

Solution

Modeling Interpreting

Solving

Figure 2.1: The solving process of Answer Set Programming [58].

In the rest of this section, we shall briefly review a subset of ASP’s

language (i.e., syntax and semantics), mainly borrowed from [33], and

present an indicative application of ASP related to the degree/diameter

problem, a combinatorial problem with multiple potential applications.11

For more technical details on ASP we refer to [57].

2.4.1 Syntax

Definition 2.1 (Predicate Atom). A predicate atom (or simply predicate)

is denoted by p(t1 , . . . , tn), where p is a predicate name, t1 , . . . , tn are terms

11Concepts of ASP’s language that have common names with concepts of the Belief

Revision literature (presented in the next chapter) should not be considered identical.

In any case, the context resolves any ambiguity.
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(constants or variables) — i.e., the arguments of predicate atoms — and

the non-negative integer n is the arity of the predicate atom.

Definition 2.2 (Choice Atom). A choice atom is denoted by

i {a1 ; . . . ; an} j , where n, i, j are non-negative integers, and a1 , . . . , an

are predicate atoms.

Definition 2.3 (Conditional Atom). A conditional atom is denoted by

a0 : a1 , . . . , an , where every ai for 0 6 i 6 n is a predicate atom, a1 , . . . , an

is the condition, and ‘:’ resembles mathematical set notation.

The purpose of ‘:’ is to govern the instantiation of the “head literal”

a0 , through the ones of a1 , . . . , an . When a conditional atom is in the body

of a rule, it expands conjunctively, whereas, when it is in the head of a

rule, it expands disjunctively. If n = 0, we get a regular predicate atom,

and denote it by a0 .

Definition 2.4 (Logic Program). An (ASP) logic program is a finite set

of rules of the form:

h1 ; . . . ; hm ← b1 , . . . , bn .

In the head of the rule, every hj (for 1 6 j 6 m) is a predicate atom.

In the body of the rule, every bi (for 1 6 i 6 n) is a literal of the form a,

not a, or ¬a, where a is a predicate atom, and the connectives ‘not’ and

‘¬’ denote default and classical negation, respectively. Operators ‘;’ and

‘,’ express disjunctive and conjunctive connectives, respectively.

The rule is called integrity constraint if m = 0 (i.e., filters solution

candidates, meaning that the literals in its body must not jointly satisfied),

and fact if m = 1 and n = 0. In this latter case, the ‘←’ sign is usually

omitted.

2.4.2 Semantics

Let P be an ASP logic program. The set of all constants that occur

in P is called Herbrand universe of P. The set of all predicate atoms
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constructible combining predicate names appearing in P, with elements

of the Herbrand universe of P, is called Herbrand base of P. A (Herbrand)

interpretation I for P is a subset of the Herbrand base of P that contains

all atoms interpreted as true by I .

A rule is ground if it contains no variables. The grounding Pg of

P is the set of all ground rules obtained by replacing all variables in

each rule of P by all combinations of constants in the Herbrand universe.

Given that an ASP logic program P with variables can be regarded as an

abbreviation for Pg , we henceforth concentrate on the propositional case.

Let I be an interpretation of P. For a variable-free predicate

atom a, I |= a iff a ∈ I . For a default negated literal not a, I |=
not a iff I 2 a, and for a classically negated literal ¬a, I |= ¬a iff

¬a ∈ I . For a choice atom i {a1 ; . . . ; an} j , I |= i {a1 ; . . . ; an} j iff

i 6
∣∣{ak : I |= ak and 0 6 k 6 n

}∣∣ 6 j .

A rule of P is satisfied by I if, for some hj of the rule, I |= hj whenever

I |= bi , for all bi of the rule. In this sense, an ASP logic program P is

satisfied by I iff all rules of P are satisfied by I .

Definition 2.5 (Model). An interpretation I that satisfies an ASP logic

program P is cal led a model of P. A model of an ASP logic program P is

a minimal model of P iff no proper subset of it satisfies P.

Those rules for which I |= bi , for all bi , constitute the reduct PI of

P, with respect to I .

Definition 2.6 (Answer Set — Stable Model). An interpretation I is an

answer set or stable model of an ASP logic program P iff I is a minimal

model of the reduct PI .

2.4.3 The Degree/Diameter Problem in ASP

The degree/diameter problem is the problem of finding the largest (in

terms of the number of vertices) possible graph G = 〈V , E 〉 (where V is a

set of vertices/nodes and E is a set of edges) of diameter k , such that the
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largest degree of any of the vertices in V is at most d.12 General upper

bounds for the number of vertices of such graphs are attainable only for

certain special graphs. The only known bound on the order of a graph of

maximum degree d and diameter k is the Moore bound, denoted by Md,k

[47, 90]:

Md,k =


1 + d · (d−1)k−1

d−2
if d > 2

2 · k + 1 if d = 2

Finding tighter (theoretical) upper bounds for the maximum possible

number of vertices of a graph, given its other two parameters (d and k)

constitutes an area that is largely unexplored [47, 90].

In this subsection, we approach the degree/diameter problem in the

context of ASP; thus, we provide a practical method/construction for

attacking the problem “from below”. In particular, we introduce an ASP

logic program that calculates al l possible undirected graphs of a given

order n, with respect to the constraints imposed by the degree/diameter

problem; i.e., each two nodes of the graph must be connected through k

edges at most, given a maximum degree d.13

Clearly, this problem of Combinatorics has a wide range of

applications, since each node in V can represent a variety of entities (e.g.,

a computer or a biological cell), and each (undirected and unweighted)

edge in E can represent a variety of connection types between any two

entities [68, 47, 90].

12The degree/diameter problem is related to the “Six Degrees of Separation”

conjecture, introduced in 1929 by the Hungarian author Frigyes Karinthy. Note

that this subsection is based on the work of the author and Peppas, published in [13].
13Two other extremal problems arise, if we optimize in turn each one of the three

parameters of a graph (i.e., n, d, and k), while holding the other two parameters fixed.

The proposed ASP logic program can deal with these problems as well.
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The ASP Source Code

The ASP source code that encodes the degree/diameter problem is

presented in Listing 2.1. Predicates node/1 and edge/2 represent the

nodes and the edges of the corresponding graph, respectively. Predicate

distance/3 represents the distance (third argument) between two nodes

(first two arguments), and diameter/1 represents the diameter of the

graph (maximum pairwise distance between the nodes).

1 node(1..n).

2 diameter(k).

4 { edge(X,Y) } :- node(X), node(Y), X < Y.

5 :- node(Z), not 1 { edge(X,Z) ; edge(Z,Y) } d.

7 distance(X,Y,1) :- edge(X,Y).

9 distance(X,Y,K+1) :- K+1 <= k, distance(X,Z,K),

10 edge(Z,Y),

11 not distance(X,Y,K).

12 distance(X,Y,K+1) :- K+1 <= k, distance(Z,X,K),

13 edge(Z,Y), X < Y,

14 not distance(X,Y,K).

15 distance(X,Y,K+1) :- K+1 <= k, distance(X,Z,K),

16 edge(Y,Z), X < Y,

17 not distance(X,Y,K).

19 :- node(X), node(Y), X < Y, not 1 { distance(X,Y,K) }.

21 #show edge/2.

Listing 2.1: ASP source code for the degree/diameter problem.

The inputs of the source code are the number of nodes n (line 1), the

diameter k (line 2), and the largest degree d of any node of the graph
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(line 5).

Some comments on Listing 2.1 are in order. Lines 1 and 2 provide, in

fact format, the available nodes and the desired diameter of the graph,

respectively. The two dots ‘..’ in line 1 refer to an interval, abbreviating

distinct facts over the integer values between left and right from the dots.

Line 4 generates all possible graphs of order n (solution candidates).

The connective ‘:-’ can be read as ‘if’. Any subset of rule’s head

atoms can be included in a stable model, provided that the rule’s

body literals are satisfied. Note that we break the symmetry using X

< Y, in order to eliminate symmetric solution candidates; for instance,

instead of having both edge(1,5) and edge(5,1) in an answer set, X

< Y excludes edge(5,1).

Line 5 is an integrity constraint which guarantees that, in each answer

set, every node Z will host at least one edge, and no more than d edges.

These bounds are determined by the lower and upper bounds of the choice

atom of the rule, respectively.

Lines 7–17, recursively, set the distance (only) between every two

nodes of the graph such that are connected though k edges at most. In

particular, line 7 sets the distance between two nodes X, Y to 1, provided

that there is an edge connecting them. Lines 9–17 set the distance between

two nodes X, Y to K + 1, provided that:

(i) this distance is less or equal to the diameter k (i.e., K + 1 6 k),

(ii) the distance between node X and (a third) node Z is K ,

(iii) there is an edge connecting nodes Z and Y, and

(iv) the actual distance between X and Y is not equal to K .14

Line 19 is, also, an integrity constraint that eliminates solution candidates

in which there are two nodes X and Y of a graph, such that their distance

is not set by lines 7–17; that is to say, X and Y are not connected (lower

14Recall that the distance between two nodes of a graph is determined by the number

of edges of the shortest path connecting them.
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bound of the choice atom of the rule),15 or their distance is greater than

the diameter k .

Lastly, line 21 is a directive advising the solver to pro ject answer

sets onto instances of edge/2, given that the solution is fully determined

by atoms over this predicate.

An Indicative Run

An indicative run (Listing 2.2 and Figure 2.2) for n = 3, d = 2 and k = 6

shows that the ASP source code generates 4 stable models (that is, 4

possible graphs) as the solution of the problem.

For the computation of the stable models, the Clingo system (version

4.5.4) was utilized.16 Clingo is a monolithic system that combines the

Gringo grounder and the Clasp solver, and is part of the Potassco pro ject

for ASP. Note that the order in which predicate atoms are printed in a

stable model does not bear any meaning; the same applies to the order in

which stable models are found (if there exist any).17

15 In case there is a pair of nodes in the graph that are not connected, the graph is

called disconnected.
16https://github.com/potassco/clingo
17All computations in this dissertation were performed on an Intel c© CoreTM i5-2410M

CPU @ 2.30 GHz machine, with 4 GB RAM available.

https://github.com/potassco/clingo
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$ clingo 0 graphs.lp

clingo version 4.5.4

Reading from graphs.lp

Solving...

Answer: 1

edge(1,2) edge(1,3)

Answer: 2

edge(1,2) edge(2,3)

Answer: 3

edge(1,3) edge(2,3)

Answer: 4

edge(1,2) edge(1,3) edge(2,3)

SATISFIABLE

Models : 4

Calls : 1

Time : 0.072s (Solving: 0.01s 1st Model: 0.00s Unsat: 0.02s)

CPU Time : 0.000s

Listing 2.2: Solving results for n = 3, d = 2 and k = 6.

1 2

3

1 2

3

1 2

3

1 2

3

Figure 2.2: Illustration of stable models of Listing 2.2.

Related Extremal Problems

Several similar problems can be approached by means of the proposed

ASP logic program, if it will be slightly modified. For instance, consider

the following interesting extremal problem: Given diameter and maximum

degree of a graph, find the minimum number of edges [22]. This problem
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can be encoded by adding the subsequent “optimization” part to the

source code of Listing 2.1:

count(X,Y,1) :- edge(X,Y).

#minimize { N,X,Y : edge(X,Y), count(X,Y,N) }.

The two statements above, that make use of the extra predicate

count/3, determine the optimal stable models; i.e., the stable models

with the minimum number of atoms over the predicate edge/2.



Chapter 3

Belief Revision

“To attain know ledge, add things every day.

To attain wisdom, remove things every day.”

Lao Tzu

3.1 Introduction

Belief Revision, also referred to as Belief Change, is the study of knowledge

in flux. The article that is widely considered to have marked the birth

of the field is the seminal work of Alchourrón, Gärdenfors and Makinson

[1]. From this work a formal framework arose, now known as the AGM

paradigm, which is, to this date, the dominant framework for the study of

belief revision.

Within this framework, the belief set of an agent is modelled as a

formal theory K , and the epistemic input is represented as a well-formed

formula ϕ. Between K and ϕ, the AGM paradigm considers three

operations for belief sets: belief expansion or expansion, belief revision or

revision, and belief contraction or contraction. From these three types of

operations, expansion deals with situations where the new information

is consistent with the existing belief corpus; hence, the two can just

(set-theoretically) be merged.

Since belief revision and belief contraction are interdefinable

processes, in what follows, we shall mainly focus on belief revision,

although brief references to belief contraction will be made as well.

This chapter is outlined as follows: The next section introduces basic

notation and terminology. Subsequently, in Section 3.3, the necessary

background on the AGM paradigm are presented. In the last section of

this chapter, there are some concluding remarks made.



49 Relevance and Knowledge Dynamics for Intelligent Agents

3.2 Formal Preliminaries

3.2.1 Language

Alchourrón et al. build their framework working with a formal language

L (the language in which the beliefs of an agent are formed), governed by

a logic (the logic of the agent) which is identified by its consequence

operation Cn. Language L is taken to be closed under all standard

Boolean connectives, ∧ (conjunction), ∨ (disjunction), → (implication),

↔ (equivalence), ¬ (negation); for instance, if, for two sentences ϕ, ψ of

L, ϕ ∈ L and ψ ∈ L, then ¬ϕ ∈ L, ϕ ∨ ¬ψ ∈ L, ϕ → ψ ∈ L.

The operation Cn is a function mapping sets of sentences to sets of

sentences, and is assumed to satisfy the following properties, for all sets

of sentences Γ, Γ ′ , and all sentences ϕ, ψ of L:18

Inclusion: Γ ⊆ Cn(Γ).

Iteration: Cn(Γ) = Cn
(
Cn(Γ)

)
.

Monotonicity: If Γ ⊆ Γ ′ , then Cn(Γ) ⊆ Cn(Γ ′).

Supra-classicality: ϕ ∈ Cn(Γ), if Γ classically implies ϕ.

Deduction: ψ ∈ Cn
(
Γ ∪ {ϕ}

)
iff (ϕ → ψ) ∈ Cn(Γ).

Compactness: If ϕ ∈ Cn(Γ), then ϕ ∈ Cn(Γ ′) for some finite

Γ ′ ⊆ Γ.

Intuitively speaking, Cn(Γ) is the set of all logical consequences of Γ.

The inference relation |= is used in the following sense:

Γ |= ϕ iff ϕ ∈ Cn(Γ).

In a similar vein, we also sometimes write Γ |= Γ ′ as Γ ′ ⊆ Cn(Γ),

ψ |= ϕ as ϕ ∈ Cn(ψ), and |= ϕ as an alternative notation for ϕ ∈ Cn(∅).

Obviously, Cn(Γ) = {ϕ ∈ L : Γ |= ϕ}.
18Logics that satisfy the first three properties (inclusion, iteration, monotonicity)

are often called Tarskian [125].
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The assumptions of L and Cn, made by Alchourrón et al., make

the AGM paradigm quite general; it is applicable to propositional logic,

first-order logic, higher-order logics or modal logics.19

In the context of this dissertation, we shall be working (unless

explicitly stated otherwise) with a propositional language L, built

over finitely many propositional variables, using the standard Boolean

connectives, and the special symbol ⊥ (arbitrary contradiction). The

special symbol > will be used to denote an arbitrary tautology. The finite,

non-empty set of all propositional variables is denoted by P .

3.2.2 Sentences and Belief Sets

Definition 3.1 (Contingent Sentence). A sentence ϕ of L is contingent

iff 2 ϕ and 2 ¬ϕ.

For any two sentences ϕ, ψ of L, we shall write ϕ ≡ ψ iff Cn(ϕ) =

Cn(ψ). We shall also write Cn(ϕ1 , . . . , ϕn), for sentences ϕ1 , . . . , ϕn , as

an abbreviation of Cn
(
{ϕ1 , . . . , ϕn}

)
.

Definition 3.2 (Belief Set). A belief set (or theory) is any set of

sentences K of L closed under Cn; in symbols, K = Cn(K ).

We denote the set of all consistent theories of L by K. If a theory

K is consistent, then for any sentence ϕ of L, three different epistemic

attitudes towards ϕ can be expressed:

(i) ϕ ∈ K ; i.e., ϕ is accepted.

(ii) ¬ϕ ∈ K ; i.e., ¬ϕ is accepted.

(iii) ϕ /∈ K and ¬ϕ /∈ K ; i.e., ϕ is undetermined.

Definition 3.3 (Expansion). For a theory K and a set of sentences Γ of

L, the expansion of K by Γ, denoted by K + Γ, is the closure under Cn of

K ∪ Γ; in symbols, K + Γ = Cn(K ∪ Γ).

19Nevertheless, there are several interesting logics, which do not satisfy the

aforementioned assumptions, such as various logics used in Logic Programming,

description logics, and others.
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For a sentence ϕ of L, we shall write K + ϕ as an abbreviation of

K + {ϕ}.

3.2.3 Literals

Definition 3.4 (Literal). A literal is a propositional variable p ∈ P or

its negation.

For a set of propositional variables P ⊆ P , by P ± we denote the set

containing all literals induced by P ; i.e., P ± = P ∪ {¬p : p ∈ P }. For a

set of sentences (or literals) Γ of L, Γ denotes the set of negated elements

of Γ; i.e., Γ = {¬ϕ : ϕ ∈ Γ}. For a set of literals Q, we denote by |Q| the

cardinality of Q, by ∧Q and ∨Q the conjunction and disjunction of the

literals in Q, respectively, and by Q+ the set containing all propositional

variables that appear in the literals of Q; i.e., Q+ =
(
Q ∩ P

)
∪
(
Q ∩ P

)
.

Sometimes, we shall represent the negation of a propositional variable

p as p, for the sake of readability. We shall often abuse notation and treat

a set of literals Q as a sentence, that is, the conjunction of all its literals,

leaving it to the context to resolve any ambiguity; thus, for example, in

“Q ⊆ S”, Q is a set of literals, whereas in “¬Q”, Q is a sentence.

3.2.4 Possible Worlds

Definition 3.5 (Possible World). A possible world (or simply a world)

r is a consistent set of literals, such that, for any propositional variable

p ∈ P , either p ∈ r or ¬p ∈ r .

The set of all possible worlds is denoted by M. For a set of sentences

Γ of L, [Γ] denotes the set of all possible worlds that satisfy Γ; i.e.,

[Γ] =
{
r ∈ M : r |= Γ

}
. We use the notation [ϕ], for a sentence ϕ ∈ L, as

an abbreviation of
[
{ϕ}

]
.

For a set of worlds V ⊆ M, we denote by th(V ) the set of sentences of

L satisfied by all worlds in V ; i.e., th(V ) =
{
ϕ ∈ L : r |= ϕ, for all r ∈ V

}
.

If V is empty, then we define th(V ) = L. Clearly, the set th(V ) is always

a theory of L.
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Like with any set of literals, a possible world r may sometimes be

treated as a sentence (as, for example, in the expression “¬r”). Moreover,

we will often identify a possible world with the sequence (rather than set)

of literals it satisfies.

3.2.5 Preorders

Definition 3.6 (Preorder). A preorder over a set V is any reflexive,

transitive binary relation in V .

Definition 3.7 (Total Preorder). The preorder � over a set V is total

iff, for al l r, r ′ ∈ V , r � r ′ or r ′ � r .

Intuitively, a preorder � over a set V is total whenever any two

elements in V are comparable with respect to �.

As usual, r ≺ r ′ denotes the strict part of �, i.e., r ≺ r ′ iff r � r ′ and

r ′ � r , whereas r ≈ r ′ denotes the symmetric part of �, i.e., r ≈ r ′ iff

r � r ′ and r ′ � r .

For any X ⊆ V , min(X, �) denotes the set of minimal elements in X ,

with respect to �; i.e., min(X, �) =
{
r ∈ X : for all r ′ ∈ X , if r ′ � r , then

r � r ′
}

.

3.2.6 Sublanguages

We shall often consider sublanguages of L. Let Q be a (strict) subset of

the set of propositional variables P . We denote by LQ the sublanguage of

L defined over Q. In the limiting case where Q is empty, we take LQ to

be the language generated by ⊥, and the Boolean connectives.

Definition 3.8 (Minimal Language of a Sentence). For a sentence x of

L, we denote by Lx the unique minimal language within which x can be

expressed. If x is inconsistent or a tautology, we take Lx to be L∅ .

Essentially, Lx contains a sentence that is logically equivalent to x,

and, moreover, no proper sublanguage of Lx contains such a sentence.

For a sentence x of L, Px denotes the propositional variables in the
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minimal language of x, and Lx the complement language of Lx , namely,

the language built from the propositional variables that do not appear in

Lx ; in symbols, Lx = LP−Px .

Definition 3.9 (Minimal Language of a Set of Sentences). For a

non-empty set of sentences Γ of L, LΓ denotes the minimal language

within which al l the sentences of Γ can be expressed.

Lastly, we shall sometimes project operations defined above for the

entire language L, to one of its sublanguages L ′ . Whenever this is the

case, all notation will be subscripted by the sublanguage L ′ . For instance,

CnL′ (Γ) denotes the logical closure of a set of sentences Γ in L ′ , i.e.,

CnL′ (Γ) = Cn(Γ) ∩ L ′ , and VL′ denotes the restriction of a set V of

possible worlds to L ′ , i.e., VL′ =
{
r ∩ L ′ : for all r ∈ V

}
.

3.3 The AGM Paradigm

In this section, the axiomatic side of the AGM paradigm is discussed,

along with three well-known extra-logical constructions for the process

of belief revision. The first construction is based on preorders over

possible worlds (faithful-preorders model), the second on preorders over

sentences (epistemic-entrenchment model), and the third on preorders

over remainders (partial-meet model).

3.3.1 The AGM Postulates for Revision

In the AGM paradigm, belief revision is modelled as a (binary) function

∗, mapping a theory K and a sentence ϕ to the theory K ∗ ϕ, representing

the result of revising K by ϕ; i.e., ∗ : K × L 7→ K (Figure 3.1).

The AGM postulates for revision (K ∗ 1)–(K ∗ 8), listed below, capture

much of what characterizes rational belief revision.
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K K ∗ ϕ
∗

ϕ

Figure 3.1: Belief revision in the AGM paradigm.

(K ∗ 1) K ∗ ϕ is a theory of L.

(K ∗ 2) ϕ ∈ K ∗ ϕ.

(K ∗ 3) K ∗ ϕ ⊆ K + ϕ.

(K ∗ 4) If ¬ϕ /∈ K , then K + ϕ ⊆ K ∗ ϕ.

(K ∗ 5) If ϕ is consistent, then K ∗ ϕ is also consistent.

(K ∗ 6) If ϕ ≡ ψ , then K ∗ ϕ = K ∗ ψ .

(K ∗ 7) K ∗ (ϕ ∧ ψ) ⊆ (K ∗ ϕ) + ψ .

(K ∗ 8) If ¬ψ /∈ K ∗ ϕ, then (K ∗ ϕ) + ψ ⊆ K ∗ (ϕ ∧ ψ).

A guiding intuition in formulating (K ∗1)–(K ∗8) has been the principle

of minimal change, according to which a rational agent ought to change her

state of beliefs as little as possible, in order to (consistently) accommodate

the epistemic input. Some brief comments on (K ∗ 1)–(K ∗ 8) mainly

borrowed from [98] are in order — refer to [54] or [98] for a more extended

discussion.

The first six postulates (K ∗ 1)–(K ∗ 6) are known as the basic

AGM postulates for revision, whereas (K ∗ 7)–(K ∗ 8) are called the

supplementary AGM postulates for revision.

Postulates (K ∗ 1) and (K ∗ 2) ensure that the result of revising K

by ϕ yields a theory in which ϕ is always accepted. Postulates (K ∗ 3)

and (K ∗ 4), viewed together, say that, whenever ϕ does not contradict

K , the revised belief set is identical to the expansion of K by ϕ. (K ∗ 5)

says that the only case where the belief set K is inconsistent is when the

epistemic input ϕ is inconsistent. (K ∗ 6) states that the revision process

is independent of the syntax of the new information.
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The last two postulates, viewed together, say that, for any two

sentences ϕ and ψ , if in revising K by ϕ one is lucky enough to reach a

revised belief set K ∗ ϕ that is consistent with ψ , then all that one needs

to do in order to produce K ∗ (ϕ ∧ ψ) is to expand K ∗ ϕ with ψ .

We shall call any function ∗ that satisfies postulates (K ∗ 1)–(K ∗ 8)

an AGM revision function (or simply revision function).

3.3.2 The AGM Postulates for Contraction

Similarly, in the AGM paradigm, belief contraction is modelled as a

(binary) function .−, mapping a theory K and a sentence ϕ to the theory

K .−ϕ, representing the result of withdrawing ϕ from K ; i.e., .− : K×L 7→ K
(Figure 3.2).

K K .− ϕ

.−
ϕ

Figure 3.2: Belief contraction in the AGM paradigm.

Again, a set of eight postulates, called the AGM postulates for

contraction and listed below, characterizes rational belief contraction.

(K .− 1) K .− ϕ is a theory of L.

(K .− 2) K .− ϕ ⊆ K .

(K .− 3) If ϕ /∈ K , then K .− ϕ = K .

(K .− 4) If 2 ϕ, then ϕ /∈ K .− ϕ.

(K .− 5) If ϕ ∈ K , then K ⊆ (K .− ϕ) + ϕ.

(K .− 6) If ϕ ≡ ψ , then K .− ϕ = K .− ψ .

(K .− 7) (K .− ϕ) ∩ (K .− ψ) ⊆ K .− (ϕ ∧ ψ).

(K .− 8) If ϕ /∈ K .− (ϕ ∧ ψ), then K .− (ϕ ∧ ψ) ⊆ K .− ϕ.

Like (K ∗ 1)–(K ∗ 8), the AGM postulates for contraction are based on
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the principle of minimal change, and split into two groups; (K .− 1)–(K .− 6)

are the basic AGM postulates for contraction, whereas (K .− 7)–(K .− 8)

are the supplementary AGM postulates for contraction. Again, some brief

comments on (K .− 1)–(K .− 8) mainly borrowed from [98] are in order —

refer to [54] or [98] for a more extended discussion.

Postulates (K .− 1) and (K .− 2) ensure that the result of contraction

of K with respect to ϕ yields a belief set that does not contain any new,

previously unknown, information. Postulate (K .− 3) states that, if K does

not contain ϕ, then there is no reason to change anything at all. Postulate

(K .− 4) says that, if ϕ is not tautological, then ϕ is not contained in the

new belief set K .− ϕ. Postulate (K .− 5), the so-called recovery postulate,

says that contracting and then expanding by ϕ will give us back (at least)

the initial theory K ; in fact, due to (K .− 2), we end up precisely with

K . (K .− 5) is in accordance with the principle of minimal change, in the

sense that only sentences that are somehow “related” to the contracted

belief should be cut off. Therefore, adding ϕ back should restore the

initial belief set.20 (K .− 6) ensures that the result of belief contraction is

syntax-independent.

(K .− 7) says that a sentence χ, such that χ ∈ K , χ ∈ K .− ϕ and

χ ∈ K .− ψ , should not be affected by the contraction of K by ϕ ∧ ψ ,

since, within the context of K , χ is not related to neither ϕ nor ψ . Lastly,

postulate (K .− 8) ensures that, given ϕ /∈ K .− (ϕ ∧ ψ), the belief set

K .− (ϕ ∧ ψ) cannot be larger than the belief set K .− ϕ, since K .− ϕ is the

minimal change of K in order to withdraw ϕ.

We shall call any function .− that satisfies postulates (K .− 1)–(K .− 8)

an AGM contraction function (or simply contraction function).

3.3.3 Interdefinability of Operations

Revision and contraction can be defined in terms of each other through

Levi and Harper Identities.

20Despite its intuitive appeal, (K .− 5) is the most controversial postulate among

(K .− 1)–(K .− 8) [86, 63].
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Levi Identity, presented below, tells us that revision can be seen as

contraction plus expansion.

Levi Identity: K ∗ ϕ =
(
K .− ¬ϕ

)
+ ϕ

Likewise, Harper Identity below says that contraction with respect to

some belief can be obtained through revision by the negation of the belief,

followed by the elimination of what was not in the initial belief set.

Harper Identity: K .− ϕ =
(
K ∗ ¬ϕ

)
∩ K

It has been shown that, for every revision function ∗ satisfying

(K ∗ 1)–(K ∗ 8), the function .− induced from ∗, via the Harper Identity,

satisfies (K .− 1)–(K .− 8). Conversely, for every contraction function .−
satisfying (K .− 1)–(K .− 8), the function ∗ induced from .−, via the Levi

Identity, satisfies (K ∗ 1)–(K ∗ 8) [54, 98]; see Figure 3.3.

AGM Revision

Functions

AGM Contraction

Functions

Harper Identity

Levi Identity

Figure 3.3: Interdefinability between revision and contraction.

As stated, due to the aforementioned interdefinability, we shall mainly

deal with belief revision.
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3.3.4 Constructive Models for Belief Revision

The AGM postulates for revision do not suffice to uniquely determine the

belief set K ∗ ϕ resulting from revising K by ϕ, given K and ϕ alone; they

simply circumscribe the territory of al l different rational revision policies.

