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1. Introduction
Symbolic computations performed with the help of a computer algebra system constitute a use-

ful computational tool in various fields including applied mechanics long ago. An interesting review
of symbolic computations in applied mechanics was prepared by Pavlović [1] in 2003. During the
last twenty five years the author has been interested in the computational method of quantifier elim-
ination for elementary real algebra. Today this method is frequently based on the general-purpose
CAD (cylindrical algebraic decomposition) algorithm. This ingenious algorithm was devised and
announced by Collins in 1973 at Carnegie Mellon University. The related well-known publication
is the paper by Collins [2] published in 1975. A very interesting collection of papers on quantifier
elimination and CAD is still the book edited by Caviness and Johnson [3] and published in 1998.
Moreover, a bibliography on the applications of quantifier elimination in elementary real algebra
was prepared by Ratschan [4] in 2012. On the other hand, a large number of research results on
CAD by several authors is available in the literature; see, e.g., the recent paper by Strzeboński [5].

Moreover, Strzeboński also prepared the implementation of quantifier elimination in the popular
computer algebra system Mathematica [6], which seems to be the most efficient related implemen-
tation and it will be continuously used here. The references to this implementation consist of the
tutorial [7] and the related pages in the book by Trott [8, pp. 60–78] on symbolic computations.

Since 1989 the author has been interested in using computer algebra systems in problems of ap-
plied mechanics (see, e.g., [9]) and since 1994 in quantifier elimination having applied this modern
computational method to many applied mechanics and related problems; see, e.g., Refs. [10–24].
Furthermore, an interesting recent paper directly using CAD and concerning optimal solutions to
truss problems in structural mechanics was prepared by Charalampakis and Chatzigiannelis [25].

On the other hand, the modern era in interval analysis began in 1959 with the results by Moore
and his collaborators; see, e.g., Ref. [26] and the famous book also by Moore [27], which remains
the classical book on interval analysis. A more recent book by Moore, Kearfott and Cloud [28] con-
stituting an introduction to interval analysis is also of particular interest. Previous results on interval
analysis are due to several authors beginning in the antiquity with Archimedes (for the computation
of the number π). Moreover, an interesting recent bibliography on interval computations and reli-
able computing including 784 entries was prepared by Beebe, Kearfott and Kreinovich [29] in 2017.

The commands concerning interval arithmetic in the computer algebra system Mathematica [6]
are described by Keiper [30]. Moreover, a Mathematica package, the package directed.m, con-
cerning directed interval arithmetic and extending the interval capabilities of Mathematica was pre-
pared by Popova and Ullrich [31] in 1996. Another interesting Mathematica package, the package
IntervalComputations‘LinearSystems’, devoted to the solution of parametric/nonparametric
systems of linear equations with uncertainties was also prepared by Popova [32] in 2000–2004.

It can also be mentioned that quantifiers and quantifier elimination are strongly related to inter-
val analysis and this seems to be natural. Among the related results we can make reference, e.g., to
the results by Grandón and Neveu [33], Grandón and Goldsztejn [34] and Khanh and Ogawa [35].

Moreover, we can mention that the implementation of quantifier elimination in Mathematica [6]
by Strzeboński was already successfully employed by Popova [36] and by Popova and Krämer [37]
for the characterization of solution sets of parametric systems of linear algebraic equations. But,
unfortunately, the derived results required too much CPU (central processing unit) time [36] or they
contained a very large number of logical expressions [37] compared with the same authors’ own
efficient methods for exactly the same computational tasks for systems of linear algebraic equations.

Of course, interval analysis proved to be an extremely useful tool in applied mechanics long ago.
Among a very large number of related interesting publications see, e.g., the papers (in chronologi-
cal order) by Dimarogonas [38], Qiu, Chen and Song [39], Qiu and Elishakoff [40], Kulpa, Pownuk
and Skalna [41], McWilliam [42], Guo and Lü [43], Skalna [44], Popova, Iankov and Bonev [45],
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Shao and Su [46], Elishakoff and Ohsaki [47] (book), Wang and Qiu [48], Behera [49] (Ph.D. The-
sis), Gabriele and Varano [50], Sofi, Muscolino and Elishakoff [51], Chakraverty, Hladík and Be-
hera [52], Popova [53], Skalna and Hladík [54], Faes and Moens [55, 56], Muscolino and San-
toro [57], Sofi, Romeo, Barrera and Cocks [58] and Dinh-Cong, Van Hoa and Nguyen-Thoi [59].

In five recent technical reports [20–24], we also combined quantifier elimination (using Math-
ematica [6]) with interval analysis in the following problems: (i) of the computation of ranges of
functions appearing in problems of applied mechanics [20], (ii) of the determination of ranges of
values of stress concentration factors in plane elasticity (notch and hole problems) [21], (iii) sim-
ilarly, for stress intensity factors at crack tips in fracture mechanics [22], (iv) of the derivation of
sharp enclosures of the two real roots of the classical parametric quadratic equation, but with only
one interval coefficient [23] and, very recently, (v) of the determination of sharp bounds in truss and
other applied mechanics problems with uncertain, interval forces/loads and other parameters [24].

Here we will extend our recent results in Ref. [24] from numerical intervals to symbolic inter-
vals. We feel that it is really a pity that Mathematica [6], which is a so powerful computer algebra
system, has been restricted by us in Ref. [24] to the derivation of only numerical intervals for the
unknown mechanical quantities. Hence, here we will simply extend the combination of quantifier
elimination with interval analysis for the determination of sharp, exact bounds in the six-member
truss problem already studied in Ref. [24, Section 6, pp. 26–38] to the case of symbolic intervals.

More explicitly, here after a brief introduction to the approach in Section 2, in Section 3 we will
proceed to its application to the classical six-member truss problem already studied in Ref. [24,
Section 6, pp. 26–38]. With respect to this problem we will derive symbolic intervals for the four
unknown displacements in both cases (i) of one non-interval parameter (just a symbol) and two
interval parameters with numerical intervals (Subsection 3.4) and (ii) of two non-interval parame-
ters (just symbols) and one interval parameter with a numerical interval (Subsection 3.5). (Partial
verifications of the results are included in Subsection 3.6). Next, we will also consider the cases
(i) of one parameter with a symbolic interval and two non-interval parameters (just symbols) (Sub-
section 3.7) and (ii) of two parameters with symbolic intervals and one non-interval parameter
(just a symbol) (Subsection 3.8). The derived symbolic intervals for the unknown quantities offer
a generality compared to numerical intervals. This constitutes a serious advantage of the present
computational approach. Of course, the present six-member truss problem is a classical truss prob-
lem already studied by using methods of interval analysis for the derivation of (numerical) intervals
for the displacements of the nodes of the truss by Qiu, Chen and Song [39], recently and much more
efficiently by Popova [53] as well as by several other researchers; see Refs. [40, 42, 43, 46–49, 52].

At this point we can also mention that in the present truss problem a system of four parametric
interval linear algebraic equations is encountered. Ordinary systems of interval linear algebraic
equations and systems of parametric interval linear algebraic equations have been studied by many
authors; see, e.g., the interesting books by Neumaier [60] and by Skalna [61], respectively, and the
extensive lists of references therein. But it is also well known [62] that the method of quantifier
elimination is successful only in problems with a small total number of variables (both free variables
and quantified variables). Therefore, this method cannot be used in problems with many variables.

Evidently, the use of symbolic intervals is natural and very well known. For example, beyond
the elementary use of symbolic intervals in many simple interval computations (see, e.g., the book
by Moore, Kearfott and Cloud [28]), such intervals were also used in much more important appli-
cations (see, e.g., Ref. [63]). Moreover, by using the present method of quantifier elimination the
author derived symbolic intervals (i) in Ref. [23] for the two real roots of the quadratic equation and
(ii) in Refs. [20–22] in the simple case of ranges of functions in problems of applied mechanics [20]
and in the related cases of stress concentration factors [21] and of stress intensity factors [22], but
not in the present and more complicated case, where a system of linear equations is encountered.
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2. The computational method
The present computational method, based on quantifier elimination and its implementation in

Mathematica [6], is very simple and, essentially, it coincides with the corresponding method for nu-
merical intervals. More explicitly, for an applied mechanics problem (such as the truss problem in
the next section) the basic steps of this computational method can be briefly described as follows:

1. First step: Define the quantities of interest in the applied mechanics problem under consid-
eration through their numerical values (whenever these values are available) or through the
related formulae available from the related theoretical results that are valid for this problem.

2. Second step: Provide the related equations E , which are frequently systems of parametric
interval linear algebraic equations (again such as the system of four linear equations resulting
in the truss problem to be studied in the next section), and/or the related inequalities I if any.

3. Third step: Define the assumptions A related to the problem and including interval assump-
tions (for numerical intervals and/or for symbolic intervals for the parameters of the prob-
lem), positivity assumptions, various equality and, more frequently, inequality constraints,
etc.) These assumptions should finally appear in Mathematica in a conjunctive logical form
(by using the conjunction operator ∧ , logical ‘and’) instead simply as a list of assumptions.

