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Abstract Quite frequently, problems that appear in applied mechanics should be solved under un-
certainty conditions. Among the related non-probabilistic methods that based on interval analysis
constitutes a very popular model. Here we consider another popular model: that based on an ellip-
soidal inequality constraint among the uncertain parameters. This is the so-called ellipsoidal convex
model. Generalized ellipsoidal convex models are also frequently adopted. Here the aim is to use
the interesting computational method of quantifier elimination for the solution of such an uncer-
tainty problem generally for the determination of the intervals of the responses of the system under
consideration of course under the restriction that the total number of variables and the degrees of
the polynomials involved are small. The present approach is applied to the problems of (i) a three-
parametric cubic equation with respect to its real root, (ii) a two-storey shear frame building with
non-linear stiffness, (iii) a three-member truss (with the adoption of several uncertainty models),
(iv) a simple structural mechanics problem with symbolic intervals, (v) the correlation propagation
in a system involving three uncertain parameters and (vi) a problem with a complicated uncertainty
region for the uncertain parameters. The alternative, but essentially not so different, approach based
on minimization and maximization is also considered in brief. The present results show us that the
method of quantifier elimination can be successfully applied to simple systems with uncertain pa-
rameters satisfying an inequality constraint (such as an ellipsoidal constraint) and provide us the
exact intervals of the responses of the system or even the exact regions showing their correlations.
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1. Introduction

1.1. Uncertainty and interval analysis with its applications to problems of applied mechanics
As is extremely well-known, uncertainty is present in many problems. For example, in a me-

chanical system, uncertainty may be present in the dimensions of the components of the system
(geometric uncertainty), in the properties of the materials used in the system and/or in the loading
of the system. For the computation of the response(s) of the system beyond probabilistic methods,
which frequently present practical difficulties during their application mainly due to the lack of
sufficient experimental data for the computation of the related probability density function(s), non-
probabilistic methods are also of practical importance and very popular in engineering applications.

On the other hand, interval analysis is a very popular tool for the estimation of uncertainty in
the response(s) of a system on the basis of the known intervals of the uncertain parameters (such as
geometric, material and loading parameters). The fundamental results on modern interval analysis
are mainly due to Moore and his collaborators and they appeared since 1959; see, e.g., the famous
books by Moore [1] (published in 1966) and by Moore, Kearfott and Cloud [2] (published in 2009).
Previous important results on interval analysis are due to several authors (since the antiquity with
the results of Archimedes on the approximation of π) including the results by Sunaga in 1958 [3].

Of course, beyond mathematics interval analysis has also proved to be a very useful computa-
tional tool in several disciplines, which include applied and computational mechanics, during the
last thirty years. Particularly, mainly focussing on applied mechanics, among an extremely large
number of related interesting publications we can make reference e.g. to the papers (in chronolog-
ical order) by Dimarogonas [4], Qiu, Chen and Song [5], Qiu and Elishakoff [6], Kulpa, Pownuk
and Skalna [7], McWilliam [8], Skalna [9], Elishakoff and Ohsaki [10] (book), Elishakoff and
Miglis [11], Wang, C. and Qiu [12], Gabriele and Varano [13], Santoro, Muscolino and Elisha-
koff [14], Sofi, Muscolino and Elishakoff [15], Qiu and Wang, L. [16], Elishakoff, Gabriele and
Wang, Y. [17], Popova [18], Chakraverty, Hladík and Behera [19], Muscolino, Sofi and Giunta [20],
Popova [21, 22], Sofi, Romeo, Barrera and Cocks [23], Muscolino and Santoro [24], Sofi, Mus-
colino and Giunta [25], Faes and Moens [26–28], Behera and Chakraverty [29], Popova and El-
ishakoff [30], Muhanna and Shahi [31], Santoro, Failla and Muscolino [32], Rao and Alazwari [33],
Dinh-Cong, Van Hoa and Nguyen-Thoi [34], Ni and Jiang, C. [35] and Popova [36].