What is needed then apart from the aforementioned axiomatic approach,

are constructive models for the process of belief revision. In the rest of

this subsection, the most well-known models shall be discussed.21

Note that, for ease of presentation, throughout this dissertation, we

shall consider only consistent belief sets, and contingent epistemic input.

Faithful-Preorders Model

One popular construction, introduced by Katsuno and Mendelzon, is based

on total preorders over possible worlds, called faithful preorders [74].22

Definition 3.10 (Faithful Preorder, [74]). For a theory K of L, a

preorder over possible worlds �K is faithful to K iff it is total, and

such that, for any possible worlds w1 , w2 ∈ M:23

• If w1 ∈ [K ], then w1 �K w2 .

• If w1 ∈ [K ] and w2 /∈ [K ], then w1 ≺K w2 .

Given a preorder �K that is faithful to K , the revision of K by any

sentence ϕ of L can be defined as follows:

(F∗) K ∗ ϕ = th
(
min

(
[ϕ], �K

))
.

21This subsection (including Figure 3.4) is based on [8], which constitutes part of

author’s work in PD operators (see Chapter 5). Reprinted by permission from Springer

Nature Customer Service Centre GmbH: Springer Nature, Annals of Mathematics and

Artificial Intelligence, An investigation of parametrized difference revision operators,

Theofanis Aravanis, Pavlos Peppas, Mary-Anne Williams, 2019.
22The constructive model introduced by Katsuno and Mendelzon is, essentially, a

subsequent reformulation of Grove’s system of spheres [62].
23To be precise, in [74], faithful preorders are associated with sentences, rather than

belief sets. However, the two approaches are equivalent, given that we are working

with a finitary propositional language.
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Intuitively, �K represents a plausibility ranking over possible worlds:

the more plausible a world r is, the lower it appears in the ranking. Hence,

(F∗) essentially defines K ∗ ϕ as the theory corresponding to the most

plausible worlds, satisfying the new information ϕ; i.e., the �K -minimal

ϕ-worlds.

Katsuno and Mendelzon have shown that the functions induced

from faithful preorders via (F∗) are precisely those satisfying the AGM

postulates for revision.

Definition 3.11 (Faithful Assignment, [74]). A faithful assignment (over

belief sets) is a function that maps each theory K ∈ K to a faithful preorder

�K over the possible worlds of M.

Theorem 3.1 ([74]). A revision function ∗ satisfies (K ∗ 1)–(K ∗ 8) iff

there exists a unique faithful assignment (over belief sets), such that (F∗)
holds, for every K ∈ K and ϕ ∈ L.

Epistemic-Entrenchment Model

The second constructive model that is discussed herein has been proposed

by Gärdenfors and Makinson, and it is based on the notion of epistemic

entrenchment [56]. An epistemic entrenchment, essentially, assigns an

epistemic value to the agent’s individual beliefs, which in turn determines

their fate during revision.

Definition 3.12 (Epistemic-Entrenchment Ordering, [56]). An ordering

≤K of epistemic entrenchment, related to a theory K of L, is a binary

relation in L satisfying the fol lowing postulates:24

(EE1) For al l ϕ, ψ, χ ∈ L, if ϕ ≤K ψ and ψ ≤K χ, then ϕ ≤K χ.

(EE2) For al l ϕ, ψ ∈ L, if ϕ |= ψ , then ϕ ≤K ψ .

(EE3) For al l ϕ, ψ ∈ K , ϕ ≤K ϕ ∧ ψ or ψ ≤K ϕ ∧ ψ .

(EE4) When K 6= L, ϕ /∈ K iff ϕ ≤K ψ , for al l ψ ∈ L.

(EE5) If ψ ≤K ϕ for al l ψ ∈ L, then |= ϕ.

24See [54] or [98] for an extended discussion on (EE1)–(EE5).
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From the above postulates, it follows that an ordering of epistemic

entrenchment is a total preorder in L.

Intuitively, ≤K represents the relative epistemic loss caused by

the removal of a belief from K ; the higher a belief is in the

epistemic-entrenchment preorder ≤K , the more is lost in terms of epistemic

value by its removal from K . Consequently, for any two sentences ϕ and

ψ , such that ϕ ≤K ψ , whenever a choice exists between giving up ϕ and

giving up ψ , the former will be surrendered in order to minimize the

epistemic loss.

Gärdenfors and Makinson proved that the revision functions induced

from epistemic-entrenchment preorders, by means of (E∗), are precisely

those satisfying the AGM postulates for revision, where ≤K is an

epistemic-entrenchment preorder related to every theory K ∈ K:25

(E∗) ψ ∈ K ∗ ϕ iff either ¬ϕ <K ¬ϕ ∨ ψ or |= ¬ϕ.

Partial-Meet Model

Before presenting the partial-meet model inroduced in [1], some definitions

are in order.

Definition 3.13 (Theory Remainder, [1]). For a theory K of L, and a

sentence ϕ such that ϕ ∈ K , a ϕ-remainder of K is any maximal subset

of K that fails to entail ϕ. Formal ly, a ϕ-remainder of K is a subset K ′

of K , such that K ′ 2 ϕ, and for any K ′′ ⊆ K , if K ′ ⊂ K ′′ then K ′′ |= ϕ.

The set of all ϕ-remainders of K is denoted by K ⊥⊥ ϕ.

Definition 3.14 (Selection Function, [1]). A selection function picks up

the epistemological ly most entrenched ϕ-remainders of K , for every K ∈
K. Formal ly, a selection function for a theory K of L is any function γ

that maps a non-empty col lection X of subsets of K to a non-empty subset

25Gärdenfors and Makinson established a connection between epistemic-entrenchment

preorders and contraction functions .−. However, in view of the Levi Identity (i.e.,

K ∗ ϕ = (K .− ¬ϕ) + ϕ), the connection with revision functions follows immediately.

Note that condition (E∗) appears in [84, 111].
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γ (X ) of X ; i.e., ∅ 6= γ (X ) ⊆ X . The selection function γ is transitively

relational iff it can be produced from a transitive binary relation �K in

2K , by means of the fol lowing condition:

γ
(
K ⊥⊥ ϕ

)
=
{
K ′ ∈ K ⊥⊥ ϕ : K ′′ �K K ′ for al l K ′′ ∈ K ⊥⊥ ϕ

}
.

It turns out that the ordering �K is a total preorder in K ⊥⊥ ϕ [54].

We shall refer to �K as selection-function preorder.

The partial-meet model refers to contraction functions .−, however

in view of the Levi Identity, that is, K ∗ ϕ = (K .− ¬ϕ) + ϕ, we get the

(partial-meet) revision of K by any sentence ϕ, by means of the following

condition:

(P∗) K ∗ ϕ =
( ⋂

γ
(
K ⊥⊥ ¬ϕ

))
+ ϕ.

When γ is transitively relational, the revision functions induced from

(P∗) satisfy the AGM postulates for revision.

Interrelations

The connection between faithful or epistemic-entrenchment preorders

and revision functions indicates that it should in principle be

possible to establish a connection between faithful preorders and

epistemic-entrenchment preorders, for every theory K of L. Indeed, this

relationship is expressed by the following condition [104]:

(EF) For any two contingent sentences ϕ, ψ ∈ L, ϕ ≤K ψ iff, for some

r ∈ [¬ϕ], r �K r ′ , for every r ′ ∈ [¬ψ ].

Theorem 3.2 follows almost immediately connecting revision functions

to faithful preorders and epistemic-entrenchment preorders.

Theorem 3.2 ([104]). Let K be a theory of L. Moreover, let ≤K be an

epistemic-entrenchment preorder, and let �K be a faithful preorder. Then,

≤K and �K correspond to the same revision function at K , by means of

(E∗) and (F∗) respectively, iff they satisfy condition (EF).
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Now, we turn to the connection between faithful preorders and

selection-function preorders. Grove pointed out the close relation between

remainders and possible worlds [62]. More precisely, he noted that there

is a one-to-one correspondence between the ¬ϕ-remainders of K and the

ϕ-worlds, given that ¬ϕ ∈ K . That is, for every world r ∈ [ϕ], the set

R = th
(
[K ] ∪ {r}

)
is a ¬ϕ-remainder of K ; we have made the smal lest

possible change (addition) to [K ] to ensure that the resulting set R does

not imply ¬ϕ. Conversely, for any ¬ϕ-remainder R of K , there is a

ϕ-world r , such that R = th
(
[K ] ∪ {r}

)
. From now on, we shall denote by

rR the ϕ-world that corresponds to the ¬ϕ-remainder R of K .

It is not hard to establish, then, the connection between faithful

preorders and selection-function preorders, for every theory K of L,

which is expressed by the following condition:

(PF) For any two ¬ϕ-remainders R, R ′ of K and their corresponding

possible worlds rR , rR′ ∈ [ϕ], R �K R ′ iff rR′ �K rR .

Condition (PF), essentially, says that the epistemic value of the

¬ϕ-remainders of K is inversely proportional to the plausibility of the

corresponding ϕ-worlds (with respect to K ).

Theorem 3.3 constitutes a “folklore” result that connects revision

functions to faithful preorders and selection-function preorders. The

proof, although straightforward, is included in Appendix A for integrity

reasons.

Theorem 3.3. Let K be a theory of L. Moreover, let �K be a

selection-function preorder, and let �K be a faithful preorder. Then,

�K and �K correspond to the same revision function at K , by means of

(P∗) and (F∗) respectively, iff they satisfy condition (PF).

Lastly, we present condition (EP), appearing slightly different in

[112], that captures the relationship between epistemic-entrenchment

preorders and selection-function preorders:
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(EP) For any two contingent sentences ϕ, ψ ∈ L, ϕ ≤K ψ iff, for a

ϕ-remainder R of K , R ′ �K R , for every ψ -remainder R ′ of K .

Theorem 3.4 connects revision functions to epistemic-entrenchment

preorders and selection-function preorders.

Theorem 3.4 ([112]). Let K be a theory of L. Let ≤K be an

epistemic-entrenchment preorder, and let �K be a selection-function

preorder. Then, ≤K and �K correspond to the same revision function

at K , by means of (E∗) and (P∗) respectively, iff they satisfy condition

(EP).

It became clear that we can associate a faithful preorder, an

epistemic-entrenchment preorder and a selection-function preorder with an

AGM revision function, and vice versa. This correspondence is illustrated

in Figure 3.4, which completes the connections established in [104].

Observe that, in order to construct an AGM revision function (encoding

a revision policy), a rational agent must be equipped with a family of

(faithful or epistemic-entrenchment or selection-function) preorders; i.e.,

one preorder for every theory K of L.

∗

{�K }K∈K {≤K }K∈K

{�K }K∈K

(F∗) (E∗)

(P∗)

(EF)

(EP)(PF)

Figure 3.4: An AGM revision function, and its associated constructive

models [8].
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3.4 Final Remarks

The AGM paradigm was proposed more than thirty years ago, and it

is still the main point of reference in the field of Belief Revision. This

is not to say that a lot of its limits have not been pointed out; see,

for instance, [65] for problems in Belief Revision from a philosophical

perspective. An interesting review summarizing the first twenty five years

of the developments around the AGM paradigm can be found in [51],

covering a wide range of topics.

A last note before closing this chapter. The differentiation of belief

revision from a different kind of belief change, called belief update, was

first noticed by Keller and Winslett [76], and later on explored and

formalized in [75]. In belief update, changes take part in the real world,

rather than in the agent’s beliefs about an (unchanging) world. Refer to

[103] for a detailed discussion on the relation between belief revision and

belief update.



This page is intentionally left blank.



Chapter 4

Relevance-Sensitive

Belief Revision

“No man is an island.”

John Donne

4.1 Introduction

As discussed in the Introduction, the AGM postulates for revision are

rather liberal in their treatment of relevance. This insufficiency was

noticed by Parikh, who proposed the additional axiom (P) to supplement

the AGM ones. Axiom (P) is based on a syntax-splitting approach, and

is open to two different interpretations, namely, the weak and the strong

versions of (P), both of which are plausible depending on the context. The

purpose of this chapter is a thorough investigation of relevance-sensitive

belief revision, particularly in terms of Parikh’s notion of relevance.

The main concepts of relevance as captured by Parikh is outlined in

Section 4.2, and some necessary preliminaries are presented in Section 4.3.

Afterwards, in Section 4.4, the characterization of Parikh’s

relevance-sensitive axiom (P) in terms of all popular constructive models

of Belief Revision is provided. Our contribution is the characterizations

of (both versions of) (P) in terms of the epistemic-entrenchment and

partial-meet models; the faithful-preorders characterization of (P) has

been provided in [107]. Combining the results, the constructive view of

axiom (P) is completed.

Continuing, in Section 4.5, notable properties of the semantical

characterization of the strong version of (P) are pointed out, and, in

Section 4.6, a vital feature of it is discussed, which, potentially, results
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in an exponential drop on the resources required for an implementation

of a belief-revision system. Section 4.7 analyses Parikh’s axiom from

an epistemological (Kuhnian) perspective, aiming to shed light on the

application of formal epistemological tools in the dynamics of (any corpus

of) knowledge.

Section 4.8 discusses interesting remarks on the generalization of

Parikh’s notion of relevance, beyond a syntax-splitting concept, mainly as

future work. The last section of this chapter is devoted to a brief summary

of the established results and some concluding remarks.

Note that Subsection 4.4.3 is based on the work of the author, Peppas

and Williams, published in [7], whereas Sections 4.5 and 4.6 are based on

the work of the author, Peppas and Williams, published in [10].

4.2 Parikh’s Notion of Relevance

It seems plausible to assume that, when revising a theory by a sentence,

only the beliefs that are relevant to this sentence should be affected;

the rest (unrelated) beliefs of the theory should remain unchanged. For

instance, an agent that is revising her beliefs about the monetary policy

of Greece, is unlikely to revise her beliefs about quantum electrodynamics.

Surprisingly, this simple intuition is not fully captured by the AGM

paradigm. To see this, the following two examples should be taken into

consideration.

Example 4.1. Assume that P = {a, b}, and let K be the theory K =

Cn(a, b). Then, there is an AGM partial-meet revision that leads to

K ∗ (¬a) = Cn(¬a, ¬b). Thus, the revision of K by ¬a results to believing

¬b, even if b is irrelevant to a, with respect to the belief set K .

Example 4.2 ([95]). Consider the following revision policy, encoded by

the (trivial) revision function ∗trivial , for any theory K and any sentence

ϕ of L:
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K ∗trivial ϕ =


K + ϕ, if ϕ is consistent with K

Cn(ϕ), otherwise

It turns out that ∗trivial satisfies (K ∗ 1)–(K ∗ 8), yet, it is

unsatisfactory, since in case ϕ contradicts K , all beliefs in K that are not

logical implications of ϕ are withdrawn.

Accordingly, Parikh proposed axiom (P), presented below, to

supplement (K ∗ 1)–(K ∗ 8) [95]. Axiom (P) is based on a syntax-splitting

approach, and aims to capture the intuition that, if an agent’s beliefs

can be divided into disjoint compartments referring to different sub ject

matters, then, when revising, the agent modifies only the compartment(s)

affected by the epistemic input. Although axiom (P) may not tell the

whole story of relevance-sensitive belief revision (it only deals with a

special case), it is surely an intuitive first step.

(P) If K = Cn(x, y), where x, y are sentences of disjoint sublanguages

Lx , Ly , respectively, and ϕ ∈ Lx , then K ∗ ϕ =
(
CnLx (x) � ϕ

)
+ y ,

where � is a revision operator of the sublanguage Lx .

Parikh, in [95], showed that (P) is consistent with the basic AGM

postulates for revision (K ∗ 1)–(K ∗ 6). In a further analysis conducted

in [107], it was shown that axiom (P) is in fact consistent with the full

set of AGM postulates for revision. In this latter work, two different

interpretations of (P) were identified, called the weak and the strong

version of (P), both of which are plausible depending on the context.

Influenced by [107], we proceed to their rationale.

According to the first reading, i.e., the weak version of axiom (P),

the local revision function � that modifies the relevant part of K may

vary from theory to theory, even when the relevant part Cn(x) stays the

same. This means that weak (P) allows the local revision function to be

context-dependent.

For example, consider a revision function ∗ (which defines a revision
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policy for al l theories of L), and let K = Cn(x, y) and H = Cn(x, z )

be two theories of L, such that Lx ∩ Ly = Lx ∩ Lz = ∅, and y 6≡ z .

Consider, now, any sentence ϕ ∈ Lx . The ϕ-relevant part of K and H

is, in both cases, the same; this is not the case for the ϕ-irrelevant part.

However, weak (P) allows this relevant part to be modified in a different

way, for theories K and H . In other words, while the non-relevant part

to ϕ remains unaffected during the (global) revision by ϕ, its presence

can influence the way that the ϕ-relevant part of the theory is modified

(Figure 4.1).

K

x

y

K ∗ ϕ

x ′

y

ϕ

∗

H

x

z

H ∗ ϕ

x ′′

z

ϕ

∗

Figure 4.1: The weak version of axiom (P).

According to the second reading, i.e., the strong version of axiom

(P), the local revision function � becomes context-independent. In the

previous example, the way the ϕ-relevant part is modified in both K and

H is the same (Figure 4.2).26

K

x

y

K ∗ ϕ

x ′

y

ϕ

∗

H

x

z

H ∗ ϕ

x ′

z

ϕ

∗

Figure 4.2: The strong version of axiom (P).

To avoid ambiguity between the two versions, Peppas et al.

26Refer to [107] for a more detailed discussion on this issue.
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reformulate axiom (P) in terms of the following two conditions that do

not refer to a local revision operator:27

(P1) If K = Cn(x, y), Lx ∩ Ly = ∅, and ϕ ∈ Lx , then (K ∗ ϕ) ∩ Lx =

K ∩ Lx .

(P2) If K = Cn(x, y), Lx ∩ Ly = ∅, and ϕ ∈ Lx , then (K ∗ ϕ) ∩ Lx =(
Cn(x) ∗ ϕ

)
∩ Lx .

Condition (P1) corresponds to the weak version of (P), and says

that, when revising a theory K by a sentence ϕ, the corpus of K that

is irrelevant to ϕ remains intact during the revision process. To get the

strong version of (P), we need to add condition (P2); that is, strong (P)

is equivalent to (P1) and (P2).

In [107], both versions of axiom (P) were characterized in terms of

faithful preorders. This characterization will be presented for integrity

reasons in Subsections 4.4.1 and 4.4.2. First, however, we introduce in

the next section some necessary formal preliminaries.

4.3 Formal Preliminaries

This section is devoted to the basic formalization that is necessary in

order to subsequently present the results of this chapter.

Definition 4.1 (Theory Splitting, [95]). Let K be a theory of L, and

let Q = {Q1 , . . . , Qn} be a partition of P ; i.e.,
⋃
Q = P , Qi 6= ∅, and

Qi ∩ Qj = ∅, for al l 1 6 i 6= j 6 n. The set Q is a K -splitting iff there

exist sentences x1 ∈ LQ1 , . . . , xn ∈ LQn , such that K = Cn(x1 , . . . , xn).

27Note that conditions (P1) and (P2) demand from the agent to compare the

plausibility of propositions referring to irrelevant sub ject matters, since, in order to

construct an AGM revision function ∗, she must be equipped with faithful preorders

over possible worlds defined over the entire language, even if the underlying theory of

the agent can be expressed in disjoint sublanguages.
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For every theory K of L, there is a unique finest K -splitting, denoted

by F ; i.e., one which refines every other K -splitting [95].28 That is to say,

there is a unique way to think of theory K as being composed of disjoint

compartments, referring to irrelevant sub ject matters.

Definition 4.2 (Splittable/Confined Theory). Let K be a theory of L.
Whenever, for some contingent sentences x, y ∈ L, K = Cn(x, y) and

Lx ∩ Ly = ∅, we shal l say that theory K is splittable. Whenever, for some

contingent sentence x ∈ L, K = Cn(x) and Lx ⊂ L, we shal l say that

theory K is confined (to the sublanguage Lx of L).

In case a theory K is confined to a sublanguage L ′ of L, it also “splits”

between L ′ and L ′ , with the L ′ part being trivial. Of course, K knows

nothing about L ′ ; i.e., there is no sentence ξ ∈ L ′ , such that K |= ξ .

Moreover, notice that a theory can be both splittable and confined.

Example 4.3. Suppose that P = {a, b, c, d, e, f }, and let K = Cn
(
a →

(b ∨ c), d ↔ e
)
. It is not hard to verify that the finest K -splitting is F ={

{a, b, c}, {d, e}, {f }
}

. The set Q =
{
{a, b, c, d, e}, {f }

}
is a K -splitting

as well, but not the finest. Note that theory K is splittable, and, moreover,

has no information about propositional variable f , since it is confined to

the sublanguage L{a,b,c,d,e} .

Definition 4.3 (Minimal Language of a Sentence Compatible With F ,

[95]). Let K be a theory of L, F the finest K -splitting, and ϕ any sentence

of L. We define LKϕ to be the minimal language defined over the union of

certain elements of F , containing Lϕ .

Example 4.4. Suppose that P = {a, b, c, d}, and let K = Cn(a, b → c, d).

Then, the finest K -splitting is F =
{
{a}, {b, c}, {d}

}
. Assume that ϕ =

a ∨ b. Clearly, Lϕ = L{a,b} , however, the minimal language of ϕ compatible

with the finest K -splitting LKϕ is the larger language L{a,b,c} ; that is, ϕ

straddles the sublanguages of the first two compartments of K .
28A partition Q′ refines another partition Q iff every element of Q′ is a subset of

some element of Q. Equivalently, a partition Q′ refines another partition Q iff, for

every Q′i ∈ Q′ , there is a Qj ∈ Q, such that Q′i ⊆ Qj . Q′ will have smaller members

than Q does, and more of them.
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4.4 Characterization of Parikh’s

Axiom (P)

4.4.1 Faithful-Preorders Characterization of (P1)

Initial Considerations

In order to present the faithful-preorders characterization of condition

(P1), some additional terminology and notation is needed.

Definition 4.4 (Possible Worlds Difference). The difference between

two possible worlds w , r of M, denoted by Diff (w, r), is the set of

propositional variables, over which the two worlds disagree; i.e., the

symmetric difference of w and r . In symbols:

Diff (w, r) =
{
p ∈ P : w |= p and r |= ¬p

}
∪
{
p ∈ P : w |= ¬p and r |= p

}
.

Example 4.5. Suppose that P = {a, b, c}. Let w , r be the worlds w =

{a, b, c} and r = {¬a, b, ¬c}. Then, Diff (w, r) = {a, c}.

The definition of Diff can be extended, in order to include the

difference between a theory and a possible world.

Definition 4.5 (Difference Between Theories and Possible Worlds, [107]).

Let K be a theory of L, and let F be the finest K -splitting. The difference

between K and a possible world r of M, denoted by Diff (K, r), is the

union of the elements of F , for which there exists at least one sentence

that can be expressed in terms of their propositional variables, on that K

and r disagree. In symbols:

Diff (K, r) =
⋃ {

Fi ∈ F : for some ϕ ∈ LFi , K |= ϕ and r |= ¬ϕ
}
.

Example 4.6. Let P = {a, b, c, d}, and K = Cn(a ↔ b, c ↔ d). The

finest K -splitting is F =
{
{a, b}, {c, d}

}
. Now, let r be the world r =

{¬a, b, c, d}. Then, Diff (K, r) = {a, b}, since K and r disagree on at least

one sentence ϕ that can be expressed in terms of the variables in {a, b}
(e.g., for ϕ = a ∨ ¬b, K |= ϕ and r |= ¬ϕ).
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Clearly, in the special case of a complete theory K (where there is a

world w , such that [K ] = {w}), the extended definition of Diff collapses

to the one given for the difference between two worlds.

Characterization Conditions

Having defined the extended Diff, the appropriate faithful-preorders

characterization of (P1) turns out to be conditions (Q1) and (Q2) (for a

theory K of L):29

(Q1) If Diff (K, r) ⊂ Diff (K, r ′) and Diff (r, r ′) ∩ Diff (K, r) = ∅,

then r ≺K r ′ .

(Q2) If Diff (K, r) = Diff (K, r ′) and Diff (r, r ′) ∩ Diff (K, r) = ∅,

then r ≈K r ′ .

Characterization Result

Theorem 4.1 shows that conditions (Q1)–(Q2) characterize precisely the

family of faithful preorders corresponding to AGM revision functions

satisfying (P1).

Theorem 4.1 ([107]). Let ∗ be a revision function that satisfies

(K ∗ 1)–(K ∗ 8), and {�K }K∈K a family of faithful preorders (one for each

theory K of L), corresponding to ∗ by means of (F∗). Then, ∗ satisfies

(P1) iff {�K }K∈K satisfies (Q1)–(Q2).

4.4.2 Faithful-Preorders Characterization of (P2)

Initial Considerations

First, we introduce some more notation from [107]. For a contingent

sentence x ∈ L and a possible world r ∈ M, by rx is denoted the restriction

of r to the minimal language of x; i.e., rx = r ∩ Lx .

29≺K and ≈K denote the strict and symmetric parts of �K , respectively.
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Definition 4.6 (Faithful-Preorder Filtering, [107]). Let K be a theory

of L. For a faithful preorder �K , a contingent sentence x ∈ L, and any

possible worlds r, r ′ ∈ M, the x-filtering of �K , denoted by �x
K , is as

fol lows:

r �x
K r ′ iff there is a world w ∈ [rx ], such that, for al l w ′ ∈ [r ′x ],

w �K w ′ .

Intuitively, the x-filtering of a preorder can be regarded as a

“pro jection/restriction” of the initial preorder to the minimal language

of x, treating the propositional variables outside Px as invisible. Notice,

moreover, that �x
K depends entirely on the minimal language of x, in the

sense that, if x, z are two sentences such that Lx = Lz , then �x
K = �z

K ,

even if x 6≡ z . Subsequently, a concrete example of x-filtering is presented.

Example 4.7. Suppose that P = {a, b, c}, let K be the theory K =

Cn(a ↔ b, c), and let �K be the preorder over the possible worlds of M
shown below:

abc

abc
�K

abc

abc
�K abc �K

abc

abc

abc

Then, for the (arbitrary) sentence x = (a∨ b∨ c)∧ (a∨ b∨¬c) — where

Lx = L{a,b} , since it is logically equivalent to a ∨ b and no sentence with

fewer propositional variables is logically equivalent to x — the x-filtering

of �K is the following:

abc

abc

abc

abc

�x
K

abc

abc
�x
K

abc

abc

It is not hard to verify that, for any contingent sentence x ∈ L, if �K

is a total preorder, then so is �x
K . In addition, if Lx = L, then x-filtering

has no effect on �K ; i.e., �x
K = �K . Sometimes, we shall refer to the
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preorder �K as “faithful preorder”, and to some filtering of �K simply as

“filtering”.

Characterization Condition

Condition (Q3), below, turns out to be the faithful-preorders

characterization of (P2) (the preorders �K and �Cn(x) are faithful to

K and Cn(x), respectively):

(Q3) If K = Cn(x, y) and Lx ∩ Ly = ∅, then �x
K = �x

Cn(x) .

Condition (Q3) says that, whenever a theory K can be split into

two disjoint compartments Cn(x) and Cn(y), then the x-filtering of the

preorder �K ought to be identical with the x-filtering of the preorder

�Cn(x) . Obviously, (Q3) makes associations between faithful preorders

related to different (overlapping) theories. This is to be expected,

since condition (P2) introduces dependencies between revision policies

associated with different theories.

Characterization Result

Theorem 4.2 shows that condition (Q3) characterizes precisely the family

of faithful preorders corresponding to AGM revision functions satisfying

(P2).

Theorem 4.2 ([107]). Let ∗ be a revision function that satisfies

(K ∗ 1)–(K ∗ 8), and {�K }K∈K a family of faithful preorders (one for each

theory K of L), corresponding to ∗ by means of (F∗). Then, ∗ satisfies

(P2) iff {�K }K∈K satisfies (Q3).

Combining the Results

Putting together the results of Theorems 4.1 and 4.2, we obtain

immediately the following theorem that provides the faithful-preorder

characterization of (the strong version of) Parikh’s relevance-sensitive

axiom (Figure 4.3).
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Theorem 4.3 ([107]). Let ∗ be a revision function that satisfies

(K ∗ 1)–(K ∗ 8), and {�K }K∈K a family of faithful preorders (one for each

theory K of L), corresponding to ∗ by means of (F∗). Then, ∗ satisfies

strong (P) iff {�K }K∈K satisfies (Q1)–(Q3).
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Figure 4.3: Faithful-preorders characterization of axiom (P).

Discussion

It is worth noting here that Kern-Isberner and Brewka in [77] generalize

the results of Peppas et al. [107] — and, thus, of Parikh [95] — to the

revision of belief states (rather than belief sets). A belief state (also

referred to as an epistemic state) is defined as a belief set, coupled with

a structure that encodes relative plausibility (e.g., a faithful preorder, a

system of spheres). Clearly then, a belief state is a richer model than a

belief set.30 Kern-Isberner and Brewka, also, extend the approach of [107]

to ordinal conditional functions [120].