4. Fourth step: Define the quantified formula QF of the problem including either the universal
quantifier ∀ (for all) or the existential quantifier ∃ (exists) or both and the related quantified
variables vQ , the equations E and/or the inequalities I of the problem (including numerical
values, the parameters p and the unknown quantities u of the problem) and the already de-
fined related assumptions A . Remark: Frequently, it is possible to use either the universal
quantifier ∀ or the existential quantifier ∃ . In such cases, it is recommended that the use of
the existential quantifier ∃ be preferred and this can reduce the number of free variables vF
because in this case the upper and lower bounds of the quantity of interest are not required.

5. Fifth step: On the basis of the quantified formula QF of the previous step, perform quantifier
elimination (here using its efficient implementation in Mathematica [6] by Strzeboński) and
reduce it to a QFF (quantifier-free formula) QFF containing only the free variables vF in
the quantified formula QF (which includes the quantity of interest u as far as its interval is
concerned) and, obviously, completely free from the quantifiers ∀ and/or ∃ in QF as well as
from the related quantified variables vQ. In Mathematica [6], the quantifier elimination can
be performed by using either the Resolve command (devoted to quantifier elimination) or the
Reduce command, a general-purpose command which also performs quantifier elimination
analogously to the Resolve command probably calling the Resolve command. Usually, but
not always, these two commands lead to the same QFF (quantifier-free formula), but this
author recommends the use of the Reduce command in all cases. Moreover, quite frequently,
additional auxiliary commands such as the Refine, Simplify, Factor, Timing and other
commands are used in a quantifier-elimination command for the derivation of a better QFF.

6. Sixth step: If possible, verify the resulting QFF QFF in some special cases of the mechanical
problem under consideration and/or with numerical values of the symbols s (the remaining
parameters in the QFF QFF ) in it as is here the case, where symbolic intervals are computed.

7. Seventh step: Transform the resulting QFF QFF (here with symbols) to the related symbolic
interval for the mechanical quantity of interest u. This seems to be always a very simple task.

• Remark: For a successful quantifier elimination the total number of variables v (both quantified
variables vQ and free variables vF ) should be as small as possible. Usually, this number should not
exceed five to eight variables v. In the case of a system of parametric linear algebraic equations, for
the reduction of the number of variables we may be able at first to determine its closed-form solution
(generally by using the Solve command of Mathematica [6]) and, next, to proceed to quantifier
elimination. This approach will be employed in Subsection 3.7 as well as in Subsection 3.8 below.
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Fig. 1. A six-member truss loaded at its nodes 2 and 3.

3. A six-member truss

3.1. The mechanical problem

As an application of the present computational approach, in this section we will study a classical
problem of structural mechanics. This is the problem of the truss of Fig. 1, which consists of
a six-member truss, but with two pin supports (at the lower nodes 1 and 4) and four unknown
displacements. (Therefore, it is clear that the bar 2 of the truss connecting the lower nodes 1 and 4 is
inactive.) With respect to uncertain (but non-random) parameters this problem was already studied
by Qiu, Chen and Song [39], recently by Popova [53] as well as by several other researchers; see
Refs. [40, 42, 43, 46–49, 52]. Moreover, recently, the present truss problem was also studied by
the author [24, Section 6, pp. 26–38] by the present method of quantifier elimination, but only for
numerical intervals for the unknown displacements and not for symbolic intervals contrary to what
is here the case and will be illustrated in Subsection 3.4 and in Subsection 3.5 below in this section.

All the lengths Li (i = 1,2, . . . ,6) of the six bars of the truss are assumed to have crisp (deter-
ministic) values and they are given by (in m); see, e.g., [53, p. 501, Table 1], [24, p. 26, Eq. (123)]

L1 = L2 = 0.6, L3 = L4 = 0.8, L5 = L6 = 1 (1)

as is clear from Fig. 1 and since we have L5 = L6 =
√

L2
2 +L2

3 =
√

L2
2 +L2

4 =
√

0.62 +0.82 = 1.
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Furthermore, the areas Ai (i = 1,2,3,4) of the cross-sections of the four bars 1, 2, 3 and 4,
respectively, of the same truss (Fig. 1) are given by (in m2) [53, p. 501, Table 1], [24, p. 27,
Eq. (125)] A1 = A2 = A3 = A4 = 1.0×10−3 (2)

having crisp (deterministic) values as well. On the other hand, here the areas A5 and A6 of the cross-
sections of the two bars 5 and 6, respectively, of the same truss (Fig. 1) are assumed to be positive
parameters (A5 > 0 and A6 > 0). Next, the moduli of elasticity (Young’s moduli) Ei (i = 1,2, . . . ,6)
of the isotropic elastic materials of the six bars of the truss are assumed to be all equal and also
crisp (deterministic) and they are given by (in kN/m2) [53, p. 501, Table 1], [24, p. 27, Eq. (126)]

E1 = E2 = E3 = E4 = E5 = E6 = 2.1×108. (3)

Finally, the loading vector F of the four forces acting at the two upper nodes 2 and 3 of the truss
(Fig. 1) is given by (in kN) [53, p. 502, second of Eqs. (36)], [24, p. 27, Eq. (127)]

F = (P, 2P, 2.5P,−1.5P) = {P, 2P, 2.5P,−1.5P}T = {P, 2P, (5/2)P,−(3/2)P}T (4)

for convenience with the loading parameter P here assumed to be a positive parameter (P > 0).
Now the axial rigidities si (i = 1,2, . . . ,6) of the six bars of the truss (here in kN/m) are given

by the following very well-known formulae exactly as in Ref. [24, p. 27, Eqs. (128)]:

si =
Ei Ai

Li
, i = 1,2, . . . ,6. (5)

Therefore, the reduced stiffness matrix K of the truss is given by [53, p. 502, first of Eqs. (36)],
[24, p. 27, Eq. (129)]

K =


s1 +0.36s5 −0.48s5 −s1 0
−0.48s5 s3 +0.64s5 0 0
−s1 0 s1 +0.36s6 0.48s6

0 0 0.48s6 s4 +0.64s6

. (6)

Here, exactly as in Ref. [24], for this stiffness matrix K we strongly prefer its equivalent rational
form directly obtained by using the Rationalize command of Mathematica [6], i.e. the form
[24, p. 27, Eq. (130)]

K =



s1 +
9
25

s5 − 12
25

s5 −s1 0

− 12
25

s5 s3 +
16
25

s5 0 0

−s1 0 s1 +
9

25
s6

12
25

s6

0 0
12
25

s6 s4 +
16
25

s6


. (7)

This form is preferable here (exactly as in Ref. [24]) simply because quantifier elimination is al-
ways performed in Mathematica [6] and in computer algebra systems is general in exact (rational)
arithmetic, i.e. without the use of decimal numbers.

Furthermore, the vector u of unknowns in the present truss problem (Fig. 1) consists of the four
unknown displacements u2 and v2 at the node 2 of the truss and also u3 and v3 at the node 3 of the
truss (Fig. 1), i.e. [53, p. 502, last of Eqs. (36)] (but with different symbols there) and [24, p. 27,
Eq. (131)] u = (u2, v2, u3, v3) = {u2, v2, u3, v3}T . (8)

Therefore, finally, the system E of linear algebraic equations for the present truss problem (Fig. 1)
has the form [53, p. 501] (but again with slightly different symbols there) and [24, p. 27, Eq. (132)]

Ku = F. (9)
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This linear system has six parameters: s1, s3, s4, s5, s6 and P in its general form, but only three
parameters: A5, A6 and P in its present special form, where Eqs. (1)–(3) hold true.

With respect to this system (9) here at first we will briefly consider the two extreme cases

(i) the trivial case of three non-interval parameters and no interval parameter and
(ii) the very well-known case of three interval parameters and no non-interval parameter

with the latter case already studied also in Ref. [24] by the method of quantifier elimination. Next,
we will proceed to the present two new cases related to symbolic intervals of the displacements, i.e.

(iii) the new case of one non-interval parameter and two interval parameters and
(iv) the new case of two non-interval parameters and one interval parameter.

In the latter two cases (iii) and (iv), here we will derive symbolic intervals (with the explicit–
symbolic appearance of the non-interval parameter(s) in the expressions of the endpoints of these
intervals) for the four unknown displacements u2, v2, u3 and v3 in the vector u of displacements,
Eq. (8), at the nodes 2 and 3 of the truss (Fig. 1). For the present truss problem this type of intervals,
symbolic intervals, were not derived in Ref. [24] and in the related aforementioned references,
where only numerical intervals for the four unknown displacements u2, v2, u3 and v3 were derived.

3.2. The case of three non-interval parameters and no interval parameter

We begin with the very simple and completely unrelated to intervals case where we simply
have three non-interval parameters, the two cross-sectional parameters A5 and A6 of the bars 5
and 6 of the truss, respectively (Fig. 1), as well as the loading parameter P in the loading vector F
in Eq. (4). Here all these three parameters, A5, A6 and P, are assumed to be completely independent
(no dependency) and, as was already mentioned, not related to intervals at all.