1.2. The ellipsoidal model and its applications to problems of applied mechanics
Beyond interval analysis a different, but also popular, approach used in problems involving un-

certainty is that based on ellipsoidal (or even more general) convex models concerning the uncertain
parameters of the system under consideration. This approach is based on the use of ellipsoidal (or
more general) inequality constraints satisfied by the uncertain parameters, which define the related
uncertainty region (or uncertainty domain). Therefore, we have a distinction between the aforemen-
tioned interval model and the ellipsoidal model (or ellipsoidal convex model) and, more generally,
the convex model. The use of the ellipsoidal model seems to have been proposed by Schweppe in
1968 [37–39] and it concerned the states of a linear dynamic system under uncertainty conditions.
Further results on the ellipsoidal model were established by Bertsekas and Rhodes in 1971 [40].

This interesting and extensively used computational approach based on ellipsoidal (and more
general) inequality constraints was further developed and used in many disciplines including ap-
plied mechanics. The classical and pioneering book on convex models of uncertainty in the field of
applied mechanics is still the book by Ben-Haim and Elishakoff published in 1990 [41]. Additional
related results on convex models (and, particularly, on the ellipsoidal model and its various gener-
alizations) in problems of applied mechanics under uncertainty conditions are included in a very
large number of publications including the papers (in chronological order) by Elishakoff and Ben-
Haim [42], Ben-Haim [43–45], Qiu and Gu [46], Zhu, L. P., Elishakoff and Starnes [47], Pantelides
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and Ganzerli [48], Ben-Haim [49], Ganzerli and Pantelides [50], Pantelides and Booth [51], Pan-
telides and Ganzerli [52], Qiu, Müller and Frommer [53], Qiu and Elishakoff [54], Chernousko [55],
Qiu [56], Qiu, Ma and Wang, X. [57], Elishakoff, Wang, X. and Qiu [58], Wang, X., Elishakoff and
Qiu [59], Wang, X., Wang, L., Elishakoff and Qiu [60], Jiang, C., Bi, Lu and Han [61], Kang and
Bai [62], Elishakoff and Elettro [63], Elishakoff and Sarlin [64], Ni, Elishakoff, Jiang, C., Fu and
Han [65], Kang and Zhang, W. [66], Chen, Fan and Bian [67], Meng and Zhou, H. [68], Ni, Jiang, C.
and Huang [69], Wang, L, Liang and Wu [70], Zhang, F., Luo, K., Zhai, Tan and Wang, Y. [71],
Liu, X., Wang, X., Sun and Zhou, Z. [72], Luo,Y., Zhan, Xing and Kang [73], Liu, J., Yu, Zhang, D.
and Liu, H. [74], Meng, Zhang, Z. and Zhou, H. [75], Meng, Wan, Sheng and Li, G. [76], Ouyang,
Liu, J., Han, Liu, G., Ni and Zhang, D. [77], Sun, Li, M.-M., Liao, Yang, X., Cao, Cui, Feng, Ren
and Yang, D.-Z. [78], Zhao, Liu, J., Wen, Wang, H. and Li, F. [79], Liu, X.-X. and Elishakoff [80],
Zhan, Luo,Y., Zhang, X. and Kang [81], Wang, C. and Matthies [82], Cao, Liu, J., Xie, Jiang, C.
and Bi [83], Qiu and Jiang, N. [84] and Hong, Li, H., Gao, Fu and Peng [85].

1.3. Symbolic computations, computer algebra systems and quantifier elimination

As is very well known, symbolic computations performed with the help of a computer algebra
system have proved quite useful in many problems of applied mechanics since the sixties. The best
known of these systems are ALTRAN (1965), REDUCE (1966), Macsyma (1968), muMath (1978),
Maple (1982), Derive (1988) and Mathematica (1988). A related review concerning applied and
structural mechanics (published in 2003) was prepared by Pavlović [86]. In his research, since 1989
the author used the four computer algebra systems Derive, REDUCE, Maple and Mathematica. The
present results exclusively concerning quantifier elimination are derived by using Mathematica.
This computer algebra system was preferred because of its efficient implementation of quantifier
elimination algorithms by Strzeboński and the extremely friendly environment offered to its user.