Let us close this subsection with a word on motivation concerning our

main contribution of this chapter, namely, the epistemic-entrenchment and

30The notion of a belief state will be discussed more extensively in Chapter 6.
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partial-meet characterizations of axiom (P). Despite the fact that the three

constructive models for AGM revision functions (i.e., faithful-preorders,

epistemic-entrenchment and partial-meet models) are interdefinable, and

that axiom (P) has already characterized in terms of faithful preorders

by means of conditions (Q1)–(Q3), its characterization in terms of the

epistemic-entrenchment and partial-meet models is far from trivial.

The main reason is that conditions (EF) and (PF) cannot

straightforwardly be applied to (Q1)–(Q3), in order to produce

corresponding constraints to circumscribe the territory of

epistemic-entrenchment and selection-function preorders that induce

AGM revision functions satisfying axiom (P). For this to be the case,

several explicit formal constructions and technical results have to be

formulated.31 This is accomplished in the next two subsections, where the

epistemic-entrenchment and partial-meet characterizations of conditions

(P1) and (P2) are presented.

4.4.3 Epistemic-Entrenchment Characterization

of (P1)

Initial Considerations

The epistemic-entrenchment characterization of condition (P1) is

accomplished taking into account the K -splitting concept, which is central

to Parikh’s notion of relevance. The necessary terminology and notation

are first introduced.

Definition 4.7 (Theory Units). Let K be a theory of L, and let F =

{F1 , . . . , Fn} be the finest K -splitting. Then, there exist unique (modulo

logical equivalence) sentences χ1 ∈ LF1 , . . . , χn ∈ LFn , such that K =

Cn(χ1 , . . . , χn). The sentences χ1 , . . . , χn are the units of K , and the set

31 In Belief Revision, the translation of a family of preorders, expressed in terms of a

particular constructive model, in the realm of another constructive model is common

ground; the interested reader is referred to [138, 139, 100, 102, 110] for indicative

examples.
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U = {χ1 , . . . , χn} is the unit set of K ; i.e., the set of al l units of K .

The units of K can be regarded as its “building blocks”, since the

conjunction of them minimal ly entails K . Moreover, for every theory K of

L, its unit set U is uniquely determined (modulo logical equivalence), as

the finest K -splitting is also unique. Moreover, observe that, if LU ⊂ L,

then K is confined to the sublanguage LU (see Definition 4.2). If LU = L,

theory K is not confined to any sublanguage of L.

In the approach of structured belief bases used for local change in

[129], the unit set U of K would be a belief base which generates K ,

such that every element of it (unit) constitutes a different connected

subgraph.32

Consider, now, any two contingent sentences ϕ, ψ of L.

Definition 4.8 (Support Set). A support set for ϕ in K is a set Γ of

units of K that entails ϕ; i.e., Γ ⊆ U and Γ |= ϕ. A support set for ϕ in

K is minimal iff no proper subset of it entails ϕ. The set of al l minimal

support sets for ϕ in K is denoted by SS (ϕ).

Intuitively, a minimal support set for ϕ in K is a minimal set of units,

that suffices to “justify” the presence of ϕ in K .

Definition 4.9 (Cut). A cut for a sentence ϕ in K is a minimal set of

units, whose withdrawal from K wil l leave ϕ unsupported. Formal ly, a

cut for ϕ in K is a set θ of units of K , θ ⊆ U , such that U − θ 2 ϕ, and
for every proper subset θ ′ of θ , U − θ ′ |= ϕ.

Clearly, a cut θ for a sentence ϕ in K intersects every minimal support

set for ϕ in K . Thus, it follows that θ ⊆ L⋃
SS (ϕ) .

Some essential observations are in order. The notions of minimal

support sets and cuts correspond to the notions of kernels and incision

functions, respectively, of Hansson’s approach to contraction of belief

bases, called kernel contraction [64].33 However, there are two crucial

32A belief base is a set of sentences that is not (except as a limiting case) closed

under logical implication.
33Kernel contraction is, essentially, a natural non-relational generalization of safe

contraction [2].



79 Relevance and Knowledge Dynamics for Intelligent Agents

differences. Firstly, incision functions do not have to be minimal (while

cuts are), and secondly, minimal support sets and cuts refer to units of

K , while Hansson’s constructions refer to arbitrary sentences of a belief

base. For this reason, minimal support sets and cuts are compatible with

Parikh’s notion of relevance, whereas kernels and incision functions are

not.

Now, we will engage with what we call degree of support of sentences

in a theory.

Definition 4.10 (Better Supported Sentence in a Theory). A sentence ψ

is better supported than a sentence ϕ in K , which we denote by ϕ≪K ψ ,

iff the fol lowing two conditions hold:

(i) For every minimal support set for ϕ in K , there is a minimal support

set for ψ in K , such that the latter is a subset of the former; in

symbols, ∀ A ∈ SS (ϕ), ∃ B ∈ SS (ψ), such that B ⊆ A.

(ii) There is a minimal support set for ψ in K , that is disjoint from

every minimal support set for ϕ in K ; in symbols, ∃ C ∈ SS (ψ), such

that C ∩ A = ∅, ∀ A ∈ SS (ϕ).

Intuitively, ψ is better supported than ϕ in K if, whenever ones

cuts enough “links” to “disconnect” ψ from the units of K , regardless

of how this is done (there are, in general, more than one ways), ϕ gets

disconnected as well.

Definition 4.11 (Equally Supported Sentences in a Theory). Sentences

ϕ and ψ are equal ly supported in K , which we denote by ϕ ∼K ψ , iff

ϕ, ψ ∈ K , and, moreover, the set of al l minimal support sets for ϕ

in K is equal to the set of al l minimal support sets for ψ in K ; i.e.,

SS (ϕ) = SS (ψ).

The intuitive reading of the above definitions is based on the view

that the units of K are the primary beliefs.
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Example 4.8. Let P = {a, b, c, d}, and K = Cn(a ↔ b, c ↔ d). The finest

K -splitting is F =
{
{a, b}, {c, d}

}
, and the unit set of K is U = {a ↔

b, c ↔ d}.
Let ϕ = ¬a ∨ b ∨ c ∨ d, and ψ = a ∨ ¬b ∨ c ∨ ¬d. Clearly, ϕ, ψ ∈ K .

Moreover, SS (ϕ) =
{
{a ↔ b}

}
and SS (ψ) =

{
{a ↔ b}, {c ↔ d}

}
. Hence,

we derive that ϕ≪K ψ .

Now, let ϕ = ¬a ∨ b ∨ c ∨ d and ψ = a ∨ ¬b ∨ ¬c ∨ ¬d. Again, ϕ, ψ ∈ K .

In addition, SS (ϕ) =
{
{a ↔ b}

}
and SS (ψ) =

{
{a ↔ b}

}
. Hence, it

follows that ϕ ∼K ψ .

The following two lemmas further illustrate Definitions 4.10 and 4.11

above, and they will be also used in the proof of Theorem 4.4 that follows.

Lemma 4.1. For a theory K and any two sentences ϕ, ψ of L, ϕ≪K ψ

iff, for every cut θ ′ for ψ in K , there is a cut θ for ϕ in K , such that

θ ⊂ θ ′ .

Lemma 4.2. For a theory K and any two sentences ϕ, ψ of L, ϕ ∼K ψ

iff ϕ, ψ ∈ K , and, moreover, the set of al l cuts for ϕ in K is equal to the

set of al l cuts for ψ in K .

The last definition refers to sentences of L, making no reference to a

theory.

Definition 4.12 (Logical Equivalence Modulo Sublanguages). For a

sublanguage L ′ of L, two sentences ϕ, ψ of L are logical ly equivalent

modulo L ′ , which is denoted by ϕ ≡L′ ψ , iff [ϕ]L′ = [ψ ]L′ ; namely,{
z ∩ L ′ : for al l z ∈ [ϕ]

}
=
{
z ′ ∩ L ′ : for al l z ′ ∈ [ψ ]

}
.

Definition 4.12 implies that, whenever L ′ = L, it holds that ϕ ≡L′ ψ
iff ϕ ≡ ψ . In what follows, the sublanguage L ′ in Definition 4.12 will be

the sublanguage LΓ of some set of sentences Γ of L.34 When this is the

case, we shall use ϕ ≡Γ ψ , instead of ϕ ≡L′ ψ or ϕ ≡LΓ
ψ .

34Recall that, for a set of sentences Γ of L, LΓ denotes the minimal sublanguage of

L within which all the sentences of Γ can be expressed.
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Example 4.9. Suppose that P = {a, b, c}, ϕ = (a ∧ ¬b) ∨ c, and ψ =

(a ∧ ¬b) ∨ ¬c. Consider the sublanguage L ′ = L{a,b} . Then, we derive that

ϕ ≡L′ ψ . However, for the sentences ϕ = (a ∧ ¬b) ∨ c and ψ = (¬a ∧ b) ∨ ¬c,

it follows that ϕ 6≡L′ ψ .

Characterization Conditions

Having introduced the necessary definitions, we formulate conditions

(EP1) and (EP2), which turn out to be the epistemic-entrenchment

characterization of (P1) (alias, weak (P)):35

(EP1) If ϕ≪K ψ and ϕ ≡⋃
SS (ϕ) ψ , then ϕ <K ψ .

(EP2) If ϕ ∼K ψ and ϕ ≡⋃
SS (ϕ) ψ , then ϕ 'K ψ .

To understand the intuition behind conditions (EP1) and (EP2), let

us consider a concrete example.

Example 4.10. Let P = {a, b, c, d}, and K = Cn(a ↔ b, c ↔ d). The

finest K -splitting is F =
{
{a, b}, {c, d}

}
, and the unit set of K is U =

{a ↔ b, c ↔ d}.
As for condition (EP1), let ϕ = a ∨ ¬b ∨ c ∨ d, and ψ = a ∨ ¬b ∨ c ∨

¬d. Observe that ϕ, ψ ∈ K , SS (ϕ) =
{
{a ↔ b}

}
, and SS (ψ) =

{
{a ↔

b}, {c ↔ d}
}

. Hence, we derive that ϕ ≪K ψ . Moreover, ϕ ≡⋃
SS (ϕ) ψ ,

consequently according to (EP1), ϕ <K ψ . However, this is not the case

for the sentences ϕ = ¬a∨ b∨ c∨ d, and ψ = a∨¬b∨ c∨¬d. Here, although

ϕ, ψ ∈ K , SS (ϕ) =
{
{a ↔ b}

}
, and SS (ψ) =

{
{a ↔ b}, {c ↔ d}

}
(thus

ϕ ≪K ψ), it holds that ϕ 6≡⋃
SS (ϕ) ψ . Therefore, the relative order of

ϕ and ψ , with respect to ≤K , is not constrained by (EP1), since its

antecedent is not satisfied.

In a similar vein, for condition (EP2), let ϕ = a ∨ ¬b ∨ c ∨ d, and

ψ = a ∨ ¬b ∨ ¬c ∨ ¬d. Observe that ϕ, ψ ∈ K , SS (ϕ) =
{
{a ↔ b}

}
,

and SS (ψ) =
{
{a ↔ b}

}
. Hence, we derive that ϕ ∼K ψ . Moreover,

ϕ ≡⋃
SS (ϕ) ψ , consequently according to (EP2), ϕ 'K ψ . However, this is

35<K and 'K denote the strict and symmetric parts of ≤K , respectively.
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not the case for the sentences ϕ = ¬a ∨ b ∨ c ∨ d, and ψ = a ∨ ¬b ∨ ¬c ∨ ¬d.

Here, although ϕ, ψ ∈ K , SS (ϕ) =
{
{a ↔ b}

}
, and SS (ψ) =

{
{a ↔ b}

}
(thus ϕ ∼K ψ), it holds that ϕ 6≡⋃

SS (ϕ) ψ . Therefore, the relative order

of ϕ and ψ , with respect to ≤K , is not constrained by (EP2), since its

antecedent is not satisfied.

In the special case of a complete theory as an initial belief set, (EP1)

is equivalent to condition (EPC) presented below, while (EP2) reduces to

a vacuous condition.

(EPC) If ϕ≪K ψ , then ϕ <K ψ .

Condition (EPC) appears in [100] as a constraint on sentences, and has

been motivated independently in Belief Revision. Basically, it associates

the epistemic entrenchment of a sentence with the degree of support it has

in a theory; the more supported a sentence is in a theory K , the higher it

appears in the epistemic-entrenchment preorder ≤K .

Both conditions (EP1) and (EP2) are variants of (EPC). Indeed, the

antecedent of (EP1) is stronger than the one of (EPC), since it requires

not only that ψ is better supported than ϕ in K , but, moreover, that ϕ

and ψ are logically equivalent modulo L⋃
SS (ϕ) . Condition (EP2) is, also,

in the spirit of (EPC). It deals with the case of two sentences ϕ and ψ that

are equally supported in K , and, moreover, they are logically equivalent

modulo L⋃
SS (ϕ) (where, in this case, it holds that L⋃

SS (ϕ) = L⋃
SS (ψ)).

For such sentences, (EP2) states that they ought to be equally entrenched

with respect to K .

Characterization Result

Theorem 4.4 shows that (EP1) and (EP2) characterize precisely the family

of epistemic-entrenchment preorders corresponding to AGM revision

functions satisfying (P1).

Theorem 4.4. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {≤K }K∈K be a family of epistemic-entrenchment preorders (one
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for each theory K of L), corresponding to ∗ by means of (E∗). Then, ∗
satisfies (P1) iff {≤K }K∈K satisfies (EP1)–(EP2).

4.4.4 Epistemic-Entrenchment Characterization of

(P2)

Initial Considerations

We, now, proceed to the characterization of condition (P2) in terms

of epistemic entrenchments. First, however, an additional definition is

needed.

Definition 4.13 (Epistemic-Entrenchment Preorder Filtering). Let

K be a theory of L. For an epistemic-entrenchment preorder ≤K , a

contingent sentence x ∈ L, and any two contingent sentences ϕ, ψ ∈ K ,

the x-filtering of ≤K , denoted by ≤x
K , is as fol lows:

ϕ ≤x
K ψ iff there is a ν ∈ CnLx (x), with ν |= ψ , such that for al l

µ ∈ CnLx (x), with µ |= ϕ, µ ≤K ν .

It is not hard to verify that, for any contingent sentence x ∈ L, if ≤K

is a total preorder, then so is ≤x
K . Furthermore, if Lx = L, then it follows

from postulate (EE2) (Definition 3.12) that x-filtering has no effect on

≤K ; i.e., ≤x
K = ≤K . Note, lastly, that ≤x

K depends entirely on Lx , as

in the case of �x
K (see Subsection 4.4.2). That is to say, if x, z are two

sentences such that Lx = Lz , then ≤x
K = ≤z

K , even if x 6≡ z .

Characterization Condition

Now we can formulate the epistemic-entrenchment characterization of

condition (P2), which is condition (EP3) below (the preorders ≤K and

≤Cn(x) are associated with K and Cn(x), respectively):

(EP3) If K = Cn(x, y) and Lx ∩ Ly = ∅, then ≤x
K = ≤x

Cn(x) .
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Condition (EP3) is, essentially, a natural constraint on the relative

“retractability” of sentences, and it is in the spirit of (Q3) making

associations between epistemic-entrenchment preorders associated with

different (overlapping) theories.

Characterization Result

Theorem 4.5 shows that (EP3) characterizes precisely the family

of epistemic-entrenchment preorders corresponding to AGM revision

functions satisfying (P2).

Theorem 4.5. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {≤K }K∈K be a family of epistemic-entrenchment preorders (one

for each theory K of L), corresponding to ∗ by means of (E∗). Then, ∗
satisfies (P2) iff {≤K }K∈K satisfies (EP3).

Combining the Results

Putting together the results of Theorems 4.4 and 4.5, we

obtain immediately the following theorem that provides the

epistemic-entrenchment characterization of (the strong version of)

Parikh’s relevance-sensitive axiom (Figure 4.4).

Theorem 4.6. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {≤K }K∈K be a family of epistemic-entrenchment preorders (one

for each theory K of L), corresponding to ∗ by means of (E∗). Then, ∗
satisfies strong (P) iff {≤K }K∈K satisfies (EP1)–(EP3).

A Note on Ensconcement-Based Revision

At this point, we make some observations that are crucial for a potential

implementation of an effective AGM belief-revision system, for real-world

applications, where one major obstacle is the large amount of information

that, in principle, the user needs to provide to the system [134].36 Recall

36A recent attempt implementing the AGM belief-revision process, in the context of

Answer Set Programming, has been made by the author and Peppas in [12].
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Figure 4.4: Epistemic-entrenchment characterization of axiom (P).

that, in order to construct an AGM revision function, a rational agent

must be equipped with a family of (faithful or epistemic-entrenchment

or selection-function) preorders; i.e., one preorder for every theory of L.

The problem is that the size of these preorders is, in general, exponential

to the number of propositional variables in the language.

The epistemic-entrenchment characterization of axiom (P) — contrary

to its faithful-preorders characterization provided in [107] — is better

aligned with ensconcement-based revision [131, 132, 133], a computational

approach in the context of belief base revision schemes [93]. Briefly,

an ensconcement is a total preorder over a belief base B , that can

be “blown up” to a full epistemic-entrenchment preorder, related to

Cn(B ). In other words, it is a (typically) concise representation of

an epistemic-entrenchment preorder, since the size of an ensconcement

is linear to the size of the knowledge base B . Ensconcement

orderings are always extensible to epistemic-entrenchment preorders.37

The aforementioned remarks imply that the epistemic-entrenchment

37Williams, in [132, 133], provides an explicit construction of such an extension.

Note, moreover, that an axiomatic characterization for ensconcement-based contraction

functions is provided in [53].
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characterization of Parikh’s axiom is imperative.

Having characterized axiom (P) in terms of epistemic entrenchments,

in the next two subsections, we proceed to the characterization of

conditions (P1) and (P2) in terms of the partial-meet model.

4.4.5 Partial-Meet Characterization of (P1)

Initial Considerations

Before formulating the partial-meet characterization of condition (P1),

recall that, for a theory K of L and a sentence ϕ such that ¬ϕ ∈ K , there

is a one-to-one correspondence between the ¬ϕ-remainders of K and the

ϕ-worlds [62].

Definition 4.14 (Cell Sentence). Let K be a theory of L, and let ϕ be

a sentence, such that ¬ϕ ∈ K . Moreover, let R be a ¬ϕ-remainder of K ,

and let rR be the ϕ-world that corresponds to R. We shal l refer to the

sentence σR = ∨ rR as the cel l sentence of R.

By construction, [¬σR ] = {rR} and σR ∈ K .38 The withdrawal of σR

from K imposes that, at least, one ¬σR -world must be (set-theoretically)

added to [K ]. However, the only such world is rR , hence, the only

σR -remainder of K is the set R ; i.e., K ⊥⊥ σR = {R}.
Then, for any two ¬ϕ-remainders R , R ′ of K , and their corresponding

cell sentences σR , σR′ ∈ K , condition (EP) of Subsection 3.3.4 is

reformulated to condition (EP) ′ as follows:

(EP) ′ σR′ ≤K σR iff R �K R ′ .

Condition (EP) ′ , essentially, says that the epistemic value of a

¬ϕ-remainder of K is inversely proportional to the epistemic value of the

corresponding cell sentence of the ¬ϕ-remainder (with respect to K ).

38See Footnote 75 in the proof of Theorem 4.4 (Appendix B) for the justification.
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Characterization Conditions

With the aforementioned observations, we formulate the partial-meet

duplicates of (EP1) and (EP2), which are conditions (PM1) and (PM2),

respectively, presented below:39

(PM1) If σR ≪K σR′ and σR ≡⋃
SS (σR ) σR′ , then R ′ lK R .

(PM2) If σR ∼K σR′ and σR ≡⋃
SS (σR ) σR′ , then R ′ uK R .

There is, obviously, a strong resemblance between conditions

(PM1)–(PM2) and (EP1)–(EP2). This is no accident; it is due to the close

relation between a ¬ϕ-remainder R of K and the cell sentence σR ∈ K ,

pointed out earlier.

Characterization Result

Theorem 4.7 shows that (PM1) and (PM2) characterize precisely the

family of selection-function preorders corresponding to AGM revision

functions satisfying (P1).

Theorem 4.7. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {�K }K∈K be a family of selection-function preorders (one for each

theory K of L), corresponding to ∗ by means of (P∗). Then, ∗ satisfies

(P1) iff {�K }K∈K satisfies (PM1)–(PM2).

4.4.6 Partial-Meet Characterization of (P2)

Lastly, we turn to the partial-meet characterization of condition (P2).

Initial Considerations

As in the case of faithful-preorders and epistemic-entrenchment

characterizations of (P2), one more definition is in order.

39lK and uK denote the strict and symmetric parts of �K , respectively.
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Definition 4.15 (Selection-Function Preorder Filtering). Let K be a

theory of L, and let ϕ be a sentence, such that ¬ϕ ∈ K . Moreover, let �K

be a selection-function preorder, and let ≤K be the epistemic-entrenchment

preorder that corresponds to the revision function associated with �K

at K (via condition (EP)). Then, for a contingent sentence x ∈ L, any

¬ϕ-remainders R, R ′ of K and their corresponding cel l sentences σR , σR′ ,

the x-filtering of �K , denoted by �x
K , is as fol lows:

R ′ �x
K R iff σR ≤x

K σR′ .

It is not hard to verify that, for any contingent sentence x, if ≤x
K is a

total preorder, then so is �x
K . Moreover, if Lx = L, then condition (EP) ′

implies that x-filtering has no effect on �K ; i.e., �x
K = �K .

Characterization Condition

Then, it turns out that the partial-meet duplicate of (EP3) is the following

condition:

(PM3) If K = Cn(x, y) and Lx ∩ Ly = ∅, then �x
K = �x

Cn(x) .

Again, condition (PM3) is in the spirit of (EP3) making associations

between selection-function preorders related to different (overlapping)

theories as well.

Characterization Result

Theorem 4.8 shows that (PM3) characterizes precisely the family of

selection-function preorders corresponding to AGM revision functions

satisfying (P2).

Theorem 4.8. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {�K }K∈K be a family of selection-function preorders (one for each

theory K of L), corresponding to ∗ by means of (P∗). Then, ∗ satisfies

(P2) iff {�K }K∈K satisfies (PM3).
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Combining the Results

Putting together the results of Theorems 4.7 and 4.8, we obtain

immediately the following theorem that provides the partial-meet

characterization of (the strong version of) Parikh’s relevance-sensitive

axiom (Figure 4.5).

Theorem 4.9. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {�K }K∈K be a family of selection-function preorders (one for each

theory K of L), corresponding to ∗ by means of (P∗). Then, ∗ satisfies

strong (P) iff {�K }K∈K satisfies (PM1)–(PM3).
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Figure 4.5: Partial-meet characterization of axiom (P).

4.5 Properties of Faithful-Preorder

Filterings

The purpose of this section is to point out interesting properties of

faithful-preorder filterings. The following proposition examines the

faithfulness of such a preorder.
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Proposition 4.1. Let K be a theory of L, such that, for some sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. The x-filtering of a preorder

�K , i.e., �x
K , is faithful to theory Cn(x) of L.

Moreover, consider the following remark.

Remark 4.1. Let K be a splittable theory of L, such that, for some

contingent sentences x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. Moreover,

let �K be a faithful preorder associated with K . Then, one can uniquely

determine (via Definition 4.6) its filterings �x
K and �y

K . The converse is

not, in general, true; the preorders �x
K and �y

K cannot always uniquely

determine the initial preorder �K , since there could be another preorder

� ′K , such that � ′K 6= �K , � ′xK = �x
K and � ′yK = �y

K .

4.5.1 From Faithful Preorders to Their Filterings

Theorem 4.10 below shows that, given a theory K of L that can be

expressed in disjoint compartments, if the preorder �K satisfies conditions

(Q1)–(Q2) (that is, the necessary and sufficient conditions to revise theory

K according to the dictates of weak (P)), then any filtering of �K , with

respect to the sublanguage corresponding to any compartment of K ,

satisfies (Q1)–(Q2) as well.

Theorem 4.10. Let K be a theory of L, such that, for some sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. If the preorder �K satisfies

conditions (Q1)–(Q2), then the x-filtering of �K , i.e., �x
K , satisfies

conditions (Q1)–(Q2).

4.5.2 From Filterings to Faithful Preorders

Consider any splittable theory K = Cn(x, y) of L, and a faithful preorder

�K , associated with K , that satisfies conditions (Q1)–(Q2); hence, from

Theorem 4.10, the filterings �x
K and �y

K satisfy (Q1)–(Q2) as well. In

view of Remark 4.1, an agent could be able to construct another faithful

preorder � ′K , such that � ′K 6= �K , � ′xK = �x
K and � ′yK = �y

K . Furthermore,
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it is not hard to verify that � ′K does not necessarily satisfy (Q1)–(Q2),

although its filterings � ′xK and � ′yK do satisfy (Q1)–(Q2).

In this subsection, we identify the (class of) faithful preorders �K that

satisfy conditions (Q1)–(Q2), given that �x
K and �y

K satisfy (Q1)–(Q2).

It turns out that conditions (FL1)–(FL2) below, associating the preorders

�x
K and �y

K with the preorder �K , are the constraints required.

(FL1) If r ≺x
K r ′ and r �y

K r ′ , then r ≺K r ′ .

(FL2) If r ≈x
K r ′ and r ≈y

K r ′ , then r ≈K r ′ .

Condition (FL1) says that if, for two worlds r, r ′ ∈ M, r is strictly

more plausible than r ′ with respect to �x
K , and, moreover, r is at least

as plausible as r ′ with respect to �y
K , then r ought to be strictly more

plausible than r ′ with respect to �K . In a similar vein, condition (FL2)

says that, if both r and r ′ are equally plausible with respect to �x
K and

�y
K , then r and r ′ ought to be equally plausible with respect to �K as

well.

Theorem 4.11. Let K be a splittable theory of L, such that, for some

contingent sentences x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. Moreover,

let �K be any faithful preorder, such that �x
K and �y

K satisfy conditions

(Q1)–(Q2). If conditions (FL1)–(FL2) are satisfied, then �K satisfies

(Q1)–(Q2), respectively.

4.6 Economy of Resources Required Due to

Strong (P)

In this section, we identify a vital corollary of the strong version of axiom

(P). Consider, first, the following proposition.

Proposition 4.2. Let K be a theory of L, such that, for some sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. Moreover, let �Cn(x) be the

faithful preorder associated with Cn(x). If �Cn(x) satisfies condition

(Q2), then �Cn(x) is identical to its x-filtering; i.e., �Cn(x) = �x
Cn(x) .
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Suppose that a rational agent revises any theory K of L according

to the dictates of strong (P). Therefore, the faithful preorder �K

that the agent holds satisfies conditions (Q1)–(Q3). Then, in view of

Proposition 4.2, condition (Q3) is equivalent to condition (Q3) ′ , presented

below.

(Q3) ′ If K = Cn(x, y) and Lx ∩ Ly = ∅, then �x
K = �Cn(x) .

Hence, Remark 4.2, subsequently, is a direct implication.

Remark 4.2. Suppose that a rational agent revises any theory of L
according to the dictates of strong (P). Let K be a splittable theory

of L, such that, for some contingent sentences x1 , . . . , xn ∈ L, K =

Cn(x1 , . . . , xn), and Lxi
∩ Lxj

= ∅, for all 1 6 i 6= j 6 n. Then, condition

(Q3) ′ implies that, whenever the agent holds the faithful preorder �K , she

can uniquely determine the faithful preorders associated with all 2n − 2

compartments of K ; i.e., she can uniquely determine the preorders �Cn(x1 ) ,

�Cn(x2 ) , . . . , �Cn(x1 ,x2 ) , �Cn(x1 ,x3 ) , . . . .

Example 4.11. Let P = {a, b, c} and K = Cn(a, b, c). Clearly, theory

K is splittable. Given strong (P), the faithful preorder �K uniquely

determines the faithful preorders associated with the following 23 − 2 = 6

theories of L: Cn(a), Cn(b), Cn(c), Cn(a, b), Cn(a, c), and Cn(b, c). For

instance, �Cn(a) = �a
K and �Cn(a,b) = �a∧b

K .

As noted, an agent needs a faithful preorder for every theory of L, in

order to construct an AGM revision function.40 Remark 4.2 points out

something very interesting; whenever the agent holds a faithful preorder

for a splittable theory of L, strong (P) results in an exponential drop

on the resources required, since, given strong (P), she can also uniquely

determine the faithful preorders associated with every compartment of

that theory.

40For a propositional language with m variables, there exist 2(2m ) logically

non-equivalent theories.
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4.7 Epistemology of Relevance-Sensitive

Theory Change

4.7.1 A Note on Kuhn’s Epistemology

According to Kuhn, the steps of the scientific progress can be summarized

as follows [82]:

• Pre-paradigm era

• Normal science

• Crisis

• Scientific revolution

• New normal science

• New crisis

Prior to the formation of a shared paradigm or research consensus

(pre-paradigm era), would-be scientists are devoted to the accumulation

of random facts and unverified observations. This non-organized activity

acquires coherence once the scientific community adopts a unique shared

paradigm. A paradigm is a distinct set of concepts or thought patterns

(including theories and research methodologies), that constitute legitimate

contributions to a field. The paradigm is adopted jointly by the members

of a scientific community, it establishes the (nature of the) entities of the

world (i.e., an ontological acceptance), and a common language.