In the present three-parametric case, the reduced stiffness matrix K in Eq. (6) or, equivalently,
in Eq. (7) takes the two-parametric form [24, p. 36, Eq. (184)]

K =


756A5 +3.5 −1008A5 −3.5 0
−1008A5 1344A5 +2.625 0 0
−3.5 0 756A6 +3.5 1008A6

0 0 1008A6 1344A6 +2.625

×105. (10)

Clearly, this stiffness matrix K is a function of the two cross-sectional parameters A5 and A6 of the
bars 5 and 6, respectively (Fig. 1), and, of course, it does not depend on the loading parameter P.

The related system of four parametric interval linear algebraic equations (9), Ku = F, is easily
seen to take the following three-parametric form E [24, p. 36, Eqs. (185)] (denoted in Mathematica
by the related symbol eqs and, further, eqsc in its related logically conjunctive, but essentially
equivalent, form where the logical conjunction operator ∧ , i.e. the logical “and”, is used between
the successive equations):

(75600000A5 +350000)u2 −100800000A5v2 −350000u3 = P,

−100800000A5u2 +(134400000A5 +262500)v2 = 2P ,

−350000u2 +(75600000A6 +350000)u3 +100800000A6v3 =
5
2

P,

100800000A6u3 +(134400000A6 +262500)v3 = − 3
2

P .

(11)

The solution sol of the above system E in Eq. (9) and here in Eqs. (11) can be derived very
easily with the help of the popular Solve command of Mathematica here by using the command

sol = Solve[eqs, {u2,v2,u3,v3}]//Factor [c1]
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This solution has the following form [24, p. 37, Eqs. (186)]:

u2 =
(3764224A5A6 +5120A5 +5168A6 +7)P

151200000(1240A5A6 +A5 +A6)
,

v2 =
(7352A5A6 +10A5 +3A6)P

393750(1240A5A6 +A5 +A6)
,

u3 =
(4013056A5A6 +6200A5 +4736A6 +7)P

151200000(1240A5A6 +A5 +A6)
,

v3 = − (31352A5A6 +9A5 +37A6)P
1575000(1240A5A6 +A5 +A6)

.

(12)

Naturally, this is a symbolic solution of the system E completely unrelated to intervals although we
already assumed that the three parameters A5, A6 and P are positive real numbers. By substituting
these parameters with specific numerical values, we obtain numerical solutions of this system E .

At this point we can also mention that the same solution (12) can also be obtained by using
the Reduce command of Mathematica instead of the simpler and more popular Solve command
having been used in the command [c1]. More explicitly, by using the commands

Refine[Reduce[Exists[{v2,u3,v3}, assp, eqsc], u2, Reals], assp]//Factor [c2]
Refine[Reduce[Exists[{u2,u3,v3}, assp, eqsc], v2, Reals], assp]//Factor [c3]
Refine[Reduce[Exists[{u2,v2,v3}, assp, eqsc], u3, Reals], assp]//Factor [c4]
Refine[Reduce[Exists[{u2,v2,u3}, assp, eqsc], v3, Reals], assp]//Factor [c5]

we directly obtain exactly the same solution (12) of the present system of linear algebraic equations.
In the above four commands, the symbol assp denotes the present three positivity assumptions

Ap = A5 > 0 ∧ A6 > 0 ∧ P > 0. (13)

The case of this subsection has been an introductory one unrelated to intervals. Now we proceed
to the case of three interval parameters (with numerical intervals) and no non-interval parameter.

3.3. The case of three interval parameters and no non-interval parameter

This is the second extreme case of interest now completely related to intervals and also having
been studied in the aforementioned references [39, 40, 42, 43, 46–49, 52, 53] by several methods
including, very recently, the method of quantifier elimination in Ref. [24].

Here we denote by the symbols u2s, v2s, u3s and v3s the right-hand sides of the above equa-
tions (12), respectively, i.e. the three-parametric expressions of the four displacements u2, v2, u3
and v3. Again we also make the positivity assumptions Ap in Eq. (13) for the present truss problem
(Fig. 1) exactly as in the previous subsection.

The present case is the case where we have two interval cross-sectional parameters A5 and A6
concerning the cross-sections of the two bars 5 and 6 of the truss, respectively (Fig. 1), and, simul-
taneously, one interval loading parameter P in the loading vector F in Eq. (4). Here these three pa-
rameters are assumed completely independent. The present particular truss problem was recently
studied in detail by Popova [53, pp. 501–503, Example 1] by using both the classical and the alge-
braic interval models (but with emphasis put on the algebraic interval model) naturally with com-
pletely different results. For the classical interval model, as was already mentioned, the same truss
problem was also studied by the author in Ref. [24] by the present method of quantifier elimination.
Here the related assumptions A1 concerning the intervals of the three parameters A5, A6 and P are

A1 = 1.008×10−3 ≤ A5 ≤ 1.092×10−3 ∧ 1.0×10−3 ≤ A6 ≤ 1.1×10−3 ∧ 20 ≤ P ≤ 21 (14)
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(always in m2 for the areas Ai of the cross-sections and in kN for the loading parameter P) with the
two intervals

A5 ∈ [1.008,1.092]×10−3, A6 ∈ [1.0,1.1]×10−3 (15)

selected here exactly as they were selected by Popova [53, p. 502]. This selection was also adopted
by the author [24, p. 36, Eq. (181)]. Under the above assumptions A1 in Eq. (14) and with the use
of the method of quantifier elimination it was found that [24, pp. 37–38, inequalities (191)–(198)]

111315556
135898678125

≤ u2 ≤
4584049

5090500000
(16)

and numerically (with an accuracy of twenty significant digits)

8.1910698128801243629×10−4 ≤ u2 ≤ 9.0051055888419605147×10−4 (17)

for the displacement u2, next,
2242906

7142690625
≤ v2 ≤

228629
673062500

(18)
and numerically

3.1401416045511560988×10−4 ≤ v2 ≤ 3.3968465038536540069×10−4 (19)

for the displacement v2, next,
464853181

543594712500
≤ u3 ≤

4780981
5090500000

(20)
and numerically

8.5514661991860342093×10−4 ≤ u3 ≤ 9.3919673902367154503×10−4 (21)

for the displacement u3 and, finally,

− 13208609
40815375000

≤ v3 ≤− 1266631
4240293750

(22)
and numerically

−3.2361846485546194296×10−4 ≤ v3 ≤−2.9871303137901707871×10−4 (23)

for the last displacement v3. Evidently, these four QFFs essentially give us the numerical intervals
of the four displacements u2, v2, u3 and v3 at the nodes 2 and 3 of the present truss (Fig. 1).

Clearly, the above QFFs (16), (18), (20) and (22) essentially provide us with the interval hull
of the united solution set of the present system of parametric interval linear algebraic equations E ,
i.e. the actual (sharp) intervals of the four displacements u2, v2, u3 and v3. Moreover, the same
QFFs, essentially the intervals of the four displacements u2, v2, u3 and v3, are in agreement (as was
expected) with the related intervals found by Popova [53, p. 502, Table 3] for exactly the same truss
problem (Fig. 1) derived by using the classical interval model although here no outward rounding
was made in the decimal approximations to these QFFs in the inequalities (17), (19), (21) and (23).

3.4. The case of one non-interval parameter and two interval parameters

In this subsection, we consider the three cases of one non-interval parameter: (i) the parameter P
(here just a symbol), (ii) the parameter A5 (here again just a symbol) and (iii) the parameter A6 (here
again just a symbol). The remaining two parameters (i) A5 and A6 in the first case, (ii) A6 and P
in the second case and (iii) A5 and P in the third case remain ordinary interval parameters with
numerical intervals defined in Eq. (14) for the assumptions A1 there. In these cases, on the basis of
Eqs. (11) in their conjunctive logical form (eqsc in Mathematica as was already mentioned) and
continuously using the method of quantifier elimination, below we will derive the related symbolic
intervals for the four unknown displacements u2, v2, u3 and v3, i.e. four ordinary intervals but here
with their endpoints including the parameter (symbol) (i) P, (ii) A5 and (iii) A6 under consideration.



10 N. I. Ioakimidis: Symbolic intervals in simple applied mechanics problems (Nemertes, 2019)

3.4.1. The case of the non-interval parameter P and the interval parameters A5 and A6

In this case, the parameter P is assumed to be just a symbol unrelated to intervals whereas the
parameters A5 and A6 are assumed to be interval parameters (belonging to numerical intervals) with

A5 ∈ [1.008, 1.092]×10−3, A6 ∈ [1.0, 1.1]×10−3 (24)

as is clear from the assumptions A1 in Eq. (14) for these two interval parameters A5 and A6. Here
for computational convenience we also assume that P > 0.