On the other hand, quantifier elimination in elementary real algebra is an interesting and rather
recent computational tool related to computer algebra. The aim of quantifier elimination is simply
the elimination of the universal quantifier ∀ (for all) and/or the existential quantifier ∃ (exists) in
formulae including quantified variables (quantified formulae) with at least one of these two quanti-
fiers. After quantifier elimination the quantified formula is transformed to a completely equivalent
(from the mathematical and logical points of view) exact formula not including the quantifiers ∀
and/or ∃ and the quantified variables. This formula is called QFF (quantifier-free formula). Clearly,
only the free variables remain present in the resulting QFF. An extensive bibliography on the appli-
cations of quantifier elimination in elementary real algebra was prepared by Ratschan [87] in 2012.

Quantifier elimination can be performed by using several general-purpose and special-purpose
algorithms, but the most important, efficient and extensively used are the following two algorithms:

• The most popular and simultaneously general-purpose algorithm for quantifier elimination is
CAD (cylindrical algebraic decomposition). This is a very well-known and useful algorithm,
it was devised by Collins in 1973 and it was initially presented at a symposium held at the
Carnegie-Mellon University. The first official and complete publication of CAD by Collins
appeared in 1975 [88]. The standard book on quantifier elimination and CAD is still the book
edited by Caviness and Johnson [89] and published in 1998. This book was based on a related
symposium held at the Research Institute for Symbolic Computation in Linz, Austria (RISC-
Linz) in October 1993 for the celebration of the 20th anniversary of CAD, but it also includes
all the related fundamental research results going back to the fundamental original results on
quantifier elimination by Tarski (during the period 1930–1951) at first officially published
in 1948 and, next, in 1951. Additionally, a very large number of interesting research results
on CAD by many authors is available in the literature; see, e.g., Refs. [90, 91]. The best
recent implementation of CAD and quantifier elimination seems to be that by Strzeboński
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in Mathematica and this is the implementation that will also be used here. But on the other
hand, unfortunately, from the negative point of view it should be mentioned that quantifier
elimination for real variables has a doubly-exponential computational complexity [92]. This
important result was proved by Davenport and Heintz [92] and it is now very well known
and, naturally, applicable to CAD as well. Of course, this negative result constitutes a serious
disadvantage of the method of quantifier elimination and, hence, a significant obstacle to its
wide application especially to quantified formulae with a large total number of variables (both
free and quantified variables) and/or high-degree polynomials in the quantified formulae.

• A second but completely different popular method for quantifier elimination is the method of
virtual substitution based on the results mainly by Weispfenning [93, 94]. Exactly as CAD
(cylindrical algebraic decomposition), virtual substitution was also successfully applied to a
large number of quantifier elimination problems, but it is generally preferable to CAD only
in the special cases of linear and quadratic polynomials appearing in the quantified formulae.

It can also be mentioned that with respect to the variety of practical applications of quantifier
elimination its application to optimization problems is of particular interest here since it is related to
the present results as is explicitly illustrated in the applications of Section 8 below. Related results
are included in the interesting papers by Weispfenning [95] and Iwane, Yanami and Anai [96].

1.4. Implementations of quantifier elimination in Mathematica and other computer algebra systems
Since 2003 both CAD and virtual substitution (together with some additional quantifier elimina-

tion algorithms) are available in the implementation of quantifier elimination in Mathematica [97]
made mainly by Strzeboński. The selection of the preferable algorithm between CAD and virtual
substitution is generally made automatically by Mathematica [97] itself, but, alternatively, it can
also easily be made through the use of an appropriate command. The use of quantifier elimination
commands in Mathematica [97] is mainly described in the related pages of the book by Trott [98,
pp. 60–78], which is devoted to symbolic computations, as well as in the Wolfram monograph [99].
The Wolfram monograph [100], which concerns exact global optimization, is also of interest here.