Everyone working within a settled paradigm (e.g., Newtonian

mechanics) is doing normal science. In the context of normal science

— which Kuhn describes as a puzzle-solving process — scientists are

slowly accumulating details in accord with an established broad theory,

making the paradigm more coherent and concrete. During this process,

the scientific community does not question or challenge the underlying

(philosophical and metaphysical) assumptions of the theory.
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In the period of normal science, the observable new information

(epistemic input) is formulated in the language of a particular theory,

and its validity depends on the validity of the corresponding theoretical

or conceptual context. In this sense, theories precede observations.

Theories can be formulated — and this is usually the case — prior to

the observations that contribute to their justification. Generally, the

meaning of a concept is “sculptured”, at least partially, from the role it

plays in a theory.

For the normal scientist, anomalies represent challenges to be puzzled

out and solved within the paradigm. At the point where such anomalies

cannot be handled, a crisis emerges. In case an anomaly (or series of

anomalies) persists long enough, and for enough members of the scientific

community, the paradigm will itself gradually come under challenge, and

perhaps be sub jected to a paradigm shift, a process often, also, described

as a scientific revolution. After the scientific revolution, a new paradigm

is established by the majority of the community, that takes the place of

the old problematic one, and a period of new normal science begins.

During a scientific revolution, not only the form of scientific laws

changes, but also the structural elements of the universe on which these

laws are applied. The change of meaning of well-established and familiar

concepts (conceptual transformation) constitutes a central point of a

scientific revolution.

For instance, in the original Newtonian framework, mass creates a

force of gravity. Consequently, the Sun curves the route of the Earth in

an orbit around it. Einstein’s general theory of relativity argues that

mass bends the geometry of space-time. This results in a curved shape of

the latter, which in turn can be understood as gravity. In such a model,

matter moves in certain ways in response to the curvature of space-time;

in particular, the Earth follows the shortest possible route through the

curved space-time.

Another indicative example is that the Newtonian mass is not

convertible into energy, whereas the relativist mass is. In small relative

velocities, both of these concepts can be measured in the same way,
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however, they should not be considered identical.

It became clear that, after a scientific revolution, scientists perceive

the world in a completely different way. The transition from the prior

to the posterior paradigm is compared by Kuhn to a gestalt switch.41 He

asserts, furthermore, that there is no purely rational argument that proves

the superiority of a paradigm against another paradigm. The arguments

of the supporters of competing paradigms intend more on persuasion,

rather than on rational coercion. In this sense, competing paradigms are

logical ly incommensurable.

Despite the fact that two competing paradigms are logically

incommensurable, a practical or historical comparison could be feasible.

For example, a theory may be superior to another one in terms of

“empirical competence” [35]. In other words, the former is more accurate

in producing forecasts, more comprehensive in terms of coverage or more

resistant to falsification than the latter.

Towards this direction, Kuhn compares the scientific progress with

the evolution of biological (Darwinian) species. Biological (Darwinian)

evolution seems to have no predetermined purpose, is free of teleology,

and does not point to an “ultimate” truth [42, p. 13, 50]. Despite that,

the living organisms of today are more adapted to their environment (that

is, more well-structured and specialized) compared to the prehistoric ones;

and this can be seen as the net profit of evolution. Consequently, the

upward progress (through a “dialectical” way) is indeed a fact.

4.7.2 Parikh’s Axiom from an Epistemological

Perspective

Parikh relevance-sensitive axiom (P) aims to supplement the revision

process in case of splittable and/or confined theories of L. For ease

of exploitation, in this section, we shall confine ourselves to splittable

41“The new paradigm, or a sufficient hint to permit later articulation, emerges all at

once, sometimes in the middle of the night, in the mind of a man deeply immersed in

crisis.” [82, p. 89].
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theories that are not confined to any sublanguage of L; it is easy to see

how the argument carries across to confined theories as well.

Let K be a splittable theory of L (that is not confined to any

sublanguage of L), with a finest K -splitting F = {F1 , F2 , . . . , Fn}. Since

K can be expressed in disjoint sublanguages, we may assume that it

represents an initial corpus of (scientific) knowledge that consists of

unrelated compartments, referring to different sub ject matters. We can

distinguish, then, two (Kuhnian) principal cases, namely, the period of

normal science and the paradigm shift:

• In normal science, every new piece of information ϕ is such that its

minimal language Lϕ is a subset of the sublanguage defined over some

element Fi of F ; in symbols, Lϕ ⊆ LFi = LKϕ , for some 1 6 i 6 n. That

is to say, the epistemic input is expressed within the (sub)language

of the compartment of K associated with Fi (referring to a specific

sub ject matter).

• In case the minimal language Lϕ of the new information ϕ is not

restricted to a sublanguage LFi (with 1 6 i 6 m), and, moreover,

the (initially) disjoint compartments of K that correspond to the

sublanguage LKϕ are unified in the new revised theory, then a

paradigm shift took place in the form of a scientific revolution.42

In either case, according to Parikh, only the ϕ-relevant

compartment(s) of K should be affected from its revision by ϕ (i.e.,

42Gärdenfors, in [54, p. 88], argues that a paradigm shift, typically, involves a radical

change on the epistemic value of the sentences of a scientific theory, and, conversely, a

substantial change on the epistemic value of the sentences of a scientific theory is a

strong indication of a scientific revolution. In our view (and given that we are confined

to a propositional framework), a scientific revolution results, also, in a change on the

set of propositional variables P , from which the ob jective language L is generated,

and, vice versa, a change on the set of propositional variables P indicates a scientific

revolution. Furthermore, a scientific revolution could change the meaning (semantics)

of a propositional variable (for instance, the word “mass” gets a totally different

meaning in Newtonian and Einsteinian frameworks), a fact that is in turn related to

the symbol grounding problem [67].
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the compartment(s) associated with the sublanguage LKϕ ).

Unifications after a paradigm shift of initially unrelated theories have

happened in the history of science not once. Classical physics depicted

a universe in which ob jects move in perfectly determined ways. In this

context, probability theory may be considered unrelated — at least, to

a large extent. Quantum mechanics differ from classical physics in that

there are limits to the precision with which (microscopic) quantities can

be determined, as a consequence of the uncertainty principle. Uncertainty

principle, and hence the role of randomness in physical processes,

constitutes the cornerstone of quantum mechanics. In this example, the

theory of classical physics and that of probability were, in practical terms,

unrelated in the first place. A paradigm shift concerning the former —

quantum theory succeeded classical physics — led to the coupling between

the (new) theory of physics and the probability theory.

In a similar vein, areas of mathematics such as topology and algebraic

geometry, lying at the heart of pure mathematics and appearing very

distant from physics frontier, have been dramatically reshaped after

paradigm shifts. This progress has led to many hybrid theories, such as

topological quantum field theory, which now form the core of modern

research in both mathematics and physics [17].

Couplings between two, initially unrelated, theories have not been

occurred only in the realm of natural sciences. Indicative is the case

of psychology and linguistics. These two fields of knowledge could be

considered irrelevant in the beginning of the 20th century, nevertheless,

paradigm shifts revealed their close relation [119].

4.8 On Generalizing Parikh’s Axiom (P)

This section is based on the observations made in the work of Delgrande

and Peppas [44]. As noted in their work, Parikh’s notion of relevance, as

well as subsequent work, assumes that relevance (or irrelevance) is solely

determined by the structure of agent’s belief set. More precisely, if it

happens that the agent’s beliefs can be expressed in disjoint sublanguages,
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then this may be exploited in the revision process. Nevertheless, this

language-splitting criterion allows some instances where relevance cannot

be employed. To see this, let us present the following illustrative example,

borrowed from [44].

Example 4.12 ([44]). In a party, a rational agent believes that both Alice

(a) and Bob (b) are there; thus, the belief set of the agent is K = Cn(a, b).

Now, consider the following two scenarios:

• Alice and Bob are a couple, and they are always together. The belief

set should reflect this fact; hence, K ′ = K + (a ↔ b).

• Alice and Bob are total strangers, and they have never met.

In the first scenario, a and b are clearly dependent, whereas, in the

second scenario they are not. However, obviously K = K ′ in the first

scenario, because we are dealing with belief sets. Thus, in the context

of Parikh’s notion of relevance, in both cases, a and b are independent

(since their minimal languages are disjoint). This again entails that, if

the agent learns that Alice was not there, she would still conclude that

Bob was present. In the first scenario, this is clearly counter-intuitive.

It is not hard to deploy further examples indicating that relevance

goes beyond the structure of a belief set, and instead is an influence

on the agent’s revision policy; that is to say, it is a property of the

agent’s underlying belief state. Furthermore, the notion of relevance is,

in general, context-dependent, since different theories of knowledge have

different implications for what is considered relevant. The approach of

Delgrande and Peppas, which essentially generalizes Parikh’s axiom (P),

is an important step towards this direction.

4.9 Summary and Final Remarks

Parikh’s relevance-sensitive axiom (P) constitutes a very essential axiom

for rational belief revision, supplementing the AGM postulates for revision.
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This is true, not only from a theoretical viewpoint, but also from the

perspective of a successful implementation of an AGM belief-revision

system, oriented towards real-world applications. Assuming that the

revision task grows exponentially more difficult (in the worst case) with

an increase in the size of the knowledge base, one way to tackle the

problem is to try reducing the size of the set to be revised.

In this chapter, we made significant contributions concerning, mainly,

the notion of relevance as captured by Parikh. In particular:

• We completed the constructive view of axiom (P), providing its

epistemic-entrenchment and partial-meet characterizations, that

open the door to new approaches to measuring the relevance

of explanations for AI. More precisely, we introduced conditions

(EP1)–(EP3) and (PM1)–(PM3), which are natural constraints on the

relative “retractability” of sentences and remainders, respectively.

Conditions (EP1)–(EP3) and (PM1)–(PM3) characterize precisely

the class of epistemic-entrenchment and that of selection-function

preorders, respectively, corresponding to AGM revision functions

satisfying (the strong version of) axiom (P). Note that condition

(EPC), which is equivalent to (EP1)–(EP2) in the special case of

complete belief sets, has been motivated and studied independently

in Belief Revision.

• Furthermore, the strong version of axiom (P) was further analysed.

Firstly, interesting features of faithful-preorder filterings were

pointed out. Moreover, the economy of resources (in particular,

an exponential drop) that strong (P) potentially results, for the

construction of an AGM revision function, was highlighted.

• Lastly, we discussed axiom (P) from a Kuhnian perspective,

establishing a conceptual bridge to traditional epistemology, that

sheds light on the application of formal epistemological tools in the

dynamics of (any corpus of) knowledge.

Clearly, an important task for future research is the development of
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a more concrete account of relevance in Belief Revision, following the

direction of Delgrande and Peppas [44].

The notion of language splitting seems intrinsic to any attempt to

form a theory of anything at all. The assumption that we can ignore some

aspects, while considering others, is inherent in almost all intellectual

activity. As a consequence, the results reported herein could be significant

for many related AI domains, where local change plays a vital role

(both conceptually and computationally), such as revision in multi-agent

systems, ontology update and merging, cognitive modelling, heuristic

search and optimization.
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Chapter 5

Parametrized Difference

Revision Operators

“Isn’t it enough to see that a garden is beautiful without

having to believe that there are fairies at the bottom of it too?”

Douglas Adams

5.1 Introduction

This chapter deals with the recently introduced family of concrete

revision operators, called Parametrized Difference revision operators

or PD operators, for short. PD operators are natural generalizations

of the well-known Dalal’s revision operator, can cover a whole range of

different applications, and, at the same time, have low representational

and computational cost.

A great portion (including figures) of this chapter is based on the work

of the author, Peppas and Williams, published in [8, 14].43 The chapter is

organized as follows: The next section introduces Dalal’s revision operator,

while Section 5.3 presents PD operators. Sections 5.4 and 5.5 provide

our contribution, that is, the epistemic-entrenchment and partial-meet

characterizations of PD operators, respectively. In Section 5.6, we prove

that PD operators satisfy the strong version of axiom (P), hence, together

with the result of [105] that PD operators satisfy weak (P) as well, we show

that they are fully compatible with Parikh’s notion of relevance. The last

43Reprinted by permission from Springer Nature Customer Service Centre GmbH:

Springer Nature, Annals of Mathematics and Artificial Intelligence, An investigation

of parametrized difference revision operators, Theofanis Aravanis, Pavlos Peppas,

Mary-Anne Williams, 2019.
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section of this chapter summarizes the obtained results and concludes.

5.2 Dalal’s Revision Operator

A very natural way of defining the preorder �K associated with a theory

K of L has been proposed by Dalal [39]. Clearly, �K encodes the

comparative plausibility of possible worlds, and Dalal defines plausibility

in terms of the difference between worlds, as presented in Definition 4.4

(Section 4.4.1).

Definition 5.1 (Dalal’s Operator, [39]). Dalal’s operator is the revision

function induced by means of (F∗), from the fol lowing Dalal’s preorder

{vK }K∈K over al l possible worlds of M:

(D) r vK r ′ iff there is a w ∈ [K ], such that, for al l w ′ ∈ [K ],

|Diff (w, r)| 6 |Diff(w ′ , r ′)|.

It is not hard to verify that, for each theory K ∈ K, vK is a total

preorder faithful to K [74].

Dalal’s revision operator is based on a simple and intuitive

construction, and it is the only one among a series of popular operators

(like Borgida’s [30], Winslett’s [135], Satoh’s [114], Weber’s [130]) that

satisfies the full set of AGM postulates for revision.

5.3 Generalizing Dalal’s Approach;

PD Operators

5.3.1 Constructive Characterization

A crucial observation, made in [105], is that, in Dalal’s approach, al l

propositional variables have the same epistemic value. This constitutes

a severe restriction, limiting the range of applicability of Dalal’s

construction. To remedy this weakness, Peppas and Williams introduced
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constructively an entire new class of concrete revision operators, all of

which satisfy (K ∗ 1)–(K ∗ 8); they are called Parametrized Difference

revision operators (PD operators, for short) and are, essentially, natural

generalizations of Dalal’s operator.

In their approach, propositional variables are allowed to have different

epistemic values. Most importantly, each PD operator can be fully

specified from a preorder E over the propositional variables of P (rather

than over all possible worlds of M). In other words, a single preorder

over the n propositional variables suffices to generate the preorders

over possible worlds, associated with al l 2(2n ) theories of the underlying

language. This is a double exponential drop on the information required

from the user, in order to construct an AGM revision function. Lastly, PD

operators are expressive enough to cover a wide range of belief-revision

scenarios, including demanding ones on iterated belief revision [99].44

Let us, now, proceed to the formal definition of E, as introduced in

[105]. Let E be any total preorder over the set of propositional variables

P . For a set S ⊆ P and a variable q ∈ P , by Sq we denote the set

Sq =
{
p ∈ S : p E q

}
. The definition of E can, then, be extended to sets

of propositional variables.

Definition 5.2 (Preorder over Propositional Variables, [105]). For any

two sets S , S ′ ⊆ P , S E S ′ , iff one of the fol lowing three conditions holds:

(i) |S | < |S ′ |.45

(ii) |S | = |S ′ |, and for al l q ∈ P , |Sq | = |S ′q |.

(iii) |S | = |S ′ |, and for some q ∈ P , |Sq | > |S ′q |, and for al l p C q ,

|Sp | = |S ′p |.46

In the above definition, condition (ii) states that S and S ′ are

lexicographical ly indistinguishable (with respect to E), whereas condition

44Chapter 6 is devoted to iterated belief revision.
45The context resolves any ambiguity for the use of symbol <.
46C denotes the strict part of E.
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(iii) states that S lexicographical ly proceeds S ′ (with respect to E). It is

not hard to observe that (the extended) E is a total preorder over 2P .

Definition 5.3 (PD Operator, [105]). Let E be a total preorder over the

set of propositional variables P . A PD operator is the revision function

induced by means of (F∗), from the fol lowing PD preorders {vEK }K∈K over

al l possible worlds of M:

(PD) r vEK r ′ iff there is a w ∈ [K ], such that, for al l w ′ ∈ [K ],

Diff (w, r) E Diff (w ′ , r ′).

Definition 5.3 implies that a single preorder E is sufficient to generate

a family of PD preorders {vEK }K∈K , which in turn define, via condition

(F∗), a PD operator ∗.
Observe that, when E = P × P , then the PD preorder vEK reduces to

Dalal’s preorder vK . Furthermore, the results in [105] imply that vEK is

a total preorder, and it is also faithful to K .

For a better understanding of the above, let us examine the

relationship between Dalal’s proposal and PD operators through a concrete

example from [105].

Example 5.1 ([105]). Let P = {a, b, c}, and suppose that K is the

complete theory K = Cn(a, b, c). Then, the (only) Dalal’s preorder

associated with K is the following:47

abc @K

abc

abc

abc

@K

abc

abc

abc

@K abc

According to Dalal, the plausibility of a world r is determined by

the number of propositional variables on which r differs from the single

world abc of the complete theory K . Dalal’s approach considers that all

variables have the same epistemic value; hence, for instance, a change in

variable a is assumed to be as plausible (or implausible) as a change in

47@K denotes the strict part of vK .
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variable b. This is, clearly, a severe restriction that limits considerably

the expressivity of Dalal’s operator, and moreover, in many practical

scenarios, this is not the case.

Suppose, for example, that, for a certain application, variables a and

b have greater epistemic value than variable c, and, consequently, a change

in a or b is less plausible than a change in c. This information can be

represented through a preorder E over the propositional variables a, b

and c, where variables appearing latter in the preorder are more resistant

to change than the ones appearing earlier: c C a, c C b, a E b and b E a.48

Given E, we can refine Dalal’s preorder as follows:49

abc @EK abc @EK
abc

abc
@EK

abc

abc
@EK abc @EK abc

The above ranking takes place in two stages. The first stage is

identical to Dalal’s approach; each world r is ranked according to the

number of switches in propositional variables that are necessary to turn the

initial world abc into r . At the second stage, the ranking is further refined

to take into account the different epistemic value of the propositional

variables (encoded in E) that have been switched.

The practical use of PD operators in encoding real-world belief-change

scenarios is illustrated by means of the following indicative example,

borrowed from [105], which in turn is a modification of an earlier example

appeared in [41].

Example 5.2 ([105]). A circuit consists of a multiplier and two adders.

We denote by m the proposition “the multiplier is working”, and by a1 ,

a2 the propositions “the first adder is working” and “the second adder is

working”, respectively. Initially, we believe that the circuit is working

properly (in symbols, Cn(m, a1 , a2)), and that multipliers are less reliable

than adders. Consequently, if we observe that there is a malfunction in

48The obvious relationships, i.e., a E a, b E b and c E c, have been omitted for the

sake of readability.
49@E

K denotes the strict part of vE
K .
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the circuit, it is plausible to assume that the multiplier — rather than

one of the adders — is not working properly.

The aforementioned scenario can easily be encoded with a PD operator.

In particular, consider the PD operator ∗, induced from the following

preorder E on the propositional variables a1 , a2 and m: m C a1 , m C

a2 , a1 E a2 , and a2 E a1 .50 It is easy to verify that, with this preorder,

the revision of Cn(m, a1 , a2) by the sentence ¬a1 ∨ ¬a2 ∨ ¬m leads to

Cn(¬m, a1 , a2), as desired.

Observe, on the other hand, that Dalal’s proposal spreads the blame

equal ly to all three components of the circuit; that is, the Dalal-revision

of Cn(m, a1 , a2) by the sentence ¬a1 ∨ ¬a2 ∨ ¬m leads to Cn
(
(m ∧ ¬a1 ∧

a2) ∨ (m ∧ a1 ∧ ¬a2) ∨ (¬m ∧ a1 ∧ a2)
)
, a fact that is counter-intuitive given

that we know that multipliers are less reliable than adders.

One can devise a plethora of applied scenarios, inspired by that of

Example 5.2.

5.3.2 Axiomatic Characterization

PD operators were only defined constructively in [105]. In a subsequent

work of Peppas and Williams [106], eight new axioms were introduced,

which together with the original AGM postulates for revision, characterize

axiomatical ly the family of PD operators.51

Furthermore, several benefits of PD operators for belief-revision

implementations were discussed, and a study of their computational

complexity was carried out, indicating that, although more expressive than

Dalal’s construction, PD operators lie at the same level of the polynomial

hierarchy.

As far as practical applications are concerned, when confined to Horn

knowledge bases, and the size of queries are bounded by a constant, the

complexity of PD operators drops to linear time with respect to the size

50Moreover, E includes all pairs that follow from reflexivity and transitivity.
51PD operators are a proper subclass of AGM revision functions.
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of the knowledge base [106].52

Before presenting the aforementioned axioms, we fix the appropriate

notation and terminology, as introduced in [106]. To this end, a, b,

c, p, q denote literals, A, B , C , D , E denote non-empty (consistent)

sets of literals, ϕ, ψ denote (consistent) sentences, and K , H denote

(consistent) theories. Concatenation will be used as an abbreviation for

conjunction; thus, for instance, AB is an abbreviation of A ∧ B , and Ap

is an abbreviation of A ∧ p.

Definition 5.4 ([106]). For non-empty sets of literals A, B , define

A �·K B iff A, B ⊆ K and ¬A /∈ K ∗ (A ∨ B ).

Definition 5.5 ([106]). For non-empty sets of literals A, B , define

A ≺·K B iff A �·K B and B 6�·K A (or, equivalently, A, B ⊆ K and

¬B ∈ K ∗ (A ∨ B )).

Finally, for literals p, q , p �·K q and p ≺·K q denote the abbreviations

of {p} �·K {q} and {p} ≺·K {q}, respectively.

The promised axioms, named (D1)–(D8), are presented below:53

(D1) If A �·K B , then |A| 6 |B |.

(D2) If A �·K B , p �·K q , and q /∈ B , then Ap �·K Bq .

(D3) If A �·K B , p ≺·K q , and q /∈ B , then Ap ≺·K Bq .

(D4) If A ≺·K B , p ∈ K , q /∈ B , and for all c ∈ B , c �·K q , then

Ap ≺·K Bq .

(D5) If p �·K q , a ∈ {p, p}, b ∈ {q , q}, and a, b ∈ H , then a �·H b.

(D6) K ∗ ϕ =
⋂
w∈[ϕ∗K ] w ∗ ϕ.

52Recall that a Horn knowledge base is a set of Horn clauses, where a Horn clause is

a clause (a disjunction of literals) with at most one positive literal.
53For the rationale behind the axioms, refer to [106]. Note, moreover, that axioms

(D1)–(D8) have been translated in the realm of belief contraction in [4].
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(D7) If A �·K E , B ⊆ K , ¬(AB ) /∈ K ∗ (AB ∨ CD), C, D ⊆ H , and

LC = LE , then ¬(AB ) /∈ (K ∩ H ) ∗ (AB ∨ CD).

(D8) If A ≺·K E , B ⊆ K , ¬(CD) ∈ K ∗ (AB ∨ CD), C, D ⊆ H , and

LC = LE , then ¬(CD) ∈ (K ∩ H ) ∗ (AB ∨ CD).

Observe that axioms (D3) and (D8) are essentially the strict versions

of (D2) and (D7), respectively. Moreover, there is a slight abuse of

notation in axiom (D6). Since we are working with a propositional

language built from finitely many propositional variables, for any theory

K of L, there exists a sentence χ ∈ L, such that K = Cn(χ). Thus, ϕ ∗ K
is just an abbreviation for Cn(ϕ) ∗ χ; likewise, w ∗ ϕ is an abbreviation

for Cn(w) ∗ ϕ.

Peppas and Williams, in [106], proceed to the following

representational result that provides the axiomatic characterization of

the family of PD operators (Figure 5.1).

Theorem 5.1 ([106]). Let ∗ be an AGM revision function. Then, ∗ is a

PD operator iff it satisfies axioms (D1)–(D8).

∗ ∗ ∗
∗ ∗

∗ ∗ ∗

∗ ∗
∗ ∗

AGM Revision

Functions

(D1)–(D8)

vE vE �
vE vE

vE vE �

� �
� �

Faithful

Preorders

(PD)

(F∗)

Figure 5.1: Faithful-preorders characterization of PD operators [8].
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5.4 Epistemic-Entrenchment

Characterization of PD Operators

As discussed earlier, Peppas and Williams defined PD operators in terms of

faithful preorders. In this section, we formulate the characterization of PD

operators in terms of epistemic-entrenchment preorders. The necessary

notation and definitions are first introduced.

Definition 5.6 (Support Set in Worlds). Let w be any possible world of

M, and let ϕ be any contingent sentence of L. A support set for ϕ in w is

a set S of literals of w that entails ϕ; i.e., S ⊆ w , and S |= ϕ. A support

set for ϕ in w is minimal iff no proper subset of it entails ϕ.

Intuitively, a minimal support set for ϕ in w is a minimal set of

premises that suffices to “justify” the presence of ϕ in w .

Definition 5.7 (Cut in Worlds). Let w be any possible world of M, and

let ϕ be any contingent sentence of L. A cut for ϕ in w is a minimal

set of literals of w , whose withdrawal from w wil l leave ϕ unsupported.

Formal ly, a cut for ϕ in w is a set θ of literals of w , θ ⊆ w , such that

w − θ 2 ϕ, and for every proper subset θ ′ of θ , w − θ ′ |= ϕ.

Example 5.3. Suppose that P = {a, b, c, d}. Let w be the possible world

w = {¬a, b, c, d}, and ϕ be the sentence ϕ = ¬a ∨ ¬b ∨ c. Then, the two

minimal support sets for ϕ in w are the sets {¬a} and {c}, and the only

cut for ϕ in w is the set {¬a, c}.

Notice that a cut for a sentence ϕ in w intersects every minimal

support set for ϕ in w .

Taking into account the above definitions, we formulate condition

(PDE) below, that characterize precisely the class of PD entrenchment

preorders, denoted by 5EK (for a preorder E over P and a theory K of L),

inducing PD operators by means of (E∗):
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(PDE) ϕ 5EK ψ iff there is a w ∈ [K ] and a cut θ for ϕ in w , such

that, for all w ′ ∈ [K ] and for every cut θ ′ for ψ

in w ′ , θ+ E θ ′+ .

Theorem 5.2 establishes the connection between PD preorders and

PD entrenchment preorders; thus, it provides the epistemic-entrenchment

characterization of PD operators (Figure 5.2).

Theorem 5.2. Let E be a total preorder over the set of propositional

variables P , and let ∗ be an AGM revision function. Moreover, let

{vEK }K∈K , {5
E
K }K∈K be the families of PD preorders and PD entrenchment

preorders, respectively (one for each theory K of L). Then, ∗ assigns

{vEK }K∈K at K (by means of (F∗)) iff ∗ assigns {5EK }K∈K at K (by means

of (E∗)).

∗ ∗ ∗
∗ ∗

∗ ∗ ∗

∗ ∗
∗ ∗

AGM Revision

Functions

(D1)–(D8)

5E 5E ≤
5E 5E

5E 5E ≤

≤ ≤
≤ ≤

Epistemic-Entrenchment

Preorders

(PDE)

(E∗)

Figure 5.2: Epistemic-entrenchment characterization of PD operators

[8].

5.5 Partial-Meet Characterization of PD

Operators

In this section, we turn to the partial-meet characterization of PD

operators.
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Let K be a theory of L, and consider any two ¬ϕ-remainders R,

R ′ of K , and their corresponding possible worlds rR , rR′ , respectively.

Taking into account the observations made in Subsection 3.3.4, we can

straightforwardly formulate condition (PDP), presented below, that

characterizes precisely the class of PD selection-function preorders,

denoted by /EK (for a preorder E over P and a theory K of L), inducing

PD operators by means of (P∗):

(PDP) R ′ /EK R iff there is a w ∈ [K ], such that, for all w ′ ∈ [K ],

Diff (w, rR) E Diff (w ′ , rR′ ).

Theorem 5.3 establishes the connection between PD preorders and

PD selection-function preorders; thus, it provides the partial-meet

characterization of PD operators (Figure 5.3).

Theorem 5.3. Let E be a total preorder over the set of propositional

variables P , and let ∗ be an AGM revision function. Moreover,

let {vEK }K∈K , {/
E
K }K∈K be the families of PD preorders and PD

selection-function preorders, respectively (one for each theory K of L).
Then, ∗ assigns {vEK }K∈K at K (by means of (F∗)) iff ∗ assigns {/EK }K∈K
at K (by means of (P∗)).

∗ ∗ ∗
∗ ∗

∗ ∗ ∗

∗ ∗
∗ ∗

AGM Revision

Functions

(D1)–(D8)

/E /E �
/E /E

/E /E �

� �
� �

Selection-Function

Preorders

(PDP)

(P∗)

Figure 5.3: Partial-meet characterization of PD operators [8].
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Having provided the epistemic-entrenchment and partial-meet

characterizations of PD operators, we prove in the next section the full

compliance of PD operators with Parikh’s axiom (P).