Here our related assumptions Ap,P (denoted by the related symbol asspP in Mathematica) are

Ap,P = 1.008×10−3 ≤ A5 ≤ 1.092×10−3 ∧ 1.0×10−3 ≤ A6 ≤ 1.1×10−3 ∧ P > 0 (25)

and in their final rational form (very easily obtained by using the Rationalize command of Math-
ematica)

Ap,P =
63

62500
≤ A5 ≤

273
250000

∧ 1
1000

≤ A6 ≤
11

10000
∧ P > 0. (26)

Now, for the four unknown displacements u2, v2, u3 and v3 we have the existentially quantified for-
mulae

∃{v2,u3,v3,A5,A6} such that equations E hold true under the assumptions Ap,P , (27)

∃{u2,u3,v3,A5,A6} such that equations E hold true under the assumptions Ap,P , (28)

∃{u2,v2,v3,A5,A6} such that equations E hold true under the assumptions Ap,P , (29)

∃{u2,v2,u3,A5,A6} such that equations E hold true under the assumptions Ap,P , (30)

respectively. The related quantifier-elimination commands of Mathematica have the forms

Refine[Reduce[Exists[{v2,u3,v3,A5,A6}, asspP, eqsc], u2, Reals], asspP] [c6]

Refine[Reduce[Exists[{u2,u3,v3,A5,A6}, asspP, eqsc], v2, Reals], asspP] [c7]

Refine[Reduce[Exists[{u2,v2,v3,A5,A6}, asspP, eqsc], u3, Reals], asspP] [c8]

Refine[Reduce[Exists[{u2,v2,u3,A5,A6}, asspP, eqsc], v3, Reals], asspP] [c9]

respectively. The outputs of these commands, i.e. the related QFFs (quantifier-free formulae), have
the rational forms

27828889P
679493390625

≤ u2 ≤
4584049P

106900500000
, (31)

1121453P
71426906250

≤ v2 ≤ 228629P
14134312500

, (32)

464853181P
10871894250000

≤ u3 ≤
4780981P

106900500000
, (33)

− 13208609P
857122875000

≤ v3 ≤− 1266631P
84805875000

(34)

and numerically (here with an accuracy of twenty significant digits but without outward rounding)

4.0955349064400621814P×10−5 ≤ u2 ≤ 4.2881455184961716737P×10−5, (35)

1.5700708022755780494P×10−5 ≤ v2 ≤ 1.6175459542160257176P×10−5, (36)

4.2757330995930171046P×10−5 ≤ u3 ≤ 4.4723654239222454525P×10−5, (37)

−1.5410403088355330617P×10−5 ≤ v3 ≤−1.4935651568950853936P×10−5. (38)
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Therefore, in the present case, the symbolic intervals of the displacements u2, v2, u3 and v3 are
u2 ∈ [4.0955349064400621814P, 4.2881455184961716737P ]×10−5, (39)

v2 ∈ [1.5700708022755780494P, 1.6175459542160257176P ]×10−5, (40)

u3 ∈ [4.2757330995930171046P, 4.4723654239222454525P ]×10−5, (41)

v3 ∈ [−1.5410403088355330617P, −1.4935651568950853936P ]×10−5. (42)
These four symbolic intervals constitute the symbolic interval hull of the united solution set of
the four equations E in Eq. (11) under the present assumptions Ap,P in Eq. (25) or, equivalently,
in Eq. (26). Numerical forms of these intervals can be directly obtained for any positive numerical
value of the loading parameter (here the symbol) P in Eq. (4) for the loading vector F. Here
the positivity of this parameter, P, has been explicitly assumed (just for computational convenience
and, naturally, not for physical reasons) in the last of the assumptions Ap,P in Eq. (25) or in Eq. (26).

For example, for P = P1 = 20 the above four symbolic intervals (39)–(42) take the correspond-
ing numerical forms

u2 ∈ [8.1910698128801243629, 8.5762910369923433473]×10−4, (43)

v2 ∈ [3.1401416045511560988, 3.2350919084320514351]×10−4, (44)

u3 ∈ [8.5514661991860342093, 8.9447308478444909051]×10−4, (45)

v3 ∈ [−3.0820806176710661234. −2.9871303137901707871]×10−4. (46)

Similarly, for P = P2 = 21 the same intervals take the following corresponding numerical forms:

u2 ∈ [8.6006233035241305810, 9.0051055888419605147]×10−4, (47)

v2 ∈ [3.2971486847787139038, 3.3968465038536540069 ]×10−4, (48)

u3 ∈ [8.9790395091453359197, 9.3919673902367154503]×10−4, (49)

v3 ∈ [−3.2361846485546194296, −3.1364868294796793265 ]×10−4. (50)

On the other hand, from the inequalities (17), (19), (21) and (23) we directly observe that the
corresponding numerical intervals which are valid in the case of three interval parameters A5, A6
and P under the similar assumptions A1 in Eq. (14) are

u2 ∈ [8.1910698128801243629, 9.0051055888419605147]×10−4, (51)

v2 ∈ [3.1401416045511560988, 3.3968465038536540069 ]×10−4, (52)

u3 ∈ [8.5514661991860342093, 9.3919673902367154503]×10−4, (53)

v3 ∈ [−3.2361846485546194296, −2.9871303137901707871 ]×10−4. (54)

From the above results we conclude that under the present conditions in the truss problem of
Fig. 1 the two numerical values P1 = 20 and P2 = 21 of the loading parameter P in the symbolic
intervals (39)–(42) of the displacements u2, v2, u3 and v3 of the nodes 2 and 3 of the truss lead
to numerical intervals with endpoints including all the corresponding endpoints of the related nu-
merical intervals having been directly obtained under similar assumptions, but with three interval
parameters and no non-interval parameter, in the previous Subsection 3.3 and displayed here in
the above numerical intervals (51)–(54). For example, for the displacement v3 in the interval (54)
the left endpoint of this interval is obtained for P = 21, interval (50), whereas the right endpoint
of the same interval is obtained for P = 20, interval (46). Of course, this situation is completely
natural and expected in the present truss problem, where the loading parameter P appears simply as
a positive multiplicative constant at all eight endpoints of the related symbolic intervals (39)–(42).
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3.4.2. The case of the non-interval parameter A5 and the interval parameters A6 and P
Now we proceed to the second case with one non-interval parameter. In this case, at first

we assume that the parameter A5 is just a symbol whereas the parameters A6 and P are interval
parameters (belonging to numerical intervals) with

A6 ∈ [1.0, 1.1]×10−3, P ∈ [20, 21] (55)

again as is clear from the assumptions A1 in Eq. (14) for these two interval parameters A6 and P.
Here for obvious physical reasons (positivity of the cross-sectional area A5 of the bar 5 of the truss)
we also assume that A5 > 0.

Hence, our related assumptions Ap,A5 (denoted by the related symbol asspA5 in Mathematica)
are

Ap,A5 = 1.0×10−3 ≤ A6 ≤ 1.1×10−3 ∧ 20 ≤ P ≤ 21 ∧ A5 > 0 (56)

and in their final rational form (again very easily obtained by using the Rationalize command of
Mathematica)

Ap,A5 =
1

1000
≤ A6 ≤

11
10000

∧ 20 ≤ P ≤ 21 ∧ A5 > 0. (57)

Now, for the four unknown displacements u2, v2, u3 and v3 we have the following corresponding
existentially quantified formulae:

∃{v2,u3,v3,A6,P} such that equations E hold true under the assumptions Ap,A5 , (58)

∃{u2,u3,v3,A6,P} such that equations E hold true under the assumptions Ap,A5 , (59)

∃{u2,v2,v3,A6,P} such that equations E hold true under the assumptions Ap,A5 , (60)

∃{u2,v2,u3,A6,P} such that equations E hold true under the assumptions Ap,A5 , (61)

respectively. Then the related quantifier-elimination commands of Mathematica have the forms

Refine[Reduce[Exists[{u3,v3,v2,A6,P}, asspA5, eqsc], u2, Reals], asspA5] [c10]

Refine[Reduce[Exists[{u3,v3,u2,A6,P}, asspA5, eqsc], v2, Reals], asspA5] [c11]

Refine[Reduce[Exists[{u2,v2,v3,A6,P}, asspA5, eqsc], u3, Reals], asspA5] [c12]

Refine[Reduce[Exists[{u2,v2,u3,A6,P}, asspA5, eqsc], v3, Reals], asspA5] [c13]

respectively.
The outputs of these commands, i.e. the related QFFs (quantifier-free formulae), now have the

rational forms
2(723488A5 +991)

118125(23640A5 +11)
≤ u2 ≤

123392A5 +169
100000(2240A5 +1)

, (62)

2(180872A5 +33)
39375(23640A5 +11)

≤ v2 ≤ 5784A5 +1
6250(2240A5 +1)

, (63)

6633976A5 +7631
472500(23640A5 +11)

≤ u3 ≤
141848A5 +163

100000(2240A5 +1)
, (64)