5.6 PD Operators and Parikh’s Axiom (P)

One of the main results in [105] is that PD operators satisfy the weak

version of (P), alias, (P1). Herein, we prove that PD operators satisfy

condition (P2), thus, together with the results of [105], we show that PD

operators satisfy the strong version of (P) as well.

Theorem 5.4. Parametrized Difference revision operators satisfy (P2).

Given that PD operators satisfy weak (P), as proved in [105], the

following theorem is obtained immediately.

Theorem 5.5. Parametrized Difference revision operators satisfy strong

(P).

5.7 Summary and Final Remarks

PD operators make the belief-revision process more tractable, due to their

favourable properties, such as low representational and computational

cost, and high expressivity. Our contributions in this chapter, concerning

this new, important class of revision operators, are outlined as follows:

• The epistemic-entrenchment and partial-meet characterizations of

PD operators were provided, completing their constructive aspect.

More precisely, we identified the subclass of epistemic-entrenchment

preorders and that of selection-function preorders, that induce PD

operators.

• We proved that PD operators are fully compatible with Parikh’s

notion of relevance, as they satisfy the strong version of axiom (P);

the fact that PD operators satisfy the weak version of (P) was already

known from [105].
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We conclude this chapter with a note on future work. As earlier stated,

the computational properties of PD operators in a Horn setting are very

attractive. Given this fact, an appealing direction would be to make PD

operators coherent with respect to Horn revision; that is, a PD-revision

of a Horn knowledge base by a Horn formula must always yield a (new)

Horn knowledge base.54 Furthermore, a promising line of research is a

concrete implementation of PD operators in ASP or in related domains

oriented towards practical applications, such as description logics.

54The interested reader is referred to [45] for a study on Horn revision, with respect

to well-known proposals of Belief Revision.
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Chapter 6

Iterated Belief Revision

“Al l truth passes through three stages. First, it is ridiculed.

Second, it is violently opposed.

Third, it is accepted as being self-evident.”

Arthur Schopenhauer

6.1 Introduction

This chapter is devoted to the problem of iterated belief revision, and

it is based primarily on the work of the author, Peppas and Williams,

published in [9]. It is structured as follows: The next chapter introduces

the problem of iterated revision formally. Sections 6.3 and 6.4 present

Spohn’s and Darwiche and Pearl’s proposals, respectively, two influential

works addressing the problem. Sections 6.5 and 6.6 point out crucial

observations regarding the aforementioned proposals, implying that there

are still important pieces missing from the puzzle of rational belief change.

Sections 6.7 is devoted to a general discussion towards a concrete approach

for iterated revision. The last section of this chapter contains a summary

of the established results and some concluding remarks.

6.2 The Problem of Iterated Belief

Revision

Despite the immense success of the AGM paradigm, there is one aspect

of the belief-revision process that was left unattended; that is, iterated

belief revision. More precisely, while the AGM postulates for revision

appear to be sound constraints for rational one-step transitions between
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belief sets K and K ∗ ϕ, they say very little about transitions involving

multiple steps; e.g., a transition from K to K ∗ ϕ to (K ∗ ϕ) ∗ ψ . In fact,

the only constraint they impose relates to the special case of revising

sequentially the initial belief set K by two sentences ϕ, ψ , such that

¬ψ /∈ K ∗ ϕ. For this special case, the AGM postulates for revision define

(K ∗ ϕ) ∗ ψ = K ∗ (ϕ ∧ ψ).55

In all other cases, (K ∗ 1)–(K ∗ 8) remain silent. This, often, leads

to counter-intuitive results. The following example, borrowed from [41],

illustrates the problem.

Example 6.1 ([41]). “We are introduced to a lady X who sounds smart

and looks rich, so we believe that X is smart and X is rich. Moreover,

since we profess to no prejudice, we also maintain that X is smart, even if

found to be poor and, conversely, X is rich, even if found to be not smart.

Now, we obtain some evidence that X is, in fact, not smart, and we remain

of course convinced that X is rich. Still, it would be strange for us to say,

‘If the evidence turns out false, and X turns out smart after all, we would

no longer believe that X is rich’. If we currently believe X is smart and

rich, then evidence first refuting then supporting that X is smart should

not, in any way, change our opinion about X being rich. Strangely, the

AGM postulates (for revision) do permit such a change of opinion.”

According to the above scenario, our initial belief set is the logical

closure of {s, r}, where s is a propositional variable that stands for “X

is smart”, and r is a variable that stands for “X is rich”. Moreover, it is

assumed that Cn(s, r) ∗¬s = Cn(¬s, r) and that Cn(s, r) ∗¬r = Cn(s, ¬r).

Darwiche and Pearl argue that, in this case, it would be counter-intuitive

to have r 6∈
(
Cn(s, r) ∗ ¬s

)
∗ s. Yet, as shown in [41], such a possibility is

not excluded from the AGM postulates for revision.

This, and many other examples in the literature, have provided

compelling evidence that the AGM postulates for revision need to be

augmented with further constraints in order to properly regulate iterated

belief revision.

55This follows immediately from postulates (K ∗ 3), (K ∗ 4), (K ∗ 7) and (K ∗ 8).
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More formally, in the AGM paradigm, the extra-logical structures

(like faithful or epistemic-entrenchment or selection-function preorders)

serve as a guide to perform belief change. Notice, however, that all these

structures tell us what our new belief set should be. Nevertheless, in order

to process the next epistemic input, we need not only a belief set, but

also a new extra-logical structure associated with it. Presumably, this

new structure would be a rational offspring of the old structure and the

new input. Even if the former is not fully determined by the two latter,

it should at least be constrained. The problem of iterated belief revision

is the problem of formulating constraints that capture the dynamics of

the extra-logical structures used to encode one-step revision policies.

Many researchers have raised to the challenge of addressing the

problem of iterated belief revision, making important contributions — see,

for example, [120, 40, 41, 92, 70, 29, 117, 69, 46, 43, 21, 16, 118, 137, 37]

or [99] for a recent survey. The next two sections are devoted to two

well-established proposals. The first is Spohn’s conditionalization, a

quantitative approach which lies outside the confines of the AGM paradigm

since it allows “enriched” epistemic input [120]. The second is Darwiche

and Pearl’s approach (DP approach, for short), a work that complies with

the assumptions of the AGM paradigm [40, 41].

In the course of this chapter, extended reference to the notion of belief

state (or epistemic state) will be made. Although there is no consensus

on what exactly a belief state is, we shall consider a belief state to be

a belief set, coupled with a structure that encodes relative plausibility

(unless explicitly stated otherwise).

6.3 Spohn’s Conditionalization

Spohn uses a quantitative structure to represent a belief state, related to

a belief set. He calls this structure ordinal conditional function (OCF).

Definition 6.1 (Ordinal Conditional Function, [120]). An OCF κ is a

function from the set M of possible worlds to the class of ordinals, such
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that at least one world is assigned the ordinal 0.

Like in [121], for mathematical simplicity, we take the range of an

OCF κ to be the natural numbers. For any possible world r , we call κ(r)

the rank of r . Intuitively, κ assigns a plausibility grading to all possible

worlds of M; the larger κ(r) is for some world r , the less plausible r is.56

This plausibility grading can, easily, be extended to sentences, by

requiring that the rank of a sentence be the smallest rank assigned to a

world that satisfies the sentence.

Definition 6.2 (Sentence Plausibility, [120]). For any contingent

sentence ϕ of L, κ(ϕ) is the κ-value of the most plausible ϕ-world; i.e.,

κ(ϕ) = min
(
{κ(r) : r ∈ [ϕ]}

)
.

The most plausible worlds (i.e., those whose κ-value is zero) define

the belief set that κ is related to.

Definition 6.3 (Belief Set Related to an OCF, [120]). The belief set B (κ)

that is related to the OCF κ is B (κ) = th
(
{r ∈ M : κ(r) = 0}

)
.

We can, now, introduce the basic acceptability criterion. A sentence

ϕ of L is accepted in the epistemic state, represented by the OCF κ, iff

κ(¬ϕ) > 0. In other words, κ(¬ϕ) > 0 means exactly that all worlds

in [B (κ)] are ϕ-worlds. For any sentence ϕ of L, three scenarios are

possible:57

(i) κ(ϕ) = 0; that is, ϕ ∈ B (κ).

(ii) κ(¬ϕ) = 0; that is, ¬ϕ ∈ B (κ).

(iii) κ(ϕ) = κ(¬ϕ) = 0; that is, ϕ /∈ B (κ) and ¬ϕ /∈ B (κ).

56Notice that an OCF is a richer structure than a faithful preorder, since the former

tells us by how much one world is more plausible than another world, contrary to the

latter which is purely qualitative.
57Recall that we are not considering the limiting cases of an inconsistent belief set

and/or epistemic input.
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Given an OCF κ, an epistemic input ϕ, and the degree of firmness

d > 0 with which ϕ is incorporated into the new belief state, the process

of Spohn’s conditionalization is defined as follows:

(CON) κ • 〈ϕ, d〉(r) =


κ(r) − κ(ϕ) if r ∈ [ϕ]

κ(r) − κ(¬ϕ) + d if r ∈ [¬ϕ]

The intuition behind (CON) is the following: All ϕ-worlds are moved

“downwards”, until the most plausible of them hit the bottom of the

rank; that is, κ • 〈ϕ, d〉(ϕ) = 0. Now, depending on whether κ(¬ϕ) > d

or κ(¬ϕ) 6 d, all ¬ϕ-worlds are moved “downwards” or “upwards”,

respectively, so that the most plausible ¬ϕ-worlds end up having rank d,

which is necessary to obtain κ • 〈ϕ, d〉(¬ϕ) = d.58 An indicative example,

borrowed from [99], is shown in Figure 6.1.

•〈ϕ, 2〉

κ

¬ϕ-worlds ϕ-worlds

5 . . .

4 . . .

3 . . .

2 . . .

1 . . .

0 . . .

κ • 〈ϕ, 2〉

¬ϕ-worlds ϕ-worlds

5 . . .

4 . . .

3 . . .

2 . . .

1 . . .

0 . . .

Figure 6.1: Spohn’s conditionalization [99].

58For an OCF κ, the degree of firmness of an accepted sentence ϕ is measured by the

value of κ(¬ϕ); the higher the value, the more firmly ϕ is believed at κ.
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Undoubtedly, conditionalization is intuitively appealing and it is

compatible with the AGM postulates for revision [54].

In the principal case of belief revision, in which we shall confine

ourselves in what follows, it holds that κ(ϕ) > 0, κ(¬ϕ) = 0 and d > 1.

In this case, the agent initially believes ¬ϕ with a degree of firmness

κ(ϕ), and after revision she ends up believing ϕ with a degree of firmness

κ • 〈ϕ, d〉(¬ϕ) = d.

6.4 The DP Approach

Despite the significant efforts of the research community, there is still

no widely accepted formal model for iterated belief revision within the

confines of the AGM paradigm. This section discusses the DP approach,

originally proposed by Darwiche and Pearl in [40], which is perhaps one

of the most influential proposals. In this work, Darwiche and Pearl

introduced four additional postulates to regulate iterated revision, the

so-called DP postulates, supplementing the AGM ones.

The DP approach was later modified in [41], partially in response

to a problem identified in [83].59 In the modified version, Darwiche and

Pearl defined revision functions to operate on belief states, rather than on

belief sets; hence, they slightly deviated from the AGM paradigm. With

these conventions, we reserve the symbol ∗ denoting revision functions

as originally defined in the AGM paradigm. For the revision functions of

the DP approach that operate on belief states, we shall use the symbol ◦;
then, ◦ becomes a function that maps a belief state S and a sentence ϕ to

a new belief state S ◦ ϕ (Figure 6.2).

Darwiche and Pearl did not fully specify what exactly they consider a

belief state to be. What was clear, however, from their exposition is that,

to each belief state S corresponds a belief set B (S ), and, moreover, it is

possible to assign the same belief set to different belief states. This latter

feature of belief states is crucial for resolving the original inconsistency

59Lehmann showed that the second DP postulate, i.e., (DP2) (see below), as originally

stated, was inconsistent with the AGM postulates for revision.
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S S ◦ ϕ
◦

ϕ

Figure 6.2: Belief-state revision in the DP approach.

of the DP approach with the AGM postulates for revision, identified in

[83]. Herein, although this is not required by the DP approach, we shall

identify a belief state with a total preorder over all worlds of M (i.e.,

faithful preorder), unless explicitly stated otherwise.60

Darwiche and Pearl reformulate the AGM postulates for revision

accordingly, in order to reflect the shift from belief sets to belief states:61

(S ◦ 1) S ◦ ϕ is a belief state.

(S ◦ 2) ϕ ∈ B (S ◦ ϕ).

(S ◦ 3) B (S ◦ ϕ) ⊆ B (S ) + ϕ.

(S ◦ 4) If ¬ϕ /∈ B (S ), then B (S ) + ϕ ⊆ B (S ◦ ϕ).

(S ◦ 5) If ϕ is consistent, then B (S ◦ ϕ) is also consistent.

(S ◦ 6) If ϕ ≡ ψ , then B (S ◦ ϕ) = B (S ◦ ψ).

(S ◦ 7) B
(
S ◦ (ϕ ∧ ψ)

)
⊆ B (S ◦ ϕ) + ψ .

(S ◦ 8) If ¬ψ /∈ B (S ◦ ϕ), then B (S ◦ ϕ) + ψ ⊆ B
(
S ◦ (ϕ ∧ ψ)

)
.

We shall call a function ◦ a modified AGM revision function iff it

satisfies postulates (S ◦ 1)–(S ◦ 8), to differentiate it from an AGM revision

function ∗ of the original AGM paradigm.

In a way symmetric to Definition 3.11, Darwiche and Pearl proceed

to the following definition:

Definition 6.4 (Faithful Assignment over Belief States, [41]). A function

60Section 6.5.4 discusses the relation between belief states and total preorders over

worlds.
61Postulates (S ◦ 1)–(S ◦ 8), as well as the DP postulates that follow, have been

rephrased in the AGM notation.
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that maps each belief state S to a total preorder �S over the possible worlds

of M is said to be a faithful assignment over belief states precisely when

the fol lowing conditions hold, for any possible worlds w1 , w2 ∈ M:

• If w1 ∈
[
B (S )

]
, then w1 �S w2 .

• If w1 ∈
[
B (S )

]
and w2 /∈

[
B (S )

]
, then w1 ≺S w2 .

They continue proving that, for any revision function ◦ that satisfies

(S ◦ 1)–(S ◦ 8), there is a unique faithful assignment over belief states for

which the following condition holds, for every ϕ ∈ L:

(F◦) B (S ◦ ϕ) = th
(
min

(
[ϕ], �S

))
.

One crucial difference between the original AGM paradigm and the

DP approach is that, in the latter, a revision function ◦ can affect a

belief set K in different ways for the same epistemic input ϕ. To see this,

consider two distinct belief states S and S ′ , which are assigned the same

belief set K ; i.e., B (S ) = B (S ′) = K . Since Darwiche and Pearl define

revision functions to operate on belief states (rather than belief sets), it is

possible that S ◦ϕ 6= S ′ ◦ϕ. That is to say, a single agent revises the belief

set K in different ways, depending on whether her belief state is S or S ′ ,

even though she receives by the same epistemic input ϕ. Clearly, this is

not possible in the original AGM paradigm, where revision functions are

defined as functions mapping belief sets and sentences to belief sets.

With the aforementioned background, Darwiche and Pearl introduce

four additional postulates, known as the DP postulates, to regulate

iterated revisions:

(DP1) If ϕ |= ψ , then B
(
(S ◦ ψ) ◦ ϕ

)
= B (S ◦ ϕ).

(DP2) If ϕ |= ¬ψ , then B
(
(S ◦ ψ) ◦ ϕ

)
= B (S ◦ ϕ).

(DP3) If ψ ∈ B (S ◦ ϕ), then ψ ∈ B
(
(S ◦ ψ) ◦ ϕ

)
.

(DP4) If ¬ψ 6∈ B (S ◦ ϕ), then ¬ψ 6∈ B
(
(S ◦ ψ) ◦ ϕ

)
.

The analysis regarding (DP1)–(DP4) that follows is borrowed from

[99]. Postulate (DP1) says that, if the subsequent evidence ϕ is logically
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stronger than the initial evidence ψ , then ϕ overrides whatever changes ψ

may have made. (DP2) says that, if two contradictory pieces of evidence

arrive sequentially one after the other, it is the latter that will prevail.

Clearly, according to (DP1) and (DP2), the latter piece of evidence ϕ

prevails in a very strong sense. (DP3) says that, if revising S by ϕ causes

ψ to be accepted in the new belief state, then revising first by ψ and then

by ϕ cannot possibly block the acceptance of ψ . Lastly, (DP4) says that,

if the revision of S by ϕ does not cause the acceptance of ¬ψ , then this

should still be the case if S is first revised by ψ before revised by ϕ.

Postulates (DP1)–(DP4) have a nice characterization in terms of

possible worlds. In particular, Darwiche and Pearl proved that there

is a one-to-one correspondence between (DP1)–(DP4) and the following

constraints on faithful preorders, associating the preorders �S of the

initial belief state S with the preorders �S◦ϕ of the belief state that

results from the revision of S by ϕ.

(R1) If r, r ′ ∈ [ϕ], then r �S r
′ iff r �S◦ϕ r

′ .

(R2) If r, r ′ ∈ [¬ϕ], then r �S r
′ iff r �S◦ϕ r

′ .

(R3) If r ∈ [ϕ] and r ′ ∈ [¬ϕ], then r ≺S r
′ entails r ≺S◦ϕ r

′ .

(R4) If r ∈ [ϕ] and r ′ ∈ [¬ϕ], then r �S r
′ entails r �S◦ϕ r

′ .

When S is revised by ϕ, conditions (R1) and (R2) require not to change

the relative plausibility ordering of ϕ-worlds and ¬ϕ-worlds, respectively.

Conditions (R3) and (R4) require that if a ϕ-world r is (strictly) more

plausible than a ¬ϕ-world r ′ , then r continues to be (strictly) more

plausible than r ′ [72].

6.5 Observations on the DP Approach

Until today, the DP approach remains controversial. The criticism,

typically, comes in the form of counter-examples in which the DP

postulates produce unintuitive results. One of the latest criticism comes

in the form of the result of [101], which points out a first conflict between
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the DP postulates and Parikh’s relevance-sensitive axiom (P) — even

though (P) appears to be unrelated to iterated revision, at first glance.

Given that axiom (P) is a rather simple and intuitive constraint, this first

conflict significantly undermines the validity of the DP postulates.

In this section, we make further important observations on the DP

approach. In particular:

• We introduce two new counter-examples, for which the first DP

postulate, i.e., (DP1), fails to produce intuitive results.

• The main incompatibility result of [101] has been proved assuming

a set of propositional variables with fixed cardinality; hence, it

is confined to only one type of modified AGM revision functions.

Specifically, Peppas et al. proved their result for modified AGM

revision functions defined over a propositional language built from

only three variables, utilizing a particular theory of the language.

Herein, we provide a ful ly-fledged incompatibility result between

relevance-sensitive and iterated belief revision, extending the result

of [101] for any finite, non-empty set of propositional variables, as

well as for any splittable or (non-trivial ly) confined theory. Hence,

the possibility for modified AGM revision functions of any type to

satisfy both axiom (P) and the DP postulates is excluded.

• The aforementioned incompatibility results affect the subsequent

Independence postulate as well, introduced to remedy problems

with the DP postulates.62 Furthermore, they imply significant

corollaries for existing belief-change proposals. PD operators,

such as specializations like the popular Dalal’s operator, are

incompatible with the DP approach. Moreover, the well-known

Spohn’s conditionalization (restricted to revision scenarios) is

incompatible with axiom (P).

• We discuss the relation between belief states and total preorders

over possible worlds, and prove that the one-to-one correspondence

62The Independence postulate will be discussed later in this section.
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between them is not sufficient to “cover” all possible revision policies

aligned with the DP postulates. This result implies that a preference

ordering over worlds is an insufficient structure to represent a belief

state. This “non-reductionist” view was also recently supported in

[24, 25], where relevant considerations were provided.

6.5.1 Counter-Examples Against the DP Postulates

Although the introduction of the DP postulates, in addition to the

modified AGM postulates for revision, resolves many problems, several

others remain open. In particular, convincing counter-examples can be

given against each one of (DP1)–(DP4).

Postulate (DP1)

Stalnaker has presented a counter-example to (DP1), in [122, pp. 205–206].

Subsequently, we introduce two new scenarios, concerning (DP1) as well.

Example 6.2. Consider a very simple blocks world. There is only one

block in a room that can be only in one of the four positions on the floor,

placed on a straight line and named A, B , C and D , from left to right.

The distance from A to B and from C to D is 2 meters, and the distance

from B to C is 1 meter. Let us denote by a the proposition that ‘the

block is on position A’, by b the proposition that ‘the block is on position

B ’, by c the proposition that ‘the block is on position C ’, and by d the

proposition that ‘the block is on position D ’.

Looking at the room from a distance, it appears that the block is on

B , so we believe that the block is on B ; i.e.,
[
B (S )

]
= {abcd}. Moreover,

given the distances of A, C and D from B , it follows that abcd ≺S abcd ≺S

abcd, where �S is the faithful preorder representing our current belief

state S . All other worlds represent states with more than one blocks in

the room, and are even more implausible than abcd.

Suppose that we, now, learn with certainty that the block is not on

position B ; i.e., ϕ = ¬b. According to �S , we now believe that the block
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is on C ; i.e.,
[
B (S ◦ ϕ)

]
= {abcd}. In the new belief state S ◦ ϕ, it appears,

intuitively, that abcd ≺S◦ϕ abcd, given the distances of A and D from C .

Nevertheless, since abcd, abcd ∈ [ϕ] and abcd �S abcd, condition (R1),

which is the semantic counterpart of (DP1), imposes that abcd �S◦ϕ abcd.

Example 6.3. Consider a circuit containing thee adders A, B and C .

Let us denote by a the proposition that ‘the adder A is working’, by b

the proposition that ‘the adder B is working’, and by c the proposition

that ‘the adder C is working’. We know initially that the three adders

are working, hence, the circuit as a whole is working; i.e.,
[
B (S )

]
=

{abc}. Moreover, given that failures of adders are presumed independent

(that is, two simultaneous failures are much less likely than one, and

three simultaneous failures are much less likely than two), it follows that

abc ≺S abc ≺S abc, where �S is the faithful preorder representing our

current belief state S .

Suppose, now, that we learn that all three adders A, B and C are

malfunctioning; i.e., ϕ = ¬a ∧ ¬b ∧ ¬c. Then, clearly,
[
B (S ◦ ϕ)

]
= {abc},

regarding our new beliefs. Should we still consider, in the new belief

state S ◦ ϕ, that the world abc is strictly more plausible than abc? This is

what (R1), which is the semantic counterpart of postulate (DP1), dictates.

Intuitively however, given that the components do not affect each other,

it appears that abc ≺S◦ϕ abc, now that we believe that all three adders

are faulty. It seems that a plausible/intuitive situation is prohibited by

(DP1).

Examples 6.2 and 6.3 point out that postulate (DP1) is strict, since

it prohibits intuitive behaviours.

Postulate (DP2)

Counter-examples to (DP2) have been proposed by Konieczny and Pérez

[79], and by Stalnaker [122, pp. 205–206]. Indicatively, we present below

the corresponding scenario introduced in [79].

Example 6.4 ([79]). “Consider a circuit containing an adder and a

multiplier. In this example, we have two atomic propositions, adder ok
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and multiplier ok , denoting, respectively, the fact that the adder and

the multiplier are working. We have initially no information about this

circuit (i.e., B (S ) ≡ >), and we learn that the adder and the multiplier

are working (i.e., ψ = adder ok ∧ multiplier ok). Then, someone tells

us that the adder is not working (i.e., ϕ = ¬adder ok). There is, then,

no reason to ‘forget’ that the multiplier is working, which is imposed by

(DP2); ϕ |= ¬ψ , so by (DP2), we have B
(
(S ◦ ψ) ◦ ϕ

)
= B (S ◦ ϕ) ≡ ϕ.”

The arguments on (DP2) by Lehmann [83] and by Jin and Thielscher

[72] are worth-noting as well.

Postulates (DP3) and (DP4)

Continuing with (DP3) and (DP4), Jin and Thielscher argue that these

postulates are too permissive in certain cases [71, 72]. Interestingly, the

example they use to make their case is borrowed from Darwiche and Pearl’s

work [41].

Example 6.5 ([41]). “We encounter a strange new animal and it appears

to be a bird, so we believe the animal is a bird. As it comes closer to our

hiding place, we see clearly that the animal is red, so we believe that it is

a red bird. To remove further doubts about the animal birdhood, we call

in a bird expert who takes it for examination, and concludes that it is not

really a bird, but some sort of mammal. The question, now, is whether

we should still believe that the animal is red.”

Jin and Thielscher answer in the affirmative. Since the color of the

animal is not related to its birdhood, giving up our belief that the animal

is a bird, should not affect our belief that the animal is red. The DP

postulates, however, do not rule out this possibility.

In particular, let us assume that our belief set attached to the initial

belief state S , is B (S ) = Cn(p), where p is a propositional variable

standing for “the animal is a bird”. Our language also contains the

variable q that stands for “the animal is red”. It turns out that there

exists a modified AGM revision function ◦ that satisfies (DP1)–(DP4),

namely natural revision [31], such that q /∈ B
(
(S ◦ q) ◦ ¬p

)
.
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Accordingly, Jin and Thielscher proposed a new postulate, which they

call the Independence postulate, that blocks unreasonable behaviours that

are admitted by the DP postulates:63

(Ind) If ¬ψ 6∈ B (S ◦ ϕ), then ψ ∈ B
(
(S ◦ ψ) ◦ ϕ

)
.

The characterization of Independence postulate in terms of possible

worlds is as follows:

(IndR) If r ∈ [ϕ] and r ′ ∈ [¬ϕ], then r �S r
′ entails r ≺S◦ϕ r

′ .

It can be shown that postulate (Ind) is stronger than (DP3) and

(DP4); it implies both of them. Jin and Thielscher showed that postulate

(Ind) is consistent with the modified AGM postulates for revision and the

DP postulates, combined. They, also, suggest to use the former, along

with postulates (DP1), (DP2) and (Ind), to govern rational iterated belief

revision [71, 72].

Lastly, counter-examples to postulates (DP3) and (DP4) have been

given in [66] as well.

6.5.2 Conflicts Between the DP Postulates and

Axiom (P)

In this subsection, we prove that each one of the DP postulates are

incompatible, in a strong sense, with Parikh’s axiom (P). In particular,

we show that given any splittable theory K of L, there exists a belief

state S associated with K , and a sentence ϕ of L, such that no modified

AGM revision function ◦ satisfies (P) (at S and S ◦ ϕ), in addition to

any of (DP1)–(DP4). An even stronger incompatibility result concerning

(DP2) is also established, covering any belief state of any splittable or

(non-trivial ly) confined theory of the language.

To this end, the weak version of (P) is sufficient; i.e., condition (P1).

Before proceed to the formal result, a minor reformulation of this latter

condition is required. Recall that Peppas et al. introduced (P1), as well

63Postulate (Ind) was studied independently in [26, 27] as well.
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as its faithful-preorders characterization, i.e., (Q1) and (Q2), in terms

of belief sets. These conditions can quite straightforwardly be recast

in terms of belief states. The only modifications required to (P1) and

(Q1)–(Q2) are to replace K with B (S ), K ∗ ϕ with B (S ◦ ϕ), ≺K with ≺S ,

and ≈K with ≈S . Then, we have the following conditions (for a belief

state S ):

(SP1) If B (S ) = Cn(x, y), Lx ∩ Ly = ∅, and ϕ ∈ Lx ,

then B (S ◦ ϕ) ∩ Lx = B (S ) ∩ Lx .

(SQ1) If Diff
(
B (S ), r

)
⊂ Diff

(
B (S ), r ′

)
and

Diff (r, r ′) ∩ Diff
(
B (S ), r

)
= ∅, then r ≺S r

′ .

(SQ2) If Diff
(
B (S ), r

)
= Diff

(
B (S ), r ′

)
and

Diff (r, r ′) ∩ Diff
(
B (S ), r

)
= ∅, then r ≈S r

′ .

Theorem 6.1, then, establishes the promised result.

Theorem 6.1. Let K be any splittable theory of L. There exists a belief

state S , associated with K , and a sentence ϕ of L, such that no modified

AGM revision function ◦ satisfies (P) at S and S ◦ ϕ, in addition to any

of the postulates (DP1)–(DP4).

The result of the aforementioned theorem is visualized in Figure 6.3.

Splittable

S1

S2

...

Sn−1

Sn

Figure 6.3: All belief states associated with any splittable theory.

Dashed line (in red) indicates the belief state in which axiom (P) and

(DP1)–(DP4) clash.
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The aforementioned incompatibility result affects, also, postulate

(Ind). Since (Ind) is stronger than (DP3) and (DP4), the following

corollary is an immediate consequence of the above theorem.

Corollary 6.1. Parikh’s axiom (P) is inconsistent with the Independence

postulate (Ind).

A stronger incompatibility result concerning postulate (DP2) can

be established as well. First however, the following definition regarding

confined theories is introduced.

Definition 6.5 (Non-Trivially Confined Theory). We shal l say that a

theory K of L is non-trivial ly confined iff K is confined to a sublanguage

L ′ of L, and, moreover, L ′ contains at least two propositional variables.

Clearly, if a theory of L is non-trivially confined, then the set P
contains at least three propositional variables.

Theorem 6.2. Let K be any splittable or non-trivial ly confined theory

of L, and let S be any belief state, associated with K . There exists a

sentence ϕ of L, such that no modified AGM revision function ◦ satisfies

(P) at S and S ◦ ϕ, in addition to postulate (DP2).

Likewise, the result of the aforementioned theorem is visualized in

Figure 6.4.

Theorems 6.1 and 6.2, essentially, entail that there exists no modified

AGM revision function of any type, satisfying Parikh’s relevance-sensitive

axiom (P) in addition to the DP postulates.

6.5.3 Conflicts Between the DP Postulates and PD

Operators

As shown in [105], PD operators satisfy the weak version of axiom (P);

that is, (P1). Thus, in view of Theorems 6.1 and 6.2 of the previous
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Splittable

or

Confined

S1

S2

...

Sn−1

Sn

Figure 6.4: All belief states associated with any splittable or

(non-trivially) confined theory. Dashed lines (in red) indicate the belief

states in which axiom (P) and (DP2) clash.

subsection, we obtain immediately the following two consequences.64

Corollary 6.2. Parametrized Difference revision operators are

inconsistent with the DP postulates.

Corollary 6.3. Dalal’s revision operator is inconsistent with the DP

postulates.

Note that the second result concerning the conflicts between the DP

postulates and Dalal’s proposal has been provided, in a weaker form, by

the author, Peppas and Williams, in [15].

PD operators, as well as Dalal’s operator, are based on a simple

and intuitive construction, and they are the only among a series of

popular operators that satisfy the full set of (modified) AGM postulates

for revision. Obviously, having such “well-behaved” revision operators

violating the DP postulates is a major drawback.

64Although PD operators and Dalal’s operator were introduced in terms of belief

sets, they can straightforward ly be recast in terms of belief states, as it was done for

weak (P). The only modifications required in conditions (PD) and (D) of Chapter 5

are to replace theory K with B (S ), the preorder vE
K with vE

S , and the preorder vK

with vS .
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6.5.4 Belief States and Total Preorders

In this subsection, we study the relation between belief states and total

preorders over possible worlds.

With the assumption that each total preorder of the language is

associated with exactly one belief state, there is a set Σ of belief states,

such that it contains belief states that are in a one-to-one correspondence

with the preorders. We shall say that such a set Σ of belief states is a

simple set of belief states.

On the other hand, if each preorder is associated with finitely many

belief states, then more belief states arise (since two distinct belief states

could be associated with the same preorder), which are contained in

a “wider” (and obviously not simple) set Σ ′ of belief states, such that

|Σ| < |Σ ′ |.
Clearly then, there are two sets R and R ′ of modified AGM revision

functions satisfying the DP postulates, and defined over the domains Σ

and Σ ′ , respectively.

Subsequently, we show that there exist revision policies encoded

in the revision functions of R ′ (hence, aligned with the dictates of the

DP postulates), that cannot be “captured” by means of the revision

functions of R . This is accomplished in Theorem 6.3, utilizing the notion

of simulation defined below.

Definition 6.6 (Simulation). Let Σ be a simple set of belief states, Σ ′ be

a “wider” set of belief states such that |Σ| < |Σ ′ |, and ◦, ◦ ′ be two modified

AGM revision functions defined over Σ, Σ ′ , respectively. We shal l say

that ◦ simulates ◦ ′ iff there exists a function f from Σ ′ to Σ, such that,

for every belief state S ′ ∈ Σ ′ and for al l sequences of sentences ϕ1 , . . . , ϕn

of L, it holds that B
((
S ′ ◦ ′ ϕ1

)
◦ ′ · · · ◦ ′ ϕn

)
= B

((
f (S ′) ◦ ϕ1

)
◦ · · · ◦ ϕn

)
.

Informally, the revision function ◦ simulates the revision function

◦ ′ iff, for every belief state in Σ ′ (the input of ◦ ′), there exists a belief

state in Σ (the input of ◦), such that, for any sequence of sentences, ◦
and ◦ ′ present the same behaviour (with respect to the belief content of

the resulting belief states).



6. Iterated Belief Revision 134

Theorem 6.3. Let Σ be a simple set of belief states, and let Σ ′ be a “wider”

set of belief states, such that |Σ| < |Σ ′ |. There exists a modified AGM

revision function ◦ ′ satisfying the DP postulates, defined over Σ ′ , that

cannot be simulated by any modified AGM revision function ◦ satisfying

the DP postulates, defined over Σ.

Theorem 6.3 says that the DP postulates allow for more revision

polices than the ones that can be captured by identifying belief states

with total preorders over possible worlds. In other words, it indicates that

a total preorder over possible worlds is not a sufficient representation for a

belief state, in order to achieve “full coverage” of revision policies aligned

with the DP postulates. This “non-reductionist” thesis was also recently

supported in [24, 25], where it is argued that “a preference ordering over

the set of possible worlds provides insufficient structure to represent an

agent’s commitments to policies of iterated revision” [24, p. 413].

The aforementioned result sheds light on the nature of a belief state.

Note that there is a large number of works in Belief Revision in which a

belief state is identified with a total preorder over worlds.65 In view of

Theorem 6.3, this practice is, clearly, restrictive.

6.6 Conflicts Between Spohn’s

Conditionalization and Axiom (P)

Darwiche and Pearl showed that the DP postulates are satisfied by Spohn’s

proposal, restricted to the principal case of revision scenarios (where

κ(ϕ) > 0, κ(¬ϕ) = 0 and d > 1) [41]. Roughly speaking, this was achieved

by constructing an OCF-based concrete revision operator, herein denoted

by ~, and proving that ~ satisfies (DP1)–(DP4) (in addition to the

modified AGM postulates for revision), given that each OCF κ can induce

a total preorder �κ over worlds, by letting r �κ r
′ iff κ(r) 6 κ(r ′) (for all

65Recall that the belief content of a total preorder over worlds � can be extracted

by � itself, and it is equal to the set th
(
min(M, �)

)
.
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r, r ′ ∈ M).66

Therefore, in view of Theorems 6.1 and 6.2 of Subsection 6.5.2, we

obtain immediately the following result, that indicates the inconsistency

between Spohn’s conditionalization (as expressed by means of the

OCF-based revision operator ~) and Parikh’s relevance-sensitive axiom

(P).

Corollary 6.4. Revision operator ~ does not satisfy axiom (P).

Note lastly that, since the OCF-based revision operator ~ satisfies

each one of (DP1)–(DP4), the counter-examples concerning the DP

postulates of Subsection 6.5.1 undermine the validity of Spohn’s method

for belief change as well.

6.7 Towards a Concrete Approach for

Iterated Revision

There is, clearly, a problem with the DP postulates. Part of the problem,

we claim, is that they try to do more than what they should.

Consider, for instance, Example 6.4. Since the operation of the

adder and the operation of the multiplier are independent, weak (P)

suffices to produce the desired result. That is to say, “the multiplier is

working” survives changes to our belief about the operation of the adder,

regardless of whether these changes occur in one step or in many steps.

Similar remarks can be made about a number of examples introduced as

typical iterated-revision scenarios — e.g., in the seminal work [41], or

in subsequent efforts like [91, 72]. In many cases, the involved scenarios

are truly relevance-related, since they can be resolved by appealing to

relevance.

We do not claim that iterated revision reduces to relevance-sensitive

revision; nor is axiom (P) a fully-fledged formalization of the role of

relevance in knowledge dynamics. In other words, axiom (P) cannot solve

66Refer to Theorem 14 in [41] for more details.
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all problem cases mentioned in the iterated-revision literature. It seems,

however, that the research community has placed an unduly burden on

iterated-revision approaches, expecting them to solve both the iteration

and (a big part of) the relevance problem, in one go. The two problems

need to be identified and addressed separately.67

6.8 Summary and Final Remarks

In this chapter, we studied the problem of iterated belief revision. Our

contributions are outlined as follows:

• We introduced two new counter-examples, for which the first DP

postulate, i.e., (DP1), fails to produce intuitive results.

• We provided a fully-fledged incompatibility result between

relevance-sensitive and iterated belief revision, extending the result

of [101] for any finite, non-empty set of propositional variables, as

well as for any splittable or (non-trivially) confined theory of the

language. Hence, the possibility for modified AGM revision functions

of any type to satisfy both axiom (P) and the DP postulates is

excluded.

• The aforementioned incompatibility results imply significant

corollaries for existing belief-change proposals. PD operators

and Dalal’s operator are incompatible with the DP approach.

Moreover, the Independence postulate and the well-known Spohn’s

conditionalization (restricted to revision scenarios) are incompatible

with axiom (P).

• We proved that the one-to-one correspondence between belief states

and total preorders over possible worlds is not sufficient to “cover”

all possible revision policies aligned with the DP postulates, a

67The attempt to incorporate in the DP postulates aspects of the revision process

that essentially relate to the notion of relevance is the main reason that the DP

postulates clash with axiom (P).
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result that in turn implies that a preference ordering over worlds

is an insufficient structure to represent a belief state. This

“non-reductionist” view was also recently supported in [24, 25], where

relevant considerations were provided.

Arguably, iteration plays a central role in the revision process, and

so does relevance. The established results show that the dominant

models for these two aspects of belief revision are in a deep conflict.

Undoubtedly however, any comprehensive formal framework for belief

change would need to combine consistently iterated and relevance-sensitive

belief revision.

Finding ways to reconcile iteration and relevance — either by

weakening the involved postulates or by following an entirely new approach

— as well as identifying the exact nature of a belief state constitute

imperative future tasks.



Chapter 7

Legal Representation and

Reasoning Through ASP

“Ever tried. Ever failed. No matter.

Try Again. Fail again. Fail better.”

Samuel Beckett

7.1 Introduction

Regulations are a widespread and essential aspect of governments and

corporations, and they are, in general, difficult to be understood and

applied.

Undoubtedly, the Law, as a reflection of human society, presents the

broadest range of expression and interpretation; the interpretation of even

the most common words becomes, often, problematic. Even individual

regulations may, sometimes, be self-contradictory or incomplete, as a

result of their gradual development and the lack of formal representation.

Open-textured predicates, exceptions, conflicting or overlapping rules,

and syntax ambiguities are some of the common thorns of Legal Science.

Even if regulations are formally represented — although it is not

frequently the case in the legal field — problems such as interpretation and

consistency still remain. In an ever-increasing complicated environment,

where the flow of legal knowledge becomes even more “turbulent”, an

automated legal-reasoning tool becomes imperative [5].

In this chapter, the purpose is to lessen the gap between AI and

Legal Science, applying KRR techniques for achieving representing and

reasoning about legal know ledge. In particular, we develop a preliminary

legal-reasoning system in the context of ASP, capable of analysing (formal)
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regulations, producing a sound outcome. The use of ASP entails favourable

characteristics, such as the easy modelling of non-monotonicity, an

inherent feature of legal arguments [81]. As an indicative application, we

deal with regulations of higher education institutions, although a variety

of extensions are available.

This chapter (including figures) is based primarily on the work of

the author, Demiris, and Peppas, published in [6], and constitutes a

first big step of our work-in-pro ject, aiming to the future development

of innovative intelligent legal-reasoning tools, deployed in the market,

mainly by means of ASP. These tools, in their final form, would be capable

of rationally and effectively revising any body of legal knowledge, with

the aid of the belief-change models described in the previous chapters.

Note, lastly, that one major initiative for this work is the fact that, in

previous similar applications, Prolog has been mainly utilized — see, for

instance, [115] — and the use of ASP in the legal domain is extremely

limited.68

The chapter is organized as follows: The next section highlights the

relation between legal reasoning and formal logic. In Sections 7.3 to 7.5,

the implemented legal-reasoning system is presented. The last section of

this chapter is devoted to a brief summary and some concluding remarks.

7.2 Legal Reasoning and Formal Logic

AI can be applied in Law in many forms; for instance, by means of

natural-language processing for extracting crucial information from

documents or via data mining and machine learning for extracting patterns

from existing cases.

Nevertheless, the fact that the Law is vital part of society gives

formal logic a leading role. Since legal decisions have social ob jectives

and effects, it is necessary to be understood by those affected, and their

68Refer to [34] for utilizing ASP in argumentation problems.
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implementation must be explained and justified [128].69

Formal logic can be used to formally capture the contents of an entire

body of Law. Once it is agreed that a set R of logical propositions provides

sufficient representation of the regulations, and that a set C of logical

propositions adequately represents a new legal case, then determining

whether a legal qualification ϕ (e.g., a permission, an obligation) holds,

can be verified by checking if ϕ is logical ly implied by the set R ∪ C .

Furthermore, representing knowledge explicitly allows systems to reason

about how they came to a conclusion, and use this information (i.e., follow

the chain of inferences) to explain the results to the users. This idea is

expressed, in general, by legal theorists Alchourrón and Bulygin in [3],

and is developed in a framework of logic programming (based on Prolog)

by Sergot et al. in [20].70

When forming new regulations, any individual should have a clear

understanding of the impact of changes, so that they can exercise their

rights throughout the process. As an example, in the decisions of the

Supreme Court, not only the decision in the case in question is announced,

but also the rationale behind this decision; quite often, the minority

reasoning is reported as well.

Another use of formal logic in Law is motivated by the fact that it

provides a more precise and clearer way of interpreting the content of

legal regulations, as compared to natural language used by legislators and

lawyers. Words such as “if”, “unless”, “except”, “or”, “and” may have

different interpretation, when related to the same regulation. By rewriting

a set of legal regulations as a set of formal sentences, a legal analyst can

clearly define the interpretation of regulations by going beyond the syntax

ambiguity of natural language.

69Judea Pearl, in his recent book [96], presents a plethora of convincing arguments

for the need of causality and justification in AI.
70The contribution of the work of Sergot et al. to the formal representation of

legislation is quite important, since they showed how logic programming allows for

intuitively attractive representations that can be used directly to produce automatic

conclusions.
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Consider, for instance, the following regulation:

“Applicants with a Degree in Informatics and Economics may apply.”

By its modelling either as

∀x(InformaticsDegree(x) ∨ EconomicsDegree(x) ⇒ Apply(x))

or as

∀x(InformaticsDegree(x) ∧ EconomicsDegree(x) ⇒ Apply(x))

we can distinguish one of the potential ways in which the regulation can

be interpreted; we clarify whether a successful application presupposes

possession of one or both academic degrees.

Lastly, formalization allows for the detection of anomalies

(inconsistency, incompleteness and circularity), for hypothetical reasoning

(simulation of possible scenarios of regulations revision), as well as for

debugging (many times, we know what the outcome of a legal situation is,

however the regulations in their present form lead to a different result;

debugging allows changes to the regulations, which will produce the

desired result).

By approaching the Law as a knowledge-based system, significant

successes have already been achieved, notably implementing systems for

the elaboration of large-scale administrative laws. In these cases, the

incorporation of such systems has been shown to greatly reduce two

major sources of human errors; that is, the inadequate knowledge of

regulations, and the inability to often manage complicated conditions

[124].71 One other area in which knowledge-based systems have proven

to be particularly useful is regulatory compliance. In these cases, the

system is used to represent the legislation with which an organization

must comply.

71 In his book [73, p. 233], Nobel laureate Daniel Kahneman writes: “Whenever we

can replace human judgment by a formula, we should at least consider it”.
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7.3 The Legal-Reasoning System

The implemented system is in a preliminary form, and adopts a rule-based

approach. More precisely, a formalized legal case (in the form of rules),

is imported in an inference engine, and, given a base of legal knowledge

(in the form of rules as well), a result or advise is produced (Figure 7.1).

Formal

Legal Knowledge

Legal

Case

Formal

Representation

Inference

Engine

Result/

Advice

Figure 7.1: Abstract representation of the legal-reasoning system [6].

7.3.1 System Architecture

Figure 7.2 depicts the architecture diagram of the implemented system.

Python

API

Gringo

Clasp
Answer

Sets

Legal

Knowledge

New Case

ASP Modules

Figure 7.2: Architecture diagram of the legal-reasoning system. Solid

lines represent data transfer, while dotted lines represent control signals

[6].
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The system is built around the ASP modules; i.e., Clingo system (that

combines Gringo grounder and Clasp solver), and Python API. Gringo

takes as input an ASP logic program in the syntax of first-order logic

(the legal problem), and generates its finite propositional representation.

Subsequently, Clasp computes the stable models of this propositional

program, which correspond to the solution of the original problem. The

derived stable models can be transferred back to the legal knowledge base.

By means of the Python API, we can take complete and fine-grained

control of the individual processes, such as grounding, solving, and data

transfer among system modules. Furthermore, it enriches Gringo’s input

language by arbitrary external functions, which are evaluated during

grounding. In this application, stable models (solution) are read and

interpreted directly by the user, without any transfer to external means

(such as to a text file). Nevertheless, a simple Python script could be

utilized for this purpose. Note that all scripts could be automatical ly

invoked any time a specific “event” takes place.

The legal knowledge base constitutes one of the input of the reasoning

mechanism. Hence, the proper formalization of the underlying regulations

is a crucial factor. Herein, we restrict ourselves to University regulations,

and formalize an indicative portion of regulations of the Department of

Business Administration (Patras University). This process, essentially,

involves reshaping a text written in natural language in such a way as to

eliminate possible ambiguities.

7.3.2 System Requirements

The following requirements, that reflect in essence the nature of Law, can

be fulfilled by the legal-reasoning system.

• Sufficient and reliable representation of the legal knowledge, in order

to effectively reason about it.

• Handling fundamental contradictions among regulations. An

essential reasoning problem in legal reasoning is the consistency
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problem, which asks whether a given set of rules is (in)consistent.

Whenever an ASP logic program is inconsistent, the solving process

will lead to a satisfiability status UNSATISFIABLE. Note that, in

many legal cases, conflicts arise from the variety of ways in which

regulations can be interpreted, and not from competing regulations.

• Ability for debugging and explanations. There are cases where the

answer to a specific query is known, yet regulations in their current

form lead to a different conclusion. Moreover, there may be the case

where an explanation about a specific answer is necessary. ASP tools

like that of [59] can be utilized both for debugging and explanations.

Note that these tools can, also, be used for detecting sources of

inconsistencies in ASP logic programs.

• Handling exceptions, for example in the case of an hierarchy due

to a “superior” and a “lower” institutional body or due to a recent

regulation that will replace an older one.

Handling exceptions among regulations, which eventually would

lead to contradictions, are addressed by adopting the following

technique using the extra predicate exception/1:

flies(X) :- bird(X), not exception(X).

bird(X) :- penguin(X).

exception(X) :- penguin(X).

#show flies/1.

In the above ASP example, a bird flies, unless predicate

exception/1 gets activated; i.e., in case the bird is a penguin. That

is to say, the exception “penguins, although birds, do not fly” is

stronger than the general rule “birds generally fly”.

We can, also, model higher-order exceptions, as presented in the
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following snippet:72

flies(X) :- bird(X), not exception(X,1).

bird(X) :- penguin(X).

exception(X,1) :- penguin(X), not exception(X,2).

penguin(X) :- geneticPenguin(X).

exception(X,2) :- geneticPenguin(X).

#show flies/1.

In this case, a bird flies, unless the first-order exception gets

activated; i.e., in case the bird is a penguin. However, a genetically

modified penguin does can fly. This is encoded by adding a

second-order exception, which, if it gets activated, blocks the

first-order exception.

• Handling non-monotonicity, an innate feature of legal arguments.

• Appropriate expressive power so that the representation of the basic

characteristics of the problem in a transparent and natural way be

possible.

7.4 Regulations of the Implemented

System

In this section, we present the formal representation of indicative

regulations of the M.B.A. graduate program of the Department of

Business Administration (Patras University), in the context of ASP. The

formal representation of these regulations, essentially, constitutes the

Legal Knowledge (knowledge base) of Figure 7.2. The intended meaning

72Higher-order exceptions should not be confused with the notion of higher-order

logic.



7. Legal Representation and Reasoning Through ASP 146

of predicates used and the syntax of the rules are self-evident.

Regulation 1. A student must enrol l in a course at the beginning of the

semester, in order to have the right to participate in its examination.

enroll(X,C) :- student(X), course(C), beginSemester(X),

application(X).

examsRight(X,C) :- enroll(X,C).

Regulation 2. Courses are considered to be finished for a student, once

her grade is greater than or equal to 5 out of 10.

courseFinished(X,C) :- student(X), course(C),

grade(X,C,G), G >= 5.

coursesFinished(X) :- student(X),

courseFinished(X,C) : course(C).

Regulation 3. A student can enrol l their thesis, provided that she has

finished the second semester, and has succeeded at the half of the courses.

(Al l courses are 12.)

thesisEnrollRight(X) :- student(X), semester(X,S), S >= 3,

6 {course(C) : grade(X,C,G), G >= 5}.

Regulation 4. Thesis is considered to be finished for a student, once its

grade is greater than or equal to 5 out of 10.

thesisFinished(X) :- student(X), thesis(X,G), G >= 5.

Regulation 5. A student obtains the M.B.A. Degree, provided that she

has finished the obligations regarding courses and thesis, and has not

committed false statement of presence and/or inappropriate academic

behaviour.
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degree(X) :- student(X), coursesFinished(X),

thesisFinished(X), not exceptionDegree(X).

exceptionDegree(X) :- student(X),

1 {falseStatement(X) ;

inapprBehaviour(X)}.

Regulation 6. A student has the right of accommodation at University

Residence, provided that her annual income is less than or equal to

20000 e, unless she has a private landed property in the surroundings of

the University.

residRight(X) :- student(X),

annualIncome(X,I), I <= 20000,

not exceptionResid(X).

exceptionResid(X) :- privateProperty(X).

Regulation 7. University regulations are subject to prioritization; that

is, regulations of a higher authority are superior to regulations of a lower

authority. Accordingly, the highest authority is the Ministry of Education.

Then, fol lows the University Council and, lastly, the Department Council.

That is to say, for a student in standard conditions, the regulations of the

Department Council apply. In case of a conflict, any intervention of the

University Council suppresses the Department Council. Lastly, in case

of an intervention of the Ministry of Education, both Department and

University Councils are suppressed.

depCouncil(X) :- student(X), not exception(X,1),

not exception(X,2).

exception(X,1) :- student(X), uniCouncilIntervene(X).

uniCouncil(X) :- student(X), uniCouncilIntervene(X),

not exception(X,2).
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exception(X,2) :- student(X), ministryIntervene(X).

ministry(X) :- student(X), ministryIntervene(X).

7.5 An Application

This section is devoted to a pair of illustrative real-world examples,

based on Regulation 6 of the previous section, that evaluate the proposed

legal-reasoning system. As it is clear, several more complex scenarios can

be devised.

Example 7.1. Consider a scenario where students Foo, Mary and Anna

have an annual income of 15000 e, 25000 e and 18000 e, respectively:

student(foo).

student(mary).

student(anna).

annualIncome(foo,15000).

annualIncome(mary,25000).

annualIncome(anna,18000).

The above ASP snippet constitutes the New Case of Figure 7.2. The

results (i.e., one stable model), produced by means of Clingo 5.2.2 that

supports Python scripts, are shown below. Evidently, only Foo and Anna

have the right to accommodate at University Residence, as expected.

Answer: 1

residRight(foo) residRight(anna)

SATISFIABLE

Example 7.2. Consider a scenario where the facts of the previous example

hold, and, moreover, Foo has law conflicts. Furthermore, the scope of
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the regulation excluding students from the right of accommodation at

University Residence has expanded; students having conflicts with the

Law are, also, excluded:

exceptionResid(X) :- lawConflicts(X).

lawConflicts(foo).

The first line of the above ASP snippet belongs to the Legal Know ledge,

whereas the second line belongs to the New Case of Figure 7.2.

Again, by means of Clingo 5.2.2, we get that Foo does not have the

right to accommodate at University Residence, since he belongs to the

exception regarding law conflicts. Hence, only Anna is admitted to the

residence in this case.

Answer: 1

residRight(anna)

SATISFIABLE

7.6 Summary and Final Remarks

The incentives to integrate AI and Law are self-evident. In this chapter,

we focused on the current legislation of higher education institutions,

providing a knowledge-based system capable of (formally) representing

and (non-monotonically) reasoning about legal knowledge, in the context

of ASP. The work constitutes an enhancing of the bond between AI

and Legal Science, and a first big step of our work-in-pro ject aiming

to the future development of innovative intelligent legal-reasoning tools,

deployed in the market, mainly by means of ASP.

We close this chapter by pointing out some directions for future work.

The integration of legal change (by means of the belief-change models

described in the previous chapters) in the implemented system, and its

capability of real-time reasoning in an assisting and/or recommendatory

way, are two promising lines of research. Further developments of

the system — concerning optimization and its application to other
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applied scenarios (such as in clinical decision support systems, [78], or in

argumentation systems) — are ongoing.
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Chapter 8

Conclusions

“Man can embody truth, but he cannot know it.”

Wil liam Butler Yeats

8.1 Summary

In this doctoral dissertation, we have provided formal results and practical

implementations concerning relevance-sensitive belief change, and, more

generally, knowledge dynamics. The established results, essentially, relate

to the Knowledge Representation and Reasoning field, and contribute to

the development of an intelligent system that is capable of rationally and

effectively respond to knowledge in flux.

Below, the most important contributions are summarized.

• We completed the constructive view of Parikh’s relevance-sensitive

axiom (P) for belief revision, providing its epistemic-entrenchment

and partial-meet characterizations. Parikh’s axiom is central for

rational and tractable knowledge dynamics, and its characterization

in terms of all popular constructive models in Belief Revision

opens the door to new approaches to measuring the relevance

of explanations for Artificial Intelligence. Furthermore, several

important features of strong (P) were pointed out, and its analysis

from an epistemological perspective was conducted.

• The epistemic-entrenchment and partial-meet characterizations of

a recently introduced and important class of concrete revision

operators, called Parametrized Difference revision operators (PD

operators), were provided. In addition, we proved that PD

operators are fully compatible with Parikh’s notion of relevance.
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Since PD operators are natural generalizations of Dalal’s revision

operator, the corresponding results relate to the latter as well. PD

operators are ideal candidates for the development of a successful

AGM belief-revision system for real-world applications, due to

their favourable properties; hence, their thorough investigation is

imperative.

• We made significant observations on the DP approach, which

constitutes the most influential work addressing the problem of

iterated belief revision. Firstly, we pointed out new scenarios for

which the first DP postulate produces counter-intuitive results.

Secondly, we proved that the DP postulates are, in a strong sense,

inconsistent with axiom (P). Immediate consequences of this result

are that PD operators, and their specialization Dalal’s operator,

violate the DP postulates, as well as that the Independent postulate

and the well-established Spohn’s conditionalization are inconsistent

with (P). Lastly, we showed that the DP postulates allow for more

revision polices than the ones that can be captured by identifying

belief states with total preorders over possible worlds, a result

indicating that a preference ordering over worlds is an insufficient

structure for representing a belief state. Since iteration and relevance

play a central role in the revision process, the obtained results imply

that there are still important pieces missing from the puzzle.

• A preliminary rule-based legal-reasoning system capable of

representing and reasoning about legal knowledge was developed, by

means of the Answer Set Programming framework. The system

has a variety of nice features (such as sufficient and reliable

representation of the legal knowledge, handling non-monotonicity

and exceptions, appropriate expressive power) that, in essence,

reflect the nature of the Law. Furthermore, several extensions are

available in applications where the rationale of the derived decisions

are mandatory. The overall approach constitutes an enhancing of

the bond between Artificial Intelligence and Legal Science.
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8.2 Future Work

There is a plethora of interesting extensions of this work, the majority

of which have been already discussed throughout the dissertation. This

section is devoted to a brief summary of the more important avenues for

future research.

• Parikh’s notion of relevance constitutes a syntax-splitting approach.

A promising future task is the generalization of this notion to a wider

context. Important steps towards this direction have been made,

recently, by Delgrande and Peppas in [44], where the authors argue

that relevance is, in general, context-dependent, as different theories

of knowledge have different implications for what is considered

relevant.

• The computational properties of PD operators in a Horn setting

are very attractive. A promising line of research is to make PD

operators coherent with respect to Horn revision; that is to say, a

PD-revision of a Horn knowledge base by a Horn formula must always

yield a (new) Horn knowledge base. Furthermore, an appealing future

direction would be a concrete implementation of PD operators in

ASP or in related domains oriented towards practical applications,

such as description logics.

• Undoubtedly, any comprehensive formal framework for belief change

would need to consistently combine iterated and relevance-sensitive

belief revision. Finding ways to reconcile iteration and relevance

— either by weakening the involved postulates or by following an

entirely new approach — as well as identifying the exact nature of a

belief state constitute imperative future tasks.