− 434872A5 +407
75000(23640A5 +11)

≤ v3 ≤− 40352A5 +37
78750(2240A5 +1)

. (65)

(Clearly, in the present case with the appearance of symbolic fractions with the symbol A5 appearing
in these fractions, the related numerical approximations do not seem to present any significant
advantage and, hence, they will not be displayed here.)
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Therefore, in the present case, the symbolic intervals of the displacements u2, v2, u3 and v3 are

u2 ∈
[ 2(723488A5 +991)

118125(23640A5 +11)
,

123392A5 +169
100000(2240A5 +1)

]
, (66)

v2 ∈
[ 2(180872A5 +33)

39375(23640A5 +11)
,

5784A5 +1
6250(2240A5 +1)

]
, (67)

u3 ∈
[ 6633976A5 +7631

472500(23640A5 +11)
,

141848A5 +163
100000(2240A5 +1)

]
, (68)

v3 ∈
[
− 434872A5 +407

75000(23640A5 +11)
, − 40352A5 +37

78750(2240A5 +1)

]
. (69)

These four symbolic intervals constitute the symbolic interval hull of the united solution set of equa-
tions E in Eqs. (11) under the present assumptions Ap,A5 in Eq. (56) or in Eq. (57). Numerical forms
of these intervals can be directly obtained for any positive numerical value of the cross-sectional
parameter (here the symbol) A5 denoting the area of the cross-section of the bar 5 of the truss.

For example, for A5 = A5,1 = 1.008×10−3 (see Eq. (14), first conjunctive logical term in this
equation) the above symbolic intervals (66)–(69) take the corresponding numerical forms

u2 ∈ [8.3626472653254840115, 9.0051055888419605147]×10−4, (70)

v2 ∈ [3.1401416045511560988, 3.3544209802573421078 ]×10−4, (71)

u3 ∈ [8.7004054893140807456, 9.3919673902367154503]×10−4, (72)

v3 ∈ [−3.2361846485546194296, −3.0275355743580868814 ]×10−4. (73)

Similarly, for A5 = A5,2 = 1.092×10−3 (see again Eq. (14)) they take the corresponding numerical
forms

u2 ∈ [8.1910698128801243629, 8.8141907326585569691]×10−4, (74)

v2 ∈ [3.1803872264486016317, 3.3968465038536540069 ]×10−4, (75)

u3 ∈ [8.5514661991860342093, 9.2249168910762373479]×10−4, (76)

v3 ∈ [−3.1939267455623016201, −2.9871303137901707871 ]×10−4. (77)

From these results we conclude that under the present conditions in the truss problem of Fig. 1
the numerical values A5 = A5,1 = 1.008×10−3 and A5 = A5,2 = 1.092×10−3 of the cross-sectional
parameter A5 in the symbolic intervals (66)–(69) of the displacements u2, v2, u3 and v3 of the
nodes 2 and 3 of the truss lead to numerical intervals with endpoints including all the corresponding
endpoints of the related numerical intervals having been directly obtained under similar assump-
tions with three interval parameters and no non-interval parameter in the previous Subsection 3.3
and displayed in the intervals (51)–(54). For example, for the displacement v3 in the interval (54)
the left endpoint of this interval is obtained for A5 = A5,1 = 1.008× 10−3, interval (73), whereas
the right endpoint of the same interval (54) is obtained for A5 = A5,2 = 1.092×10−3, interval (77).

3.4.3. The case of the non-interval parameter A6 and the interval parameters A5 and P
Completely analogous is the case where the parameter A6 is assumed to be just a symbol and the

parameters A5 and P are assumed to be interval parameters (belonging to numerical intervals) with

A5 ∈ [1.008, 1.092]×10−3, P ∈ [20, 21] (78)

again as is clear from the assumptions A1 in Eq. (14) for these two interval parameters A5 and P.
Here for obvious physical reasons (positivity of the cross-sectional area A6 of the bar 6 of the truss)
we also assume again that A6 > 0.
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Hence, our related assumptions Ap,A6 (denoted by the related symbol asspA6 in Mathematica)
are

Ap,A6 = 1.008×10−3 ≤ A5 ≤ 1.092×10−3 ∧ 20 ≤ P ≤ 21 ∧ A6 > 0. (79)

Working exactly as previously with the non-interval parameter A5, for the four unknown dis-
placements u2, v2, u3 and v3 we find the corresponding symbolic intervals

u2 ∈
[ 144977072A6 +196735

472500(588520A6 +273)
,

140036528A6 +190015
1800000(140620A6 +63)

]
, (80)

v2 ∈
[ 4(108446A6 +105)

13125(140620A6 +63)
,

459516A6 +455
3125(588520A6 +273)

]
, (81)

u3 ∈
[ 284945536A6 +430325

945000(588520A6 +273)
,

137205632A6 +207025
1800000(140620A6 +63)

]
, (82)

v3 ∈
[
− 4287676A6 +567

75000(140620A6 +63)
, − 17809096A6 +2457

78750(588520A6 +273)

]
. (83)

These four symbolic intervals constitute the symbolic interval hull of the united solution set of the
system of parametric linear algebraic equations E in Eqs. (11) under the present assumptions Ap,A6

in Eq. (79). Analogously to the previous two cases in this subsection, numerical forms of these
intervals can again be directly obtained for any positive numerical value of the cross-sectional
parameter (here the symbol) A6 denoting the area of the cross-section of the bar 6 of the truss.

3.5. The case of two non-interval parameters and one interval parameter

In this subsection, we proceed to the three cases of two non-interval parameters (instead of one
non-interval parameter in the previous subsection): (i) the parameters A5 and P (here just symbols),
(ii) the parameters A6 and P (here again just symbols) and (iii) the parameters A5 and A6 (here again
just symbols). The remaining parameter (i) A6 in the first case, (ii) A5 in the second case and (iii) P
in the third case remains an ordinary interval parameter with a numerical interval defined in Eq. (14)
for the assumptions A1 there. In the present three cases, on the basis of equations E in Eqs. (11) in
their conjunctive logical form (eqsc in Mathematica as was already mentioned) and continuously
using the method of quantifier elimination, we will derive again the related symbolic intervals for
the four unknown displacements u2, v2, u3 and v3, i.e. four intervals with their endpoints now
including two parameters (symbols), i.e. (i) A5 and P, (ii) A6 and P and (iii) A5 and A6 in the three
aforementioned cases under consideration.

3.5.1. The case of the non-interval parameters A5 and P and the interval parameter A6

In the present particular case, the parameters A5 and P are just two symbols whereas the third
parameter A6 is an interval parameter (belonging to a numerical interval) with

A6 ∈ [1.0, 1.1]×10−3 (84)

as is clear from the assumptions A1 in Eq. (14) for this interval parameter. Here it is clear that
A5 > 0 and, moreover, for computational convenience we also assume again that P > 0.

Our related assumptions AA6 (denoted by the related symbol assA6 in Mathematica) are

AA6 = 1.0×10−3 ≤ A6 ≤ 1.1×10−3 ∧ A5 > 0 ∧ P > 0 (85)

and in their final rational form (very easily obtained by using the Rationalize command of Math-
ematica)

AA6 =
1

1000
≤ A6 ≤

11
10000

∧ A5 > 0 ∧ P > 0. (86)
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Now, for the four unknown displacements u2, v2, u3 and v3 we have the existentially quantified
formulae

∃{v2,u3,v3,A6} such that equations E hold true under the assumptions AA6 , (87)

∃{u2,u3,v3,A6} such that equations E hold true under the assumptions AA6 , (88)

∃{u2,v2,v3,A6} such that equations E hold true under the assumptions AA6 , (89)

∃{u2,v2,u3,A6} such that equations E hold true under the assumptions AA6 , (90)

respectively. The related quantifier-elimination commands of Mathematica have the forms

Refine[Reduce[Exists[{v2,u3,v3,A6}, assA6, eqsc], u2, Reals], assA6]
//Factor [c14]

Refine[Reduce[Exists[{u2,u3,v3,A6}, assA6, eqsc], v2, Reals], assA6]
//Factor [c15]

Refine[Reduce[Exists[{u2,v2,v3,A6}, assA6, eqsc], u3, Reals], assA6]
//Factor [c16]

Refine[Reduce[Exists[{u2,v2,u3,A6}, assA6, eqsc], v3, Reals], assA6]
//Factor [c17]

respectively. The outputs of these four commands, i.e. the related QFFs (quantifier-free formulae),
essentially provide the symbolic intervals (here in rational forms) of the four unknown displace-
ments u2, v2, u3 and v3. In their final forms, these symbolic intervals are

u2 ∈
[ (723488A5 +991)P

1181250(23640A5 +11)
,

(123392A5 +169)P
2100000(2240A5 +1)

]
, (91)

v2 ∈
[ (180872A5 +33)P

393750(23640A5 +11)
,

(5784A5 +1)P
131250(2240A5 +1)

]
, (92)

u3 ∈
[ (6633976A5 +7631)P

9450000(23640A5 +11)
,

(141848A5 +163)P
2100000(2240A5 +1)

]
, (93)

v3 ∈
[
− (434872A5 +407)P

1575000(23640A5 +11)
, − (40352A5 +37)P

1575000(2240A5 +1)

]
. (94)

These four symbolic intervals constitute the symbolic interval hull of the united solution set of
the four equations E in Eqs. (11) under the present assumptions AA6 in Eq. (85) or in Eq. (86).
Numerical forms of these intervals can be directly obtained for any positive numerical values of the
cross-sectional parameter A5 and the loading parameter P in Eq. (4) for the loading vector F. The
positivity of this parameter, P, was again explicitly assumed (just for computational convenience
and, evidently, not for physical reasons) in the last of the assumptions AA6 in Eq. (85) or in Eq. (86).