• The integration of legal change (by means of the belief-change

models described in the previous chapters) in the implemented

legal-reasoning system, and its capability of real-time reasoning in

an assisting and/or recommendatory way are two promising lines of
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research. Note that further developments of the system — concerning

optimization and its application to other applied scenarios — are

ongoing.
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Appendix A

Proofs for Chapter 3

Theorem 3.3. Let K be a theory of L. Moreover, let �K be a

selection-function preorder, and let �K be a faithful preorder. Then,

�K and �K correspond to the same revision function at K , by means of

(P∗) and (F∗) respectively, iff they satisfy condition (PF).

Proof.

( ⇒ )

First, we show that (PF) is a necessary condition in order for �K and

�K to represent the same revision function.

Assume, therefore, that �K and �K represent the same revision

function ∗, by means of (P∗) and (F∗), respectively. Then clearly, for

any sentence ϕ of L,
( ⋂

γ (K ⊥⊥ ¬ϕ)
)

+ ϕ = th
(
min([ϕ], �K )

)
. Assume,

now, any two ¬ϕ-remainders R, R ′ of K , and their corresponding possible

worlds rR , rR′ ∈ [ϕ]. Define ϕ to be the sentence ϕ = rR ∨ rR′ . Clearly,

¬ϕ ∈ K , [ϕ] = {rR , rR′}, and consequently K ⊥⊥ ¬ϕ = {R, R ′}.
Now, suppose that R �K R ′ . Hence from Definition 3.14, it

follows that R ′ ∈ γ (K ⊥⊥ ¬ϕ). From the one-to-one correspondence

between the ¬ϕ-remainders of K and the ϕ-worlds, we have

rR′ ∈
[( ⋂

γ (K ⊥⊥ ¬ϕ)
)

+ ϕ
]
, and therefore from

[( ⋂
γ (K ⊥⊥ ¬ϕ)

)
+ ϕ

]
=

min([ϕ], �K ), rR′ ∈ min([ϕ], �K ). Then from (F∗), we derive that rR′ �K

rR . Conversely, suppose that rR′ �K rR . Then from (F∗), we derive

that rR′ ∈ min([ϕ], �K ), and therefore from
[( ⋂

γ (K ⊥⊥ ¬ϕ)
)

+ ϕ
]

= min([ϕ], �K ), rR′ ∈
[( ⋂

γ (K ⊥⊥ ¬ϕ)
)

+ ϕ
]
. From the one-to-one

correspondence between the ¬ϕ-remainders of K and the ϕ-worlds, we

have R ′ ∈ γ (K ⊥⊥ ¬ϕ), and then from Definition 3.14, it follows that

R �K R ′ . Consequently, we have shown R �K R ′ iff rR′ �K rR , as

desired.
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( ⇐ )

Next, we prove that (PF) is sufficient condition in order for �K and �K

to represent the same revision function ∗, by means of (P∗) and (F∗),

respectively. Therefore, assume that �K and �K satisfy (PF). Moreover,

let � ′K be a faithful preorder, representing the same revision function as

�K ; i.e., ∗. Then, from the first part of the proof, it follows that � ′K and

�K satisfy (PF). From the above assumptions, we derive that, for any

two ¬ϕ-remainders R, R ′ of K , and their corresponding possible worlds

rR , rR′ ∈ [ϕ], rR′ �K rR iff rR′ � ′K rR . This again entails that �K and � ′K
represent the same revision function, which, by the definition of � ′K , is

the revision function represented by �K ; i.e., ∗. �
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Proofs for Chapter 4

Lemma 4.1. For a theory K and any two sentences ϕ, ψ of L, ϕ≪K ψ

iff, for every cut θ ′ for ψ in K , there is a cut θ for ϕ in K , such that

θ ⊂ θ ′ .

Proof. Obvious from the definitions of support set (Definition 4.8), cut

(Definition 4.9), and Definition 4.10. �

Lemma 4.2. For a theory K and any two sentences ϕ, ψ of L, ϕ ∼K ψ

iff ϕ, ψ ∈ K , and, moreover, the set of al l cuts for ϕ in K is equal to the

set of al l cuts for ψ in K .

Proof. Obvious from the definitions of support set (Definition 4.8), cut

(Definition 4.9), and Definition 4.11. �

Before proceeding with the proof of Theorem 4.4, consider first the

following lemma.

Lemma B.1. For a sublanguage L ′ of L and two sentences ϕ, ψ of L,
ϕ ≡L′ ψ iff [¬ϕ]L′ = [¬ψ ]L′ .

Proof. Follows directly from Definition 4.12, and the fact that [ϕ] =

M − [¬ϕ] and [ψ ] = M − [¬ψ ]. �

Theorem 4.4. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {≤K }K∈K be a family of epistemic-entrenchment preorders (one

for each theory K of L), corresponding to ∗ by means of (E∗). Then, ∗
satisfies (P1) iff {≤K }K∈K satisfies (EP1)–(EP2).

Proof. It suffices to establish a connection between conditions (Q1)–(Q2)

and conditions (EP1)–(EP2). In particular, we show that, for a faithful

preorder �K , associated with ∗, and the epistemic-entrenchment preorder

160
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≤K , corresponding to �K by means of (EF), �K satisfies (Q1)–(Q2) iff

≤K satisfies (EP1)–(EP2).

( ⇒ )

Suppose that �K satisfies (Q1) and (Q2).

For (EP1), assume that, for any two contingent sentences ϕ, ψ ∈ L,

ϕ ≪K ψ and ϕ ≡⋃
SS (ϕ) ψ . We need to show that ϕ <K ψ . Notice that

from ϕ≪K ψ it follows that ψ ∈ K . Therefore, if ϕ /∈ K , (EP1) follows

directly from (EE4). Assume, therefore, that ϕ ∈ K .

Consider any world r ′ , such that r ′ ∈ [¬ψ ]. Clearly, there is a cut θ ′ for

ψ in K , such that r ′ |= θ ′ .73 Since ϕ ≡⋃
SS (ϕ) ψ , it follows from Lemma B.1

that [¬ϕ]L⋃
SS (ϕ)

= [¬ψ ]L⋃
SS (ϕ)

; that is,
{
z ∩ L⋃

SS (ϕ) : for all z ∈ [¬ϕ]
}

={
z ′ ∩ L⋃

SS (ϕ) : for all z ′ ∈ [¬ψ ]
}

. Hence, there is a world r ∈ [¬ϕ], such

that r agrees with r ′ on all propositional variables in L⋃
SS (ϕ) , and with

a K -world on the remaining variables.74 Moreover, since ϕ ≪K ψ , for

every cut θ ′ for ψ in K , there is a cut θ for ϕ in K , such that θ ⊂ θ ′ (with

L⋃
SS (ϕ) ⊂ Lθ ′ ), from which we derive that r |= θ . Hence, it follows that

Diff (K, r) ⊂ Diff (K, r ′) and Diff (r, r ′) ∩ Diff (K, r) = ∅, therefore from

(Q1), it follows that r ≺K r ′ . Finally, since for some r ∈ [¬ϕ], r ≺K r ′ , for

every r ′ ∈ [¬ψ ], we derive from (EF) that ϕ <K ψ , as desired.

For (EP2), assume that, for any two contingent sentences ϕ, ψ ∈ L,

ϕ ∼K ψ and ϕ ≡⋃
SS (ϕ) ψ . We need to show that ϕ 'K ψ . If L⋃

SS (ϕ) =

L⋃
SS (ψ) = L, then ϕ ≡ ψ , and therefore trivially ϕ 'K ψ . Assume,

73Assume, on the contrary, that r ′ |= θ ′ , for all cuts θ ′ for ψ in K . Observe that{
θ ′ : θ ′ is a cut for ψ in K

}
=
⋃
SS (ψ). Therefore r ′ |=

⋃
SS (ψ), hence r ′ |= ψ .

Contradiction.
74Let Si be the set of worlds in [¬ϕ], that satisfy the i-th element of R =

{
z∩L⋃

SS (ϕ) :

for all z ∈ [¬ϕ]
}

. Clearly,
|R|⋃
i=1

Si = [¬ϕ]. It suffices to show that there is a world,

in every Si , such that it agrees with a K -world, on all propositional variables in

L − L⋃
SS (ϕ) . Now, assume, for contradiction, that there is no such world in Si . Then,

for every world w in Si , there is a sentence ν ∈ L − L⋃
SS (ϕ) , such that K |= ν and

w |= ¬ν . Clearly then, there is a sentence ζ ∈ L − L⋃
SS (ϕ) , such that K |= ζ and

th(Si) |= ¬ζ . However,
|R|∨
i=1

th(Si) ≡ ¬ϕ, hence, there is a sentence ξ ∈ L − L⋃
SS (ϕ) ,

such that K |= ξ and ¬ϕ |= ¬ξ (or ξ |= ϕ), from which it follows that K |= ϕ, through

a sentence in L − L⋃
SS (ϕ) . Contradiction.
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therefore, that L⋃
SS (ϕ) = L⋃

SS (ψ) ⊂ L.

Consider any world r , such that r ∈ [¬ϕ]. Clearly, there is a cut θ for

ϕ in K , such that r |= θ (see Footnote 73). Since ϕ ≡⋃
SS (ϕ) ψ , it follows

from Lemma B.1 that [¬ϕ]L⋃
SS (ϕ)

= [¬ψ ]L⋃
SS (ϕ)

; that is,
{
z ∩ L⋃

SS (ϕ) :

for all z ∈ [¬ϕ]
}

=
{
z ′ ∩ L⋃

SS (ϕ) : for all z ′ ∈ [¬ψ ]
}

. Hence, there is a

world r ′ ∈ [¬ψ ], such that r ′ agrees with r on all propositional variables

in L⋃
SS (ϕ) = L⋃

SS (ψ) , and with a K -world on the remaining variables

(see Footnote 74). If r agrees with a K -world too, on all propositional

variables in L−L⋃
SS (ϕ) , then it follows that Diff (K, r) = Diff (K, r ′) and

Diff (r, r ′) ∩ Diff (K, r) = ∅, therefore from (Q2), r ≈K r ′ . If r disagrees

with all K -worlds, on some propositional variables in L − L⋃
SS (ϕ) , then it

follows that Diff (K, r ′) ⊂ Diff (K, r) and Diff (r ′ , r) ∩ Diff (K, r ′) = ∅,

therefore from (Q1), r ′ ≺K r . In either case, we derive from (EF) that

ψ ≤K ϕ. By a totally analogous argument, considering now any world

r ′ such that r ′ ∈ [¬ψ ], we can also prove that ϕ ≤K ψ . Consequently,

ϕ 'K ψ as desired.

( ⇐ )

Suppose that ≤K satisfies (EP1) and (EP2).

For (Q1), assume that, for any two worlds r, r ′ ∈ M, Diff (K, r) ⊂
Diff (K, r ′) and Diff (r, r ′) ∩ Diff (K, r) = ∅. We need to show that

r ≺K r ′ . If Diff (K, r) = ∅, then r is consistent with K , and therefore

r ∈ [K ] (and of course r ′ /∈ [K ]). Then, the faithfulness of �K entails

(Q1). Assume, therefore, that Diff (K, r) 6= ∅.

Construct the sentence ψ as follows: ψ = ∨ r ′ . Clearly, K |= ψ and

r ′ |= ¬ψ .75 Moreover, by construction, the only cut θ ′ for ψ in K is the set

of all units of K , that can be expressed in LDiff (K ,r ′ ) . Now, construct the

sentence ϕ as follows: ϕ = ∨ r . Clearly, K |= ϕ and r |= ¬ϕ. Moreover, by

construction, the only cut for ϕ in K is the set of all units of K , that can

be expressed in LDiff (K ,r ) . Since Diff (K, r) ⊂ Diff (K, r ′), it follows that,

for every cut θ ′ for ψ in K , there is a cut θ for ϕ in K , such that θ ⊂ θ ′ .

75 To see that K |= ψ , observe that [¬ψ ] = {r ′}. However, [ψ ] = M − [¬ψ ], therefore,

[ψ ] = M − {r ′}. From ∅ 6= [K ] ⊆ M and r ′ /∈ [K ], we derive that [K ] ⊆ [ψ ]. In other

words, all K -worlds are ψ -worlds, which implies that K |= ψ .
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Hence, from Lemma 4.1, it follows that ϕ≪K ψ . By the construction of ϕ

and ψ , and since Diff (r, r ′) ∩ Diff (K, r) = ∅, we derive that ϕ ≡⋃
SS (ϕ) ψ .

Hence, from (EP1) it follows that ϕ <K ψ . Finally, the construction of

ϕ and ψ entails, also, that [¬ϕ] = {r} and [¬ψ ] = {r ′}, hence from (EF),

r ≺K r ′ as desired.

For (Q2), assume that, for any two worlds r, r ′ ∈ M, Diff (K, r)

= Diff (K, r ′) and Diff (r, r ′) ∩ Diff (K, r) = ∅. We need to show that

r ≈K r ′ . If Diff (K, r) = P , then r = r ′ and, therefore, (Q2) trivially holds.

Moreover, if Diff (K, r) = ∅, then r, r ′ ∈ [K ]. Then, the faithfulness of

�K entails (Q2). Assume, therefore, that ∅ 6= Diff (K, r) ⊂ P .

Construct the sentence ψ as follows: ψ = ∨ r ′ . Clearly, K |= ψ and

r ′ |= ¬ψ . Moreover, by construction, the only cut θ ′ for ψ in K is the set

of all units of K , that can be expressed in LDiff (K ,r ′ ) . Now, construct the

sentence ϕ as follows: ϕ = ∨ r . Clearly, K |= ϕ and r |= ¬ϕ. Moreover,

by construction, the only cut for ϕ in K is the set of all units of K , that

can be expressed in LDiff (K ,r ) . Since Diff (K, r) = Diff (K, r ′), it follows

that θ = θ ′ (i.e., the set of all cuts for ϕ in K is equal to the set of all

cuts for ψ in K ). Hence, from Lemma 4.2, it follows that ϕ ∼K ψ . By the

construction of ϕ and ψ , and since Diff (r, r ′) ∩ Diff (K, r) = ∅, we derive

that ϕ ≡⋃
SS (ϕ) ψ . Hence, from (EP2) it follows that ϕ 'K ψ . Finally, the

construction of ϕ and ψ entails, also, that [¬ϕ] = {r} and [¬ψ ] = {r ′},
hence from (EF), r ≈K r ′ as desired. �

Theorem 4.5. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {≤K }K∈K be a family of epistemic-entrenchment preorders (one

for each theory K of L), corresponding to ∗ by means of (E∗). Then, ∗
satisfies (P2) iff {≤K }K∈K satisfies (EP3).

Proof.

( ⇒ )

Assume that ∗ satisfies (P2). Let K , H be any two theories of L, such that,

for some sentences x, y ∈ L, K = Cn(x, y), H = Cn(x), and Lx ∩ Ly = ∅.

First, we show that ≤x
K ⊆ ≤x

H .

Let ϕ, ψ be any two contingent sentences of L, such that ϕ ≤x
K ψ .
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From the definition of ≤x
K , we derive that there is a ν ∈ CnLx (x), with

ν |= ψ , such that for all µ ∈ CnLx (x), with µ |= ϕ, µ ≤K ν . Define ω

to be the sentence ω = (¬µ) ∨ (¬ν ). Clearly, ω ∈ Lx . This entails that

µ /∈ K ∗ ω , and then by (P2), µ /∈ Cn(x) ∗ ω . Hence, there is a ν ∈ CnLx (x),

with ν |= ψ , such that for all µ ∈ CnLx (x), with µ |= ϕ, µ ≤Cn(x) ν . This

again entails that ϕ ≤x
Cn(x) ψ . Consequently, ≤x

K ⊆ ≤x
H as desired.

The proof of the converse, i.e., ≤x
H ⊆ ≤x

K , is totally symmetric.

( ⇐ )

Assume that (EP3) is satisfied. Let K be any theory of L, such that,

for some sentences x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. Let ω be

any contingent sentence in Lx . First, we show that
(
Cn(x) ∗ ω

)
∩ Lx ⊆

(K ∗ ω) ∩ Lx .

Consider any µ ∈ K ∩ Lx , such that µ /∈ (K ∗ ω) ∩ Lx . Hence µ ≤K ν ,

for some ν ∈ K ∩ Lx .76 From the definition of ≤x
K , we derive that ϕ ≤x

K ψ ,

if ϕ is defined to be the disjunction of all these µ, and if ψ is defined to be

logically equivalent to (one of these) ν . Then from (EP3), it follows that

ϕ ≤x
Cn(x) ψ . Hence, from the definition of ≤x

Cn(x) , we derive that there is

a ν ′ ∈ CnLx (x), with ν ′ |= ψ , such that for all µ ∈ CnLx (x), with µ |= ϕ,

µ ≤Cn(x) ν
′ . This again entails that µ /∈ Cn(x) ∗ ω .77 Consequently, we

have shown that
(
Cn(x) ∗ ω

)
∩ Lx ⊆ (K ∗ ω) ∩ Lx .

The proof of the converse, i.e., (K ∗ ω) ∩ Lx ⊆
(
Cn(x) ∗ ω

)
∩ Lx , is

totally symmetric. �

Theorem 4.6. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {≤K }K∈K be a family of epistemic-entrenchment preorders (one

for each theory K of L), corresponding to ∗ by means of (E∗). Then, ∗
satisfies strong (P) iff {≤K }K∈K satisfies (EP1)–(EP3).

Proof. Follows immediately from Theorems 4.4 and 4.5. �
76Note that, if ν /∈ (K ∗ ω) ∩ Lx , then µ and ν are equally entrenched in K .
77To see this, observe that in order to accommodate ω in Cn(x), either µ or ν has to

be removed from it (or both, in case they are equally entrenched in Cn(x)). However,

taking into account that ψ ≡ ν by definition, if we give up ν , we also have to remove

ν ′ from Cn(x) (for otherwise, logical closure will bring ν ′ back, since ν ′ |= ψ). Hence,

from µ ≤Cn(x) ν
′ , we have to give up µ, that is µ /∈ Cn(x) ∗ ω .
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Theorem 4.7. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {�K }K∈K be a family of selection-function preorders (one for each

theory K of L), corresponding to ∗ by means of (P∗). Then, ∗ satisfies

(P1) iff {�K }K∈K satisfies (PM1)–(PM2).

Proof. Follows immediately from Theorem 4.4 and condition (EP) ′ . �

Theorem 4.8. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {�K }K∈K be a family of selection-function preorders (one for each

theory K of L), corresponding to ∗ by means of (P∗). Then, ∗ satisfies

(P2) iff {�K }K∈K satisfies (PM3).

Proof. Follows immediately from Theorem 4.5 and the definition of �x
K

(Definition 4.15). �

Theorem 4.9. Let ∗ be a revision function that satisfies (K ∗ 1)–(K ∗ 8),

and let {�K }K∈K be a family of selection-function preorders (one for each

theory K of L), corresponding to ∗ by means of (P∗). Then, ∗ satisfies

strong (P) iff {�K }K∈K satisfies (PM1)–(PM3).

Proof. Follows immediately from Theorems 4.7 and 4.8. �

Proposition 4.1. Let K be a theory of L, such that, for some sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. The x-filtering of a preorder

�K , i.e., �x
K , is faithful to theory Cn(x) of L.

Proof. Consider any world r ∈ [Cn(x)], and let r ′ be any world in M. It

is not hard to verify that there exists a world w ∈ [K ], such that w ∈ [rx ].

Since w ∈ [K ], and given that �K is faithful to K , it follows that w �K w ′ ,

for all w ′ ∈ [r ′x ]. Hence, r �x
K r ′ . This clearly entails the first condition

for faithfulness of Definition 3.10.

For the second condition, consider any world r ′′ ∈ M, such that

r ′′ /∈ [Cn(x)]. Then, for all w ′′ ∈ [r ′′x ], w ′′ /∈ [K ]. Hence, since �K is

faithful to K , it follows that w ≺K w ′′ , for all w ′′ ∈ [r ′′x ]. This again

entails that r ≺x
K r ′′ .

Consequently, �x
K is faithful to Cn(x), as desired. �
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Theorem 4.10. Let K be a theory of L, such that, for some sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. If the preorder �K satisfies

conditions (Q1)–(Q2), then the x-filtering of �K , i.e., �x
K , satisfies

conditions (Q1)–(Q2).

Proof. Suppose that �K satisfies (Q1)–(Q2).

For (Q1), assume that, for any two worlds r, r ′ ∈ M, Diff
(
Cn(x), r

)
⊂ Diff

(
Cn(x), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(x), r

)
= ∅. We need to

show that r ≺x
K r ′ .78 If Diff

(
Cn(x), r

)
= ∅, then r is consistent with

Cn(x), and therefore r ∈ [Cn(x)] (and of course r ′ /∈ [Cn(x)]). Then, the

faithfulness of �x
K entails that it satisfies (Q1). Assume, therefore, that

Diff
(
Cn(x), r

)
6= ∅.

Consider the world w that agrees with r on the propositional variables

of Lx , and with a K -world in the remaining variables. Clearly, w ∈ [rx ].

Moreover, consider any world w ′ ∈ [r ′x ]. It follows, then, that Diff (K, w)

⊂ Diff (K, w ′) and Diff (w, w ′) ∩ Diff (K, w) = ∅, hence from (Q1),

w ≺K w ′ . That is, there is a world w ∈ [rx ], such that, for all w ′ ∈ [r ′x ],

w ≺K w ′ . Consequently, r ≺x
K r ′ , as desired.

For (Q2), assume that, for any two worlds r, r ′ ∈ M, Diff
(
Cn(x), r

)
=

Diff
(
Cn(x), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(x), r

)
= ∅. We need to show

that r ≈x
K r ′ (see Footnote 78). If Diff (Cn(x), r) = P , then r = r ′ and,

therefore, (Q2) trivially holds for �x
K . Moreover, if Diff (Cn(x), r) = ∅,

then r, r ′ ∈ [Cn(x)]. Then, the faithfulness of �x
K entails that it satisfies

(Q2). Assume, therefore, that ∅ 6= Diff
(
Cn(x), r

)
⊂ P .

Consider the world w that agrees with r on the propositional variables

of Lx , and with a K -world in the remaining variables. Clearly, w ∈ [rx ].

Moreover, consider any world w ′ ∈ [r ′x ]. It follows, then, that Diff (K, w)

⊆ Diff (K, w ′) and Diff (w, w ′) ∩ Diff (K, w) = ∅, hence from (Q1)–(Q2),

w �K w ′ . That is, there is a world w ∈ [rx ], such that, for all w ′ ∈ [r ′w ],

w �K w ′ . Hence, r �x
K r ′ . By a totally analogous argument, considering

now the world z that agrees with r ′ in the propositional variables of Lx ,

and with a K -world in the remaining variables, and any world w ′ ∈ [rx ],

78Recall that the preorder �x
K is faithful to Cn(x) (see Proposition 4.1).
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we can also prove that r ′ �x
K r . Consequently, r ≈x

K r ′ , as desired. �

Theorem 4.11. Let K be a splittable theory of L, such that, for some

contingent sentences x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. Moreover,

let �K be any faithful preorder, such that �x
K and �y

K satisfy conditions

(Q1)–(Q2). If conditions (FL1)–(FL2) are satisfied, then �K satisfies

(Q1)–(Q2), respectively.

Proof. For (Q1), suppose that (FL1) is satisfied. Moreover, assume that,

for any two worlds r, r ′ ∈ M, Diff (K, r) ⊂ Diff (K, r ′) and Diff (r, r ′) ∩
Diff (K, r) = ∅. We need to show that r ≺K r ′ . If Diff (K, r) = ∅, then r

is consistent with K , and therefore r ∈ [K ] (and of course r ′ /∈ [K ]). Then,

the faithfulness of �K entails that it satisfies (Q1). Assume, therefore,

that Diff (K, r) 6= ∅.

From Diff (K, r) ⊂ Diff (K, r ′), it follows that Diff
(
Cn(x), r

)
∪

Diff
(
Cn(y), r

)
⊂ Diff

(
Cn(x), r ′

)
∪ Diff

(
Cn(y), r ′

)
. Given that r , r ′

agree on the propositional variables in Diff (K, r) (as Diff (r, r ′) ∩
Diff (K, r) = ∅), it is not hard to verify that:

- either

Diff
(
Cn(x), r

)
⊂ Diff

(
Cn(x), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(x), r

)
= ∅,

and

Diff
(
Cn(y), r

)
⊆ Diff

(
Cn(y), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(y), r

)
= ∅,

- or

Diff
(
Cn(y), r

)
⊂ Diff

(
Cn(y), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(y), r

)
= ∅,

and

Diff
(
Cn(x), r

)
⊆ Diff

(
Cn(x), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(x), r

)
= ∅.

Since the preorders �x
K and �y

K satisfy (Q1)–(Q2) and are faithful to

Cn(x) and Cn(y), respectively (see Proposition 4.1), either r ≺x
K r ′ and

r �y
K r ′ , or r ≺y

K r ′ and r �x
K r ′ . In either case, condition (FL1) imposes

that r ≺K r ′ , as desired.

For (Q2), suppose that (FL2) is satisfied. Moreover, assume that,

for any two worlds r, r ′ ∈ M, Diff (K, r) = Diff (K, r ′) and Diff (r, r ′)
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∩ Diff (K, r) = ∅. We need to show that r ≈K r ′ . If Diff (K, r) = P ,

then r = r ′ and, therefore, (Q2) trivially holds for �K . Moreover, if

Diff (K, r) = ∅, then r, r ′ ∈ [K ]. Then, the faithfulness of �K entails that

it satisfies (Q2). Assume, therefore, that ∅ 6= Diff (K, r) ⊂ P .

From Diff (K, r) = Diff (K, r ′), it follows that Diff
(
Cn(x), r

)
∪

Diff
(
Cn(y), r

)
= Diff

(
Cn(x), r ′

)
∪ Diff

(
Cn(y), r ′

)
. Given that r ,

r ′ agree on the propositional variables in Diff (K, r) (as Diff (r, r ′)

∩ Diff (K, r) = ∅), it is not hard to verify that Diff
(
Cn(x), r

)
=

Diff
(
Cn(x), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(x), r

)
= ∅, and, moreover,

Diff
(
Cn(y), r

)
= Diff

(
Cn(y), r ′

)
and Diff (r, r ′) ∩ Diff

(
Cn(y), r

)
= ∅.

Since the preorders �x
K and �y

K satisfy (Q1)–(Q2) and are faithful to

Cn(x) and Cn(y), respectively (see Proposition 4.1), we have that r ≈x
K r ′

and r ≈y
K r ′ . Then, (FL2) imposes that r ≈K r ′ , as desired. �

Proposition 4.2. Let K be a theory of L, such that, for some sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. Moreover, let �Cn(x) be the

faithful preorder associated with Cn(x). If �Cn(x) satisfies condition

(Q2), then �Cn(x) is identical to its x-filtering; i.e., �Cn(x) = �x
Cn(x) .

Proof. Suppose that �Cn(x) satisfies (Q2). First, we show that �Cn(x) ⊆
�x
Cn(x) .

Assume that, for any two worlds r, r ′ ∈ M, r �Cn(x) r ′ . Since all

rx -worlds agree on the propositional variables in rx , and the confined

theory Cn(x) knows nothing about Lx (i.e., there is no sentence ξ ∈ Lx ,

such that K |= ξ ), condition (Q2) imposes that they are al l equally

plausible (with respect to Cn(x)). The same applies for al l r ′x -worlds.

Then, we derive that there is a world w = r ∈ [rx ], such that, for all

w ′ ∈ [r ′x ], w �Cn(x) w
′ . Hence, r �x

Cn(x) r
′ ; that is, we have shown that

�Cn(x) ⊆ �x
Cn(x) , as desired.

For the proof of the converse, i.e., �x
Cn(x) ⊆ �Cn(x) , assume that, for

any two worlds r, r ′ ∈ M, r �x
Cn(x) r

′ . That is, there is a world w ∈ [rx ],

such that, for all w ′ ∈ [r ′x ], w �Cn(x) w
′ . Again, condition (Q2) imposes

that al l rx -worlds are equally plausible (with respect to Cn(x)), and this

is also the case for al l r ′x -worlds. Hence, w ≈Cn(x) r and w ′ ≈Cn(x) r
′ , from
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which, combined with w �Cn(x) w
′ , we derive that r �Cn(x) r

′ ; namely,

�x
Cn(x) ⊆ �Cn(x) , as desired. �



Appendix C

Proofs for Chapter 5

Theorem 5.2. Let E be a total preorder over the set of propositional

variables P , and let ∗ be an AGM revision function. Moreover, let

{vEK }K∈K , {5
E
K }K∈K be the families of PD preorders and PD entrenchment

preorders, respectively (one for each theory K of L). Then, ∗ assigns

{vEK }K∈K at K (by means of (F∗)) iff ∗ assigns {5EK }K∈K at K (by means

of (E∗)).

Proof. Consider any theory K of L. It suffices to show that, for a

faithful preorder �K and an epistemic-entrenchment preorder ≤K , both

corresponding to ∗ (thus, �K and ≤K are connected via (EF)), �K satisfies

(PD) iff ≤K satisfies (PDE). Recall that, for a preorder E over P , �K

is denoted by vEK whenever it satisfies (PD), and ≤K is denoted by 5EK
whenever it satisfies (PDE).