Remark: It is understood that the above four symbolic intervals (91)–(94) were computed by
Mathematica working with real numbers (option Reals in the commands [c14]–[c17]) and under
the assumptions AA6 in Eq. (85) or, equivalently, Eq. (86). Therefore, under these assumptions AA6

it is clear that these intervals are ordinary, proper intervals (contrary to Kaucher’s improper intervals
studied in Kaucher’s interval arithmetic) with their symbolic left endpoints ai never exceeding the
corresponding right endpoints bi . Hence, here ai ≤ bi for all positive values of the symbols (param-
eters) A5 and P appearing in the expressions of these endpoints ai and bi in the intervals (91)–(94).
For example, we can easily verify that this is true in the case of the interval (94) of the vertical
displacement v3 at the node 3 of the truss of Fig. 1. To this end we can use the verification command

Reduce[ForAll[{A5,P}, A5 > 0∧ P > 0, QFFA5Pv3[[1]]≤ QFFA5Pv3[[5]]], Reals] [c18]



16 N. I. Ioakimidis: Symbolic intervals in simple applied mechanics problems (Nemertes, 2019)

(with the two symbols QFFA5Pv3[[1]] and QFFA5Pv3[[5]] denoting the related left and right end-
points, respectively) with the expected output True here, where both positivity assumptions A5 > 0
and P > 0 have been assumed to hold true. Otherwise, evidently, this output would be False
instead of True. Of course, this remark is of general validity and it holds true for all symbolic
intervals derived in the previous Subsection 3.4 and in this Subsection 3.5.

3.5.2. The case of the non-interval parameters A6 and P and the interval parameter A5

In quite a similar manner, now we consider the case where the parameters A6 (instead of A5
previously) and P are just two symbols whereas the parameter A5 (instead of A6 previously) is an
interval parameter (belonging to a numerical interval) with

A5 ∈ [1.008, 1.092]×10−3 =
[ 63

62500
,

273
250000

]
(95)

as is clear from the assumptions A1 in Eq. (14) for this interval parameter. Here for computational
convenience we also assume again that P > 0 and, evidently, that A6 > 0 as well. Our related
assumptions AA5 (denoted by the related symbol assA5 in Mathematica) are now

AA5 = 1.008×10−3 ≤ A5 ≤ 1.092×10−3 ∧ A6 > 0 ∧ P > 0. (96)

Working exactly as previously again with the method of quantifier elimination, we find the
following symbolic intervals (in rational forms) of the unknown displacements u2, v2, u3 and v3:

u2 ∈
[ (144977072A6 +196735)P

9450000(588520A6 +273)
,
(140036528A6 +190015)P
37800000(140620A6 +63)

]
, (97)

v2 ∈
[ (108446A6 +105)P

65625(140620A6 +63)
,

(459516A6 +455)P
65625(588520A6 +273)

]
, (98)

u3 ∈
[ (284945536A6 +430325)P

18900000(588520A6 +273)
,
(137205632A6 +207025)P
37800000(140620A6 +63)

]
, (99)

v3 ∈
[
− (4287676A6 +567)P

1575000(140620A6 +63)
, − (17809096A6 +2457)P

1575000(588520A6 +273)

]
. (100)

These four symbolic intervals constitute again the symbolic interval hull of the united solution
set of the four equations E in Eqs. (11) under the present assumptions AA5 in Eq. (96). Numeri-
cal forms of the above intervals can be directly obtained for any positive numerical values of the
cross-sectional parameter A6 and the loading parameter P in Eq. (4) for the loading vector F. The
positivity of this parameter, P, was again already explicitly assumed (just for computational con-
venience and, obviously, not for physical reasons) in the last of the assumptions AA5 in Eq. (96).

3.5.3. The case of the non-interval parameters A5 and A6 and the interval parameter P

Finally, in a completely similar manner, we consider the case where both cross-sectional pa-
rameters A5 and A6 are just two symbols whereas the loading parameter P (instead of A6 or A5
previously) is an interval parameter (belonging to a numerical interval) with

P ∈ [20, 21] (101)

again as is clear from the assumptions A1 in Eq. (14) for this interval parameter (last conjunctive
logical term there). For physical reasons it is also obvious that both cross-sectional parameters A5
and A6 (the areas of the cross-sections of the bars 5 and 6 of the truss of Fig. 1) are also positive.
Our related assumptions AP (denoted by the related symbol assP in Mathematica) are now

AP = 20 ≤ P ≤ 21 ∧ A5 > 0 ∧ A6 > 0. (102)
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Working exactly as previously again with the method of quantifier elimination, we find the
following symbolic intervals (in rational forms) of the unknown displacements u2, v2, u3 and v3:

u2 ∈
[ 1024A5(3676A6 +5)+5168A6 +7

7560000(1240A5A6 +A5 +A6)
,

1024A5(3676A6 +5)+5168A6 +7
7200000(1240A5A6 +A5 +A6)

]
, (103)

v2 ∈
[ 2[2A5(3676A6 +5)+3A6 ]

39375(1240A5A6 +A5 +A6)
,

2A5(3676A6 +5)+3A6

18750(1240A5A6 +A5 +A6)

]
, (104)

u3 ∈
[ 8A5(501632A6 +775)+4736A6 +7

7560000(1240A5A6 +A5 +A6)
,

8A5(501632A6 +775)+4736A6 +7
7200000(1240A5A6 +A5 +A6)

]
, (105)

v3 ∈
[
− A5(31352A6 +9)+37A6

75000(1240A5A6 +A5 +A6)
, − A5(31352A6 +9)+37A6

78750(1240A5A6 +A5 +A6)

]
. (106)

These four two-parametric symbolic intervals constitute again the symbolic interval hull of
the united solution set of the four equations E in Eqs. (11) under the present assumptions AP in
Eq. (102). Numerical forms of these intervals can be directly obtained for any positive numerical
values of the two cross-sectional parameters A5 and A6 denoting the areas of bars 5 and 6 of the
truss of Fig. 1, respectively.

3.6. Three partial verifications of the results

Continuing using the method of quantifier elimination, now we proceed to three partial verifi-
cations of the above results concerning symbolic intervals of the displacements u2, v2, u3 and v3 of
the nodes 2 and 3 of the present six-member truss (Fig. 1). Here we will restrict our attention ex-
clusively to the displacement u2, i.e. the horizontal displacement at the node 2 of the truss (Fig. 1).

3.6.1. First partial verification

Here at first we consider the symbolic interval (103) concerning the aforementioned displace-
ment u2 and including the cross-sectional parameters A5 and A6 of the bars 5 and 6 of the present
truss, respectively. Using inequalities, we can write this interval in the essentially equivalent form

1024A5(3676A6 +5)+5168A6 +7
7560000(1240A5A6 +A5 +A6)

≤ u2 ≤
1024A5(3676A6 +5)+5168A6 +7

7200000(1240A5A6 +A5 +A6)
. (107)

Now we can use the first two assumptions AA5 in Eq. (96) (evidently, the assumed positivity of the
loading parameter P is not of interest here) denoted by the symbol Av1 (assv1 in Mathematica), i.e.

Av1 = 1.008×10−3 ≤ A5 ≤ 1.092×10−3 ∧ A6 > 0 (108)

and in the preferable for quantifier elimination rational form (easily obtained with the Rationalize
command)

Av1 =
63

62500
≤ A5 ≤

273
250000

∧ A6 > 0. (109)

Here our sole intention is simply to transform the symbolic interval (103), equivalently the
inequalities (107), to the corresponding interval not including the parameter A5 on the basis of the
above assumptions Av1. To this end, at first we take into account the related existentially quantified
formula

∃A5 such that the inequalities (107) hold true under the assumptions Av1. (110)

The related quantifier-elimination command (again based on the Reduce command) has the form

Refine[Reduce[Exists[A5, assv1, QFFA5A6u2], u2, Reals], assv1]//Simplify [c19]

where the symbol QFFA5A6u2 refers to the two inequalities (107) concerning the displacement u2
under consideration, i.e., essentially, to the symbolic interval (103) for this displacement.
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The resulting QFF (quantifier-free formula) free from the existential quantifier ∃ has the form

144977072A6 +196735
472500(588520A6 +273)

≤ u2 ≤
140036528A6 +190015

1800000(140620A6 +63)
. (111)

Of course, it is directly observed that the above QFF is in complete agreement with the symbolic
interval (80) including only the cross-sectional parameter A6. We repeat this symbolic interval here

u2 ∈
[ 144977072A6 +196735

472500(588520A6 +273)
,

140036528A6 +190015
1800000(140620A6 +63)

]
. (112)

This constitutes a partial verification of the symbolic interval (103) with two parameters: A5 and A6.

3.6.2. Second partial verification

In a completely analogous way, we can work with the above two inequalities (111), which are
obviously equivalent to the symbolic interval (112), and now eliminate the second cross-sectional
parameter A6. In this second verification, we make the related assumptions Av2 having the form (see
Eqs. (56) and (57))

Av2 = 1.0×10−3 ≤ A6 ≤ 1.1×10−3 =
1

1000
≤ A6 ≤

11
10000

. (113)

The related existentially quantified formula has now the slightly modified form

∃A6 such that the inequalities (111) hold true under the assumptions Av2 . (114)

The corresponding quantifier-elimination command has the simple form

Reduce[Exists[A6, assv2, QFFA6u2], Reals] [c20]

where the symbol QFFA6u2 refers to the two inequalities (111) for the same displacement u2, i.e.,
essentially, to the symbolic interval (112) for this displacement.

The resulting QFF (quantifier-free formula), which is again free from the existential quanti-
fier ∃ , has the form 111315556

135898678125
≤ u2 ≤

4584049
5090500000

. (115)

Naturally and as is expected, this QFF, essentially the interval of the displacement u2, coincides
with the QFF (16) having been derived for the same displacement u2 in Subsection 3.3 without
non-interval parameters and with three interval parameters, A5, A6 and P, there.

3.6.3. Third partial verification

As a third and final partial verification of the present results related to symbolic intervals now we
will proceed with the simultaneous elimination of both cross-sectional parameters A5 and A6 in the
symbolic interval (103), equivalently in the two inequalities (107), for the same displacement u2. To
this end we will use the related assumptions (of course, here concerning both parameters A5 and A6)

Av3 = 1.008×10−3 ≤ A5 ≤ 1.092×10−3 ∧ 1.0×10−3 ≤ A6 ≤ 1.1×10−3

=
63

62500
≤ A5 ≤

273
250000

∧ 1
1000

≤ A6 ≤
11

10000
. (116)

In the present case, we have the existentially quantified formula

∃A5∃A6 such that the inequalities (107) hold true under the assumptions Av3 . (117)

The corresponding quantifier-elimination command now takes the form

Reduce[Exists[{A5,A6}, assv3, QFFA5A6u2], Reals] [c21]

where the symbol QFFA5A6u2 refers again to the two inequalities (107).
The expected resulting QFF is again the QFF (115) already derived for this displacement u2.
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3.7. The case of one symbolic-interval parameter and two non-interval parameters

In this subsection we consider the interesting case where the interval of a parameter is a sym-
bolic interval and not a numerical interval. More explicitly, here we assume that the cross-sectional
parameter A5 belongs to a symbolic interval, i.e.

A5 ∈ [A51, A52 ] (118)

with two symbolic endpoints A51 and A52 , instead of a numerical interval, e.g. the numerical in-
terval [1.008, 1.092]×10−3 having been assumed previously in Eq. (95). Under the already made
positivity assumptions for all three parameters in the present truss problem (Fig. 1), i.e. for the two
cross-sectional parameters A5 and A6 and the loading parameter P, now we make the assumptions

AA5,s = A51 ≤ A5 ≤ A52 ∧ A51 > 0 ∧ A52 > 0 ∧ A51 < A52 ∧ A6 > 0 ∧ P > 0 (119)

(denoted by the related symbol assA5s in Mathematica). In these assumptions AA5,s , the positivity
of the symbolic endpoints A51 and A52 of the above interval [A51, A52 ] was also explicitly declared.

For computational reasons our present quantifier-elimination results will be based on the closed-
form solution (12) (see also [24, p. 37, Eqs. (186)]) of the related parametric system of linear
algebraic equations E in Eqs. (11). Here we use again the symbols u2s, v2s, u3s and v3s to denote the
right-hand sides of the formulae in this closed-form solution (12), i.e. the explicit three-parametric
expressions of the four displacements u2, v2, u3 and v3.

Here for the first displacement u2 we have the existentially quantified formula

∃A5 such that u2 = u2s under the assumptions AA5,s . (120)

The related quantifier-elimination command has the form

QFFA5su2 = Refine[Reduce[Exists[A5, assA5s, u2 == u2s], u2, Reals],
assA5s]//Factor [c22]

The resulting QFF (quantifier-free formula) has the form

(3764224A52A6 +5120A52 +5168A6 +7)P
151200000(1240A52A6 +A52 +A6)

≤ u2 ≤
(3764224A51A6 +5120A51 +5168A6 +7)P

151200000(1240A51A6 +A51 +A6)
(121)

and it includes five symbols: the displacement u2, the two endpoints A51 and A52 of the symbolic
interval [A51, A52 ] for the interval parameter A5 ∈ [A51, A52 ] as well as the two non-interval (but
assumed positive) parameters A6 and P. Therefore, the symbolic interval of this displacement u2 is

u2 ∈
[ (3764224A52A6 +5120A52 +5168A6 +7)P

151200000(1240A52A6 +A52 +A6)
,
(3764224A51A6 +5120A51 +5168A6 +7)P

151200000(1240A51A6 +A51 +A6)

]
.

(122)
In a completely similar manner and with the continuous use of Mathematica, we derived the

symbolic intervals for the other three displacements v2, u3 and v3. These intervals have the forms

v2 ∈
[ (7352A51A6 +10A51 +3A6)P

393750(1240A51A6 +A51 +A6)
,

(7352A52A6 +10A52 +3A6)P
393750(1240A52A6 +A52 +A6)

]
, (123)

u3 ∈
[ (4013056A52A6 +6200A52 +4736A6 +7)P

151200000(1240A52A6 +A52 +A6)
,
(4013056A51A6 +6200A51 +4736A6 +7)P

151200000(1240A51A6 +A51 +A6)

]
,

(124)

v3 ∈
[
− (31352A51A6 +9A51 +37A6)P

1575000(1240A51A6 +A51 +A6)
,− (31352A52A6 +9A52 +37A6)P

1575000(1240A52A6 +A52 +A6)

]
, (125)

respectively.
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From the above symbolic intervals (122)–(125) it is directly observed that the left endpoints of
the intervals (122) and (124) as well as the right endpoints of the intervals (123) and (125) result
from the corresponding closed-form formulae (12) (not related to intervals) for A5 = A52 , i.e. for
the right endpoint of the interval (118) of this parameter A5. Analogously, the left endpoints of the
intervals (123) and (125) as well as the right endpoints of the intervals (122) and (124) result from
the same formulae, but now for A5 = A51, i.e. for the left endpoint of the same interval (118) of
this parameter A5. This situation should be attributed to the monotonicity of the closed-form formu-
lae (12) with respect to this parameter A5, but it seems that the above symbolic intervals (122)–(125)
cannot be directly predicted from the physical, here the structural-mechanics, point of view.

Furthermore, as is expected, for the numerical values

A51 = 1.008×10−3 = 1008×10−6, A52 = 1.092×10−3 = 1092×10−6 (126)

the above four intervals (122)–(125) of the displacements u2, v2, u3 and v3 of the nodes 2 and 3 of
the present truss (Fig. 1) take the two-parametric forms (97)–(100), respectively, now, obviously,
not including the symbols A51 and A52 for the endpoints of the above interval [A51, A52 ] in Eq. (118).

3.8. The case of two symbolic-interval parameters and one non-interval parameter

As a final application of the present quantifier-elimination-based approach, in this subsection
we consider the case where the intervals of both parameters A5 and P are symbolic intervals instead
of numerical intervals. More explicitly, here we assume that these parameters A5 and P belong to
symbolic intervals, i.e.

A5 ∈ [A51, A52 ], P ∈ [P1, P2 ] (127)

with four symbolic endpoints, A51 and A52 for the first interval and P1 and P2 for the second inter-
val, instead of numerical intervals, e.g. the numerical intervals [1.008, 1.092]× 10−3 and [20, 21]
having been assumed previously in Eqs. (95) and (101), respectively. Under the already made
positivity assumptions for all three parameters in the present truss problem in Fig. 1, i.e. the two
cross-sectional parameters A5 and A6 and the loading parameter P, now we make the assumptions

AA5P,s = A51 ≤ A5 ≤ A52 ∧ A51 > 0 ∧ A52 > 0 ∧ A51 < A52 ∧ A6 > 0

∧ P1 ≤ P ≤ P2 ∧ P1 > 0 ∧ P2 > 0 ∧ P1 < P2 (128)

(denoted by the related symbol assA5Ps in Mathematica). In these assumptions AA5P,s, the posi-
tivity of the symbolic endpoints A51, A52, P1 and P2 of the above intervals [A51, A52 ] and [P1, P2 ] of
the parameters A5 and P, respectively, was also explicitly declared.