( ⇒ )

Suppose that vEK corresponds to ∗, by means of (F∗). First, we prove that

≤K , corresponding to ∗ by means of (E∗) (thus, corresponding to vEK by

means of (EF)), satisfies (PDE) from left to right. Therefore, assume

that, for any two contingent sentences ϕ, ψ ∈ L, ϕ ≤K ψ . We need to show

that there is a w ∈ [K ] and a cut θ for ϕ in w , such that, for all w ′ ∈ [K ]

and for every cut θ ′ for ψ in w ′ , θ+ E θ ′+ .

Since ϕ ≤K ψ , it follows from (EF) that there is a world r ∈
min

(
[¬ϕ], vEK

)
, such that r vEK r ′ , for every r ′ ∈ [¬ψ ]. Hence from

(PD), we derive that there is a w ∈ [K ], such that, for all w ′ ∈ [K ],

Diff (w, r) E Diff (w ′ , r ′). Now, since r ∈ [¬ϕ], it follows that r |= θ ,

where θ is a cut for ϕ in w .79 Of course, w |= θ and, since r is minimal

79Assume, on the contrary, that r |= θ , for al l cuts θ for ϕ in w . Observe that the

set of all cuts for ϕ in w is equal to the set of all minimal support sets for ϕ in w .

Therefore, r entails a minimal support set for ϕ in w , hence, r |= ϕ. Contradiction.

170



171 Relevance and Knowledge Dynamics for Intelligent Agents

with respect to vEK , w and r agree on all propositional variables outside

θ+ .80 Hence, we derive that Diff (w, r) = θ+ . Now, let w ′ be any world in

[K ], and let θ ′ be any cut for ψ in w ′ . Construct the world r ′ as follows:

r ′ = θ ′ ∪
(
w ′ ∩ (P± − θ ′)

)
. Then, by construction, it follows that r ′ |= θ ′ ,

r ′ |= ¬ψ (or r ′ ∈ [¬ψ ]),81 and Diff (w ′ , r ′) = θ ′+ . Consequently, there is a

w ∈ [K ] and a cut θ for ϕ in w , such that, for all w ′ ∈ [K ] and for every

cut θ ′ for ψ in w ′ , θ+ E θ ′+ , as desired.

Now, we prove that ≤K , corresponding to ∗ by means of (E∗) (thus,

corresponding to vEK by means of (EF)), satisfies (PDE) from right to

left. Therefore, assume that, for any two contingent sentences ϕ, ψ ∈ L,

there is a w ∈ [K ] and a cut θ for ϕ in w , such that, for all w ′ ∈ [K ] and

for every cut θ ′ for ψ in w ′ , θ+ E θ ′+ . We need to show that ϕ ≤K ψ .

Consider the above-mentioned world w ∈ [K ], and the corresponding

cut θ for ϕ in w . Construct the world r as follows: r = θ ∪
(
w ∩ (P± − θ)

)
.

Then, by construction, it follows that r |= θ , r ∈ [¬ϕ] (see Footnote 81),

and Diff (w, r) = θ+ . Now, consider any world w ′ ∈ [K ], and a world

r ′ ∈ min
(
[¬ψ ], vEK

)
. Clearly, r ′ |= θ ′ , where θ ′ is a cut for ψ in w ′ (see

Footnote 79), and Diff (w ′ , r ′) = θ ′+ (see Footnote 80). Hence, there is a

w ∈ [K ], such that, for all w ′ ∈ [K ], Diff (w, r) E Diff (w ′ , r ′), therefore

from (PD), it follows that r vEK r ′ . Finally, since for some r ∈ [¬ϕ],

r vEK r ′ , for a world r ′ ∈ min
(
[¬ψ ], vEK

)
, we derive from (EF) that

ϕ ≤K ψ , as desired.

80We show that, for every r ∈ min
(
[¬ϕ], vE

K

)
and every w ∈ [K ], Diff (w, r) ⊆ θ+ ,

where θ is a cut for ϕ in w . Assume, on the contrary, that θ+ ⊂ Diff (w, r). Then,

there is a literal l ∈ w − θ , such that l /∈ r . Let r ′′ be the world that agrees with r in

all literals, except l . Clearly then, since r ∈ [¬ϕ], r and r ′′ agree in all literals except

l , and l ∈ w − θ , we derive that r ′′ ∈ [¬ϕ] (see Footnote 81 for a similar reasoning).

Moreover, by the construction of r ′′ , Diff (w, r ′′) C Diff (w, r). Hence from (PD),

it follows that r 6vE
K r ′′ , which clearly contradicts the vE

K -minimality of r in [¬ϕ].

Consequently, Diff (w, r) ⊆ θ+ , as required.
81Assume, towards contradiction, that r ′ |= ψ . Since r ′ |= θ ′ , there must be a minimal

support set for ψ in r ′ , on the literals in r ′ − θ ′ . This is clearly a contradiction, since

w ′ and r ′ agree on all propositional variables outside θ ′+ , and there are no minimal

support sets for ψ in w ′ on the literals in w ′ − θ ′ .
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( ⇐ )

Suppose that 5EK corresponds to ∗, by means of (E∗). First, we prove that

�K , corresponding to ∗ by means of (F∗) (thus, corresponding to 5EK by

means of (EF)), satisfies (PD) from left to right. Therefore, assume that,

for any two worlds r, r ′ ∈ M, r �K r ′ . We need to show that there is a

w ∈ [K ], such that, for all w ′ ∈ [K ], Diff (w, r) E Diff (w ′ , r ′).

Since r �K r ′ , it follows from (EF) that there are two sentences

ϕ, ψ ∈ L, such that ϕ 5EK ψ , with [¬ϕ] = {r} and [¬ψ ] = {r ′}. Hence from

(PDE), we derive that there is a w ∈ [K ] and a cut θ for ϕ in w , such that,

for all w ′ ∈ [K ] and for every cut θ ′ for ψ in w ′ , θ+ E θ ′+ . However, the

only sentences ϕ and ψ , such that [¬ϕ] = {r} and [¬ψ ] = {r ′}, are the

following: ϕ = ∨ r and ψ = ∨ r ′ . Now, the only cut for ϕ in w is θ = w ∩
Diff (w, r)± , and the only cut for ψ in w ′ is θ ′ = w ′ ∩ Diff (w ′ , r ′)± . This

again entails that θ+ = Diff (w, r) and θ ′+ = Diff (w ′ , r ′). Hence, there

is a w ∈ [K ], such that, for all w ′ ∈ [K ], Diff (w, r) E Diff (w ′ , r ′), as

desired.

Now, we prove that �K , corresponding to ∗ by means of (F∗) (thus,

corresponding to 5EK by means of (EF)), satisfies (PD) from right to left.

Therefore, assume that, for any two worlds r, r ′ ∈ M, there is a w ∈ [K ],

such that, for all w ′ ∈ [K ], Diff (w, r) E Diff (w ′ , r ′). We need to show

that r �K r ′ .

Consider the above-mentioned world w ∈ [K ]. Construct the sentence

ϕ as follows: ϕ = ∨
((
w ∩ Diff (w, r)±

)
∪
(
w ∩

(
P−Diff (w, r)

)±))
.

Clearly, w |= ϕ and r |= ¬ϕ. Moreover, by construction, θ+ = Diff (w, r),

where θ is the only cut for ϕ in w . Now, let w ′ be any world in [K ].

Construct the sentence ψ as follows: ψ = ∨
((
w ′ ∩ Diff (w ′ , r ′)±

)
∪(

w ′ ∩
(
P−Diff (w ′ , r ′)

)±))
. Clearly, w ′ |= ψ and r ′ |= ¬ψ . Moreover, by

construction, θ ′+ = Diff (w ′ , r ′), where θ ′ is the only cut for ψ in w ′ .

Hence, there is a w ∈ [K ] and a cut θ for ϕ in w , such that, for all w ′ ∈ [K ]

and for every cut θ ′ for ψ in w ′ , θ+ E θ ′+ . Consequently from (PDE), it

follows that ϕ 5EK ψ . Finally, the construction of ϕ and ψ entails that

[¬ϕ] = {r} and [¬ψ ] = {r ′}; hence from (EF), r �K r ′ , as desired. �
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Theorem 5.3. Let E be a total preorder over the set of propositional

variables P , and let ∗ be an AGM revision function. Moreover,

let {vEK }K∈K , {/
E
K }K∈K be the families of PD preorders and PD

selection-function preorders, respectively (one for each theory K of L).
Then, ∗ assigns {vEK }K∈K at K (by means of (F∗)) iff ∗ assigns {/EK }K∈K
at K (by means of (P∗)).

Proof. PD preorders and PD selection functions satisfy condition (PF),

as they constitute subclasses of faithful preorders and selection-function

preorders, respectively. Then, the proof follows immediately from

conditions (PD) and (PF). �

Before presenting the proof of Theorem 5.4 that follows, let us first

present the following Lemma from [95].

Lemma C.1 ([95]). Let K be a theory of L, and {Q1 , . . . , Qn} a partition

of P . If {Q1 , . . . , Qn} is a K -splitting, then for any r1 , . . . , rn ∈
[K ], Mix(r1 , . . . , rn ; Q1 , . . . , Qn) belongs to [K ]. Conversely, if

Mix(r1 , . . . , rn ; Q1 , . . . , Qn) belongs to [K ] for al l r1 , . . . , rn ∈ [K ], then

{Q1 , . . . , Qn} is a K -splitting.

In the lemma above, Mix(r1 , . . . , rn ; Q1 , . . . , Qn) denotes the unique

world r that agrees with r1 on the variables in Q1 , with r2 on the variables

in Q2 , . . . , and with rn on the variables in Qn .

Theorem 5.4. Parametrized Difference revision operators satisfy (P2).

Proof. The proof of this theorem follows a similar line of reasoning used

in the proof of Theorem 7 (concerning condition (Q3)) in [107].

It suffices to show that the family of PD preorders {vEK }K∈K satisfies

condition (Q3). To this end, let K be a theory of L, such that, for some

sentences x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. First, we show that

vE,xK ⊆ vE,xCn(x) .
82

Let r, r ′ be two worlds, such that r vE,xK r ′ . Then, there is a world

z ∈ [rx ], such that z vEK z ′ , for all z ′ ∈ [r ′x ]. Hence, there is a world w ∈ [K ],

82For a theory K of L, vE,x
K denotes the x-filtering of the PD preorder vE

K .
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such that Diff (w, z ) E Diff (w ′ , z ′), for all w ′ ∈ [K ] and z ′ ∈ [r ′x ]. Now,

consider any two worlds u ′ ∈ [Cn(x)] and z ′ ∈ [r ′x ], and let w ′ be any world

in [K ]. Define w ′′ to be the world that agrees with u ′ on the propositional

variables of Lx , and with w ′ on the remaining variables. From Lemma C.1

(Section 4.2), it follows that w ′′ ∈ [K ].83 Moreover, define z ′′ to be the

world that agrees with z ′ on the propositional variables of Lx , and with

w ′′ on the remaining variables. Clearly, z ′′ ∈ [r ′x ]. (See Figure C.1 for an

abstract visualization of the aforementioned worlds.)

Consequently, Diff (u ′ , z ′) ⊇ Diff (w ′′ , z ′′) D Diff (w, z ). Note that the

last relation follows from the fact that w ′′ ∈ [K ] and z ′′ ∈ [r ′x ]. Therefore,

we derive that Diff (u ′ , z ′) D Diff (w, z ).

Hence, we have shown that there is a world w ∈ [Cn(x)] and a world

z ∈ [rx ], such that Diff (w, z ) E Diff (u ′ , z ′), for all u ′ ∈ [Cn(x)] and

z ′ ∈ [r ′x ].84 That is, r vE,xCn(x) r ′ . Consequently, we have proved that

vE,xK ⊆ vE,xCn(x) , as desired.

The proof of the converse, i.e., vE,xCn(x) ⊆ v
E,x
K , is totally symmetric. �

w ′ ∈ [K ]

u ′ ∈ [Cn(x)]

z ′ ∈ [r ′x ]

w ′′ ∈ [K ]

z ′′ ∈ [r ′x ]

Lx Lx

Figure C.1: Abstract visualization of the worlds w ′ , u ′ , z ′ , w ′′ and z ′′ ,

appearing in the proof of Theorem 5.4. Same color indicates identical

propositional variables between worlds, except from white color that

represents arbitrary variables [8].

83Note that, for every world in [Cn(x)], there is a world in [K ], such that the two

worlds agree on the propositional variables of Lx .
84To see that w ∈ [Cn(x)], observe that w ∈ [K ] and [K ] ⊆ [Cn(x)].
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Theorem 5.5. Parametrized Difference revision operators satisfy strong

(P).

Proof. Strong (P) is equivalent to conditions (P1) and (P2).

Consequently, the proof follows immediately from Theorem 4 of [105],

which shows that PD operators satisfy (P1), and Theorem 5.4, which

shows that PD operators satisfy (P2). �



Appendix D

Proofs for Chapter 6

Theorem 6.1. Let K be any splittable theory of L. There exists a belief

state S , associated with K , and a sentence ϕ of L, such that no modified

AGM revision function ◦ satisfies (P) at S and S ◦ ϕ, in addition to any

of the postulates (DP1)–(DP4).

Proof. Let K be any theory of L, such that, for some contingent sentences

x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. We will show that there exists a

belief state S associated with K , such that, for some sentence ϕ of L, the

transition from �S to �S◦ϕ cannot obey the dictates of (SQ1)–(SQ2), in

addition to the dictates of each one of (R1)–(R4).

To this end, consider any belief state S , such that B (S ) = K , and

assume that (SQ1)–(SQ2) and (R1)–(R4) are satisfied. Moreover, suppose

that Fx , Fy are two elements of the finest B (S )-splitting, such that Fx ,

Fy contain propositional variables of Lx , Ly , respectively.

• Violation of (R1):

Let w be any B (S )-world. Consider a world r ′′ , such that it

disagrees with al l B (S )-worlds on some propositional variables in Fx

and in Fy (i.e., r ′′ ∩ LFx 6= w ′ ∩ LFx and r ′′ ∩ LFy 6= w ′ ∩ LFy , for all

w ′ ∈ [B (S )]), and it agrees with w on the remaining variables (if any,

namely, in case P − (Fx ∪ Fy ) 6= ∅). Then, Diff
(
B (S ), r ′′

)
= Fx ∪ Fy ,

176
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and thus r ′′ /∈ [B (S )].85 Moreover, consider the two worlds r , r ′ , such

that r =
(
r ′′ ∩ LFx

)
∪
(
w ∩ LP−Fx

)
and r ′ =

(
r ′′ ∩ LFy

)
∪
(
w ∩ LP−Fy

)
(see Figure D.1). Then, Diff

(
B (S ), r

)
= Fx , Diff

(
B (S ), r ′

)
= Fy

(see Footnote 85), and thus r, r ′ /∈ [B (S )].

Therefore, we derive that Diff
(
B (S ), r

)
⊂ Diff

(
B (S ), r ′′

)
and Diff (r, r ′′) ∩ Diff

(
B (S ), r

)
= ∅, and Diff

(
B (S ), r ′

)
⊂

Diff
(
B (S ), r ′′

)
and Diff (r ′ , r ′′) ∩ Diff

(
B (S ), r ′

)
= ∅. Then from

(SQ1), it follows that r ≺S r
′′ and r ′ ≺S r

′′ . Since Diff
(
B (S ), r

)
∩

Diff
(
B (S ), r ′

)
= ∅, the antecedent of both (SQ1) and (SQ2) is not

satisfied for worlds r and r ′ ; hence, (SQ1)–(SQ2) place no constraints

on the relative order of r and r ′ , with respect to �S (these two worlds

are Diff-incomparable).

Now, consider the particular belief state — and call this S from

now on — where it holds that r ≺S r
′ ≺S r

′′ . Define ϕ to be the

sentence ϕ = r ∨ r ′ ∨ r ′′ . According to the definition of �S , there

is only one �S -minimal ϕ-world, namely r ; therefore from (F◦), it

follows that
[
B (S ◦ ϕ)

]
= {r}. Then, again by the choice of r ′ , r ′′ , we

derive that Diff
(
B (S ◦ ϕ), r ′′

)
= Diff (r, r ′′) ⊂ Diff

(
B (S ◦ ϕ), r ′

)
=

Diff (r, r ′). Hence, no matter what the new preorder �S◦ϕ is, as long

as it satisfies (SQ1), it holds that r ′′ ≺S◦ϕ r
′ .

However, given that r ′ , r ′′ ∈ [ϕ] and r ′ �S r
′′ , (R1) entails that

r ′ �S◦ϕ r
′′ . Contradiction.

• Violation of (R2):

Consider the three worlds r, r ′ , r ′′ /∈ [B (S )] of the previous case.

85The world r ′′ indeed exists, since there exists at least one world outside [B (S )],

such that it entails ¬x and ¬y . To see that Diff
(
B (S ), r ′′

)
contains the propositional

variables of Fx , observe that, by the choice of r ′′ , there is a sentence ξ ∈ LFx (i.e.,

ξ = r ′′ ∩ LFx ), such that K |= ¬ξ and r ′′ |= ξ . The same applies for Fy . To see that

Diff
(
B (S ), r ′′

)
contains only the propositional variables of Fx and Fy , suppose towards

contradiction that this is not the case (of course, in case P − (Fx ∪ Fy ) 6= ∅). Then,

there is a sentence ζ ∈ LP−(Fx∪Fy ) , such that K |= ζ and r ′′ |= ¬ζ . This again entails

that w |= ζ , contradicting the fact that w and r ′′ agree on the variables outside Fx ∪Fy .
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As stated, the fact that r ≺S r
′′ and r ′ ≺S r

′′ holds for any belief state

S associated with K . Define ϕ to be the sentence ϕ = r . Therefore

from (F◦), it follows that
[
B (S ◦ ϕ)

]
= {r}. Then, we derive that

Diff
(
B (S ◦ ϕ), r ′′

)
= Diff (r, r ′′) ⊂ Diff

(
B (S ◦ ϕ), r ′

)
= Diff (r, r ′).

Hence, no matter what the new preorder �S◦ϕ is, as long as it satisfies

(SQ1), it holds that r ′′ ≺S◦ϕ r
′ .

However, given that r ′ , r ′′ ∈ [¬ϕ] and r ′ �S r
′′ , (R2) entails that

r ′ �S◦ϕ r
′′ . Contradiction.

• Violation of (R3) and (R4):

Assume the three worlds r, r ′ , r ′′ /∈ [B (S )] of the previous case,

and consider again the particular belief state S where r ≺S r
′ ≺S r

′′ .

Define ϕ to be the sentence ϕ = r ∨ r ′ . Therefore from (F◦), it follows

that
[
B (S ◦ ϕ)

]
= {r}. Then, we derive that Diff

(
B (S ◦ ϕ), r ′′

)
=

Diff (r, r ′′) ⊂ Diff
(
B (S ◦ ϕ), r ′

)
= Diff (r, r ′). Hence, no matter

what the new preorder �S◦ϕ is, as long as it satisfies (SQ1), it holds

that r ′′ ≺S◦ϕ r
′ .

However, given that r ′ ∈ [ϕ], r ′′ ∈ [¬ϕ] and r ′ ≺S r ′′ , (R3)

entails that r ′ ≺S◦ϕ r
′′ , which is clearly a contradiction. In a similar

vein, given that r ′ ∈ [ϕ], r ′′ ∈ [¬ϕ] and r ′ �S r
′′ , (R4) entails that

r ′ �S◦ϕ r
′′ . A contradiction once again. �

w ∈ [B (S )]

r /∈ [B (S )]

r ′ /∈ [B (S )]

r ′′ /∈ [B (S )]

Fx Fy

Figure D.1: Abstract visualization of the worlds appearing in the proof

of Theorem 6.1. Same color indicates identical propositional variables

between worlds.
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Theorem 6.2. Let K be any splittable or non-trivial ly confined theory

of L, and let S be any belief state, associated with K . There exists a

sentence ϕ of L, such that no modified AGM revision function ◦ satisfies

(P) at S and S ◦ ϕ, in addition to postulate (DP2).

Proof. The proof is divided into two parts. The first part corresponds

to the case of any splittable theory K , such that, for some contingent

sentences x, y ∈ L, K = Cn(x, y) and Lx ∩ Ly = ∅. The second part

corresponds to the case of any non-trivial ly confined theory K , such that,

for some contingent sentence x ∈ L, K = Cn(x) and Lx ⊂ L.

Part I: Splittable Theory — K = Cn(x, y)

This part of the proof is identical to the proof of Theorem 6.1,

concerning the violation of (R2), as the fact that r ≺S r
′′ and r ′ ≺S r

′′

holds for any belief state S associated with any splittable theory K .

Part II: Non-Trivially Confined Theory — K = Cn(x)

We will show that, for any belief state S associated with K , there

exists a sentence ϕ of L, such that the transition from �S to �S◦ϕ cannot

obey the dictates of (SQ1)–(SQ2), in addition to the dictates of (R2).

To this end, consider any belief state S , such that B (S ) = K ,

and assume that (SQ1)–(SQ2) and (R2) are satisfied. Since B (S ) is

non-trivial ly confined to Lx , it follows that the sublanguage Lx contains

at least two propositional variables, and, moreover, there exist at least

four worlds outside [B (S )], such that they agree on al l propositional

variables in Lx .86

Let r be a world outside [B (S )]. Consider the world r ′ /∈ [B (S )],

such that it agrees on all propositional variables with r , except from one

variable of Lx . Moreover, consider the world r ′′ /∈ [B (S )], such that it

agrees on all propositional variables with r ′ , except from one variable

86Let p, q be two propositional variables of Lx , and let r1 , r2 , r3 , r4 be the

aforementioned four worlds. Then, it is not hard to verify that {p, q} ⊆ r1 , {p, q} ⊆ r2 ,

{p, q} ⊆ r3 and {p, q} ⊆ r4 .
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of Lx , and r ′′ 6= r (see Figure D.2).87 Then, by the choice of r, r ′ , r ′′

(that they are outside [B (S )] and agree on all propositional variables

in Lx) and since theory B (S ) knows nothing about Lx (i.e., there is no

sentence ξ ∈ Lx , such that B (S ) |= ξ ), we have that ∅ 6= Diff
(
B (S ), r

)
=

Diff
(
B (S ), r ′

)
= Diff

(
B (S ), r ′′

)
⊆ Lx , Diff (r, r ′) ∩ Diff

(
B (S ), r

)
= ∅

and Diff (r ′ , r ′′) ∩ Diff
(
B (S ), r ′

)
= ∅. Hence from (SQ2), we derive that

r ≈S r
′ ≈S r

′′ .

Now, define ϕ to be the sentence ϕ = r . Therefore from (F◦), it follows

that
[
B (S ◦ ϕ)

]
= {r}. Then, again by the choice of r, r ′ , r ′′ , we derive

that Diff
(
B (S ◦ ϕ), r ′

)
= Diff (r, r ′) ⊂ Diff

(
B (S ◦ ϕ), r ′′

)
= Diff (r, r ′′).

Hence, no matter what the new preorder �S◦ϕ is, as long as it satisfies

(SQ1), it holds that r ′ ≺S◦ϕ r
′′ .

However, given that r ′ , r ′′ ∈ [¬ϕ] and r ′ ≈S r ′′ , (R2) entails that

r ′ ≈S◦ϕ r
′′ . Contradiction. �

r /∈ [B (S )]

r ′ /∈ [B (S )]

r ′′ /∈ [B (S )]

Lx Lx

Figure D.2: Abstract visualization of the worlds appearing in the proof

of Theorem 6.2 (Part II). Same color indicates identical propositional

variables between worlds.

87To see that the worlds r ′ and r ′′ indeed exist, refer to the observation made in

Footnote 86.
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Theorem 6.3. Let Σ be a simple set of belief states, and let Σ ′ be a “wider”

set of belief states, such that |Σ| < |Σ ′ |. There exists a modified AGM

revision function ◦ ′ satisfying the DP postulates, defined over Σ ′ , that

cannot be simulated by any modified AGM revision function ◦ satisfying

the DP postulates, defined over Σ.

Proof. Assume that P = {a, b, c}, and that �1 , �2 , �3 are three total

preorders over the possible worlds of M defined as follows:

abc �1

abc

abc

abc

�1

abc

abc

abc

�1 abc

abc �2

abc

abc

abc

�2

abc

abc

abc

�2 abc

abc �3

abc

abc
�3

abc

abc
�3

abc

abc
�3 abc

Consider four belief states S1 , S2 , S3 and S4 of Σ ′ . We assign at S1 and

S4 the same preorder �1 , at S2 the preorder �2 , and at S3 the preorder

�3 . For simplicity, we assume that each one of the remaining preorders

over M is associated with exactly one belief state. Clearly then, Σ ′ is not

a simple set of belief states.

Suppose now that, for a modified AGM revision function ◦ ′ , defined

over Σ ′ , it holds that S1 ◦ ′ ¬a = S2 , S2 ◦ ′ a = S4 , and S4 ◦ ′ ¬a = S3 , as

depicted in Figure D.3.

Observe that these three transitions satisfy (DP1)–(DP4). Moreover,

observe that:
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S1 S4

S2 S3

�1

�2 �3

◦ ′¬a ◦ ′a ◦ ′¬a

Figure D.3: Transitions between belief states via ◦ ′ .

B
((

((S1 ◦ ′ ¬a) ◦ ′ a) ◦ ′ ¬a
)
◦ ′ (a ∨ ¬b ∨ ¬c)

)
=

B
((

(S2 ◦ ′ a) ◦ ′ ¬a
)
◦ ′ (a ∨ ¬b ∨ ¬c)

)
=

B
(

(S4 ◦ ′ ¬a) ◦ ′ (a ∨ ¬b ∨ ¬c)
)

=

B
(
S3 ◦ ′ (a ∨ ¬b ∨ ¬c)

)
=

Cn
(

(¬a ∧ ¬b ∧ c) ∨ (¬a ∧ b ∧ ¬c)
)
.

Next, we show that there is no modified AGM revision function

satisfying the DP postulates, defined over the simple set of belief states

Σ, that simulates ◦ ′ .
First, let us denote by Q1 and Q2 the belief states of Σ that correspond

to the preorders �1 and �2 , respectively.

Now, assume, towards contradiction, that there exists a modified

AGM revision function ◦ satisfying (DP1)–(DP4), defined over Σ, that

simulates ◦ ′ .
Then, by Definition 6.6, there exists a function f from Σ ′ to Σ, such

that, for any ϕ ∈ L, B
(
S1 ◦ ′ ϕ

)
= B

(
f (S1) ◦ ϕ

)
. Since ϕ is any arbitrary

sentence of the language, in order for the last relation to hold, the preorder

associated with the belief state S1 , and that associated with the belief

state f (S1), must be identical. Since S1 is associated with �1 , and the

only belief state of Σ that is, also, associated with �1 is Q1 , then it must

be the case that f (S1) = Q1 .
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Since ◦ simulates ◦ ′ , then Definition 6.6, also, implies that B
((
S1 ◦ ′

¬a
)
◦ ′ ϕ

)
= B

((
f (S1) ◦ ¬a

)
◦ ϕ
)

, for any ϕ ∈ L; that is, B
(
S2 ◦ ′ ϕ

)
=

B
((
Q1 ◦ ¬a

)
◦ ϕ
)

, given f (S1) = Q1 and S1 ◦ ′ ¬a = S2 (by hypothesis).

Again, since ϕ is any arbitrary sentence of the language, in order for the

last relation to hold, the preorder associated with the belief state S2 , and

that associated with the belief state Q1 ◦¬a, must be identical. Since S2 is

associated with �2 , and the only belief state of Σ that is, also, associated

with �2 is Q2 , then it must be the case that Q1 ◦ ¬a = Q2 (1).

Analogously, since ◦ simulates ◦ ′ , then Definition 6.6 implies that

B
(
S2 ◦ ′ ϕ

)
= B

(
f (S2) ◦ ϕ

)
and B

((
S2 ◦ ′ a

)
◦ ′ ϕ

)
= B

((
f (S2) ◦ a

)
◦ ϕ
)

, for

any ϕ ∈ L. Following the same line of reasoning as above, we derive that

Q2 ◦ a = Q1 (2).

Then, using relations (1) and (2), we have:

B
((

((Q1 ◦ ¬a) ◦ a) ◦ ¬a
)
◦ (a ∨ ¬b ∨ ¬c)

)
=

B
((

(Q2 ◦ a) ◦ ¬a
)
◦ (a ∨ ¬b ∨ ¬c)

)
=

B
(

(Q1 ◦ ¬a) ◦ (a ∨ ¬b ∨ ¬c)
)

=

B
(
Q2 ◦ (a ∨ ¬b ∨ ¬c)

)
=

Cn
(

(¬a ∧ ¬b ∧ c) ∨ (¬a ∧ b ∧ ¬c) ∨ (a ∧ b ∧ c)
)
6=

B
((

((S1 ◦ ′ ¬a) ◦ ′ a) ◦ ′ ¬a
)
◦ ′ (a ∨ ¬b ∨ ¬c)

)
=

Cn
(

(¬a ∧ ¬b ∧ c) ∨ (¬a ∧ b ∧ ¬c)
)
,

which is clearly a contradiction. �
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