Our present quantifier-elimination results will be based again on the closed-form solution (12)
(see also [24, p. 37, Eqs. (186)]) of the related parametric system of linear algebraic equations E in
Eqs. (11). Moreover, we use again the symbols u2s, v2s, u3s and v3s to denote the right-hand sides
of the formulae in this closed-form solution (12).

Here for the first displacement u2 we have the existentially quantified formula

∃A5∃P such that u2 = u2s under the assumptions AA5P,s . (129)

The related quantifier-elimination command has now the form

QFFA5Psu2 = Refine[Reduce[Exists[{A5,P}, assA5Ps, u2 == u2s], u2, Reals],
assA5Ps]//Factor [c23]

The resulting QFF (quantifier-free formula) has the form

(3764224A52A6 +5120A52 +5168A6 +7)P1

151200000(1240A52A6 +A52 +A6)
≤ u2 ≤

(3764224A51A6 +5120A51 +5168A6 +7)P2

151200000(1240A51A6 +A51 +A6)
(130)
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and, as is clear, now it includes six symbols: the displacement u2, the four endpoints A51, A52, P1
and P2 of the above symbolic intervals [A51, A52 ] and [P1, P2 ] of the interval parameters A5 and P,
respectively, as well as the non-interval (but assumed positive as it actually is) parameter A6. There-
fore, the symbolic interval of this displacement u2 is

u2∈
[ (3764224A52A6 +5120A52 +5168A6 +7)P1

151200000(1240A52A6 +A52 +A6)
,
(3764224A51A6 +5120A51 +5168A6 +7)P2

151200000(1240A51A6 +A51 +A6)

]
.

(131)
In a completely similar way and with the continuous help of Mathematica, we also derived the

symbolic intervals for the other three displacements v2, u3 and v3. These intervals have the forms

v2 ∈
[ (7352A51A6 +10A51 +3A6)P1

393750(1240A51A6 +A51 +A6)
,
(7352A52A6 +10A52 +3A6)P2

393750(1240A52A6 +A52 +A6)

]
, (132)

u3∈
[ (4013056A52A6 +6200A52 +4736A6 +7)P1

151200000(1240A52A6 +A52 +A6)
,
(4013056A51A6 +6200A51 +4736A6 +7)P2

151200000(1240A51A6 +A51 +A6)

]
,

(133)
v3 ∈

[
− (31352A51A6 +9A51 +37A6)P2

1575000(1240A51A6 +A51 +A6)
,− (31352A52A6 +9A52 +37A6)P1

1575000(1240A52A6 +A52 +A6)

]
, (134)

respectively.
From the above four symbolic intervals (131)–(134) it is directly observed that all their end-

points result from the corresponding closed-form formulae (12), which are not related to intervals,
for A5 = A51 or A5 = A52 and, similarly, for P = P1 or P = P2. This situation should be attributed
again to the monotonicity of the closed-form formulae (12) now with respect to both parameters A5
and P. This fact can easily be observed and predicted from the physical point of view for the loading
parameter P although again it cannot be directly predicted for the cross-sectional parameter A5.

From the same four symbolic intervals (131)–(134) it is also clear and directly observed that
the loading P = P1 (here with P1 < P2 in the interval [P1, P2 ]) appears in the left endpoints of the
intervals (131)–(133), but, on the contrary, in the right endpoint of the interval (134). Analogously,
the loading P = P2 appears in the right endpoints of the intervals (131)–(133), but in the left end-
point of the interval (134). This situation is obvious because the three displacements u2, v2 and u3
take positive values for positive values of the loading parameter P, but, on the contrary, the fourth
displacement v3 takes negative values again for positive values of the same loading parameter P.

Finally, as is expected and easily verified with Mathematica, for the four numerical values

A51 = 1.008×10−3 = 1008×10−6, A52 = 1.092×10−3 = 1092×10−6,

P1 = 20, P2 = 21 (135)

the above four intervals (131)–(134) of the displacements u2, v2, u3 and v3 of the nodes 2 and 3 of
the present truss (Fig. 1) take their single-parametric forms (80)–(83), respectively, not including
the symbols A51, A52, P1 and P2 for the endpoints of the above intervals [A51, A52 ] and [P1, P2 ] in
the symbolic intervals (127), but including only the cross-sectional parameter A6.

Unfortunately, for computational reasons related to quantifier elimination we have been unable
to proceed to some more complicated cases for the present truss problem such as the case of three
symbolic-interval parameters A5 ∈ [A51, A52 ], A6 ∈ [A61, A62 ] and P ∈ [P1, P2 ]. This uncomfort-
able situation seems to be due to the well-known doubly-exponential computational complexity of
quantifier elimination for elementary real variables [62] including the CAD (cylindrical algebraic
decomposition) algorithm and, more explicitly, here to the increased total number of variables (both
quantified and free variables). This number (and, of course, additional significant factors mainly
the degrees of the polynomials involved) influences quantifier elimination and, therefore, it should
be kept as small as possible for a successful quantifier elimination here by using Mathematica [6].
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4. Conclusions–discussion
From the above results it is concluded that the method of quantifier elimination is useful for the

derivation of sharp, exact intervals of quantities of interest in problems of applied mechanics related
to systems of linear equations not only in the usual case of numerical intervals, but also in the case of
symbolic intervals. It is also clear that symbolic intervals present a greater generality than numerical
intervals because they are applicable for any value of the symbols appearing in their endpoints.

A classical six-member truss problem (Fig. 1) has been selected for the illustration of the present
computational approach combining quantifier elimination and interval analysis (Section 3). In this
section, at first the case of numerical intervals of the interval parameters was studied whereas the
non-interval parameters were simple symbols appearing in the endpoints of the resulting intervals.
Two particular cases of the derivation of symbolic intervals were studied in Subsections 3.4 and 3.5:

1. At first, we studied the case of one non-interval parameter and two interval parameters (Sub-
section 3.4) among the three parameters A5, A6 (cross-sectional parameters) and P (loading
parameter) in the present truss problem. In this case, the resulting symbolic intervals for the
displacements included (i) the symbol (parameter) P (Sub-subsection 3.4.1) or (ii) the sym-
bol A5 (Sub-subsection 3.4.2) or (iii) the symbol A6 (Sub-subsection 3.4.3) in their endpoints.

2. Secondly, we studied the case of two non-interval parameters and one interval parameter
(Subsection 3.5) among the same three parameters A5, A6 and P. In this second case, the
resulting symbolic intervals of the displacements simultaneously included (i) the two sym-
bols (parameters) A5 and P (Sub-subsection 3.5.1) or (ii) the two symbols A6 and P (Sub-
subsection 3.5.2) or (iii) the two symbols A5 and A6 (Sub-subsection 3.5.3) in their endpoints.

Next, in Subsection 3.7 as well as in Subsection 3.8, the case of symbolic intervals for one or
two of the interval parameters has been studied. More explicitly, in these subsections, we derived
symbolic intervals for the displacements in the following two cases:

1. The case of one parameter with a symbolic interval, here A5 ∈ [A51, A52 ], and two non-
interval parameters A6 and P (Subsection 3.7). Naturally, the resulting symbolic intervals for
the displacements included the four symbols A51, A52, A6 and P.

2. The case of two parameters with symbolic intervals, here A5 ∈ [A51, A52 ] and P ∈ [P1, P2 ],
and one non-interval parameter, here the parameter A6 (Subsection 3.8). Clearly, the resulting
symbolic intervals for the displacements included the five symbols A51, A52, A6, P1 and P2.

Naturally, the present computational approach can also be successfully used in many additional
applied mechanics problems such as the problems studied in Ref. [24], but with only numerical
intervals having been derived there for the unknown mechanical quantities.

On the other hand, two significant advantages of the present computational approach are that
1. It is extremely simple from the programming point of view here based on very simple com-

mands of Mathematica mainly based on its Reduce command here for quantifier elimination.
2. It always leads to sharp, exact intervals without any approximation. It is also repeated that

quantifier elimination is always performed in computer algebra systems in exact arithmetic.
Therefore, no overestimation problems appear in the present computational approach con-
trary to what is quite frequently the case when using classical interval analysis.

Of course, it is understood that the use of symbols and quantifier elimination in a computer al-
gebra system (such as Mathematica [6] here) generally leads to complicated computations in com-
parison with numerical algorithms and, therefore, the number of symbols (better the total number
of free variables and quantified variables) used during quantifier elimination should be sufficiently
small. For example, here the total number of variables did not exceed eight. As was already briefly
mentioned at the end of the previous section, this serious difficulty is due to the well-known doubly-
exponential computational complexity of quantifier elimination for elementary real variables [62].
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