It can also be mentioned that quantifier elimination is a rather difficult task from the computa-
tional point of view. Therefore, the implementations of the related algorithms (mainly CAD and
virtual substitution) in computer algebra systems are rather recent and very few in number. More
explicitly, the implementations of quantifier elimination known to the author (beyond that included
in Mathematica [97]) consist in the following three quantifier elimination packages:

• The package QEPCAD (now QEPCAD B): this classical and famous package of the SACLIB
library (the first package that performs quantifier elimination) is based on partial CAD (cylin-
drical algebraic decomposition) and it was prepared mainly by Hong under the guidance of
Collins, but with several additional contributors.

• The package REDLOG: this package of REDUCE is mainly based on the method of virtual
substitution and to a less extent on partial CAD and it was prepared by Dolzmann and Sturm.

• The package SyNRAC: this package of Maple is based on the methods of CAD, virtual sub-
stitution and Sturm–Habicht sequences and it was prepared mainly by Anai and Yanami.

1.5. Applications of quantifier elimination together with interval analysis to applied mechanics
Following many researchers in various research fields, since 1994 the author has been interested

in the application of the computational method of quantifier elimination to several problems of
applied mechanics (see, e.g., Refs. [101–103]). Much more recent results by the author based
on the same computational method, quantifier elimination, and generally concerning problems of
applied mechanics, can be found in Refs. [104–115]. On the other hand, the direct application
of the CAD (cylindrical algebraic decomposition) algorithm to an interesting applied-mechanics
problem (more explicitly, to the problem of computation of optimal solutions to truss problems in
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structural mechanics) was recently successfully made by Charalampakis and Chatzigiannelis [116].
Of course, here much more interesting are the applications of quantifier elimination to problems

(mainly to problems of applied mechanics) related to the computation of intervals for the uncertain
quantities. The author has been interested in these applications during the last two and a half years.

More explicitly, in eleven recent technical reports [105–115], the author combined quantifier
elimination (by employing (i) its implementation in Mathematica in the first nine of these reports
[105–113] as well as in the last report [115] and (ii) REDLOG in REDUCE in the tenth report [114])
with interval analysis in several problems. Almost all of these problems concern applied mechanics
(with the exception of the results in the report [108], which concern intervals of the real roots of
the quadratic equation), more explicitly, (i) the computation of ranges of functions appearing in
problems of applied mechanics [105], (ii) the determination of ranges of values of stress concentra-
tion factors in plane elasticity, more explicitly in notch and hole problems [106], (iii) similarly, the
determination of ranges of values of stress intensity factors at crack tips in plane elasticity prob-
lems related to fracture mechanics [107], (iv) the derivation of sharp enclosures of the real roots
of the classical parametric quadratic equation but with only one interval coefficient [108], (v) the
determination of sharp bounds for intervals in truss and in other applied mechanics problems with
uncertain, interval forces/loads and other parameters [109], (vi) the derivation of symbolic intervals
in simple problems of applied mechanics [110], (vii) the computation of intervals in three direct
and inverse applied mechanics problems, more explicitly, a classical beam problem, a problem of
a beam on a Winkler elastic foundation and the problem of free vibrations of the classical damped
harmonic oscillator with critical damping [111], (viii) the determination of intervals (ranges) for
the resultants of interval forces satisfying existentially and/or universally quantified formulae [112],
(ix) the determination of intervals (ranges) for the unknowns in systems of parametric interval linear
equilibrium equations in applied mechanics including the case of appearance of both the universal
and the existential quantifiers in the quantified formulae concerning the studied applied mechanics
problems [113], (x) the computation of intervals in classical beam problems by using the computa-
tional methods of finite differences and of finite elements [114] and, recently, (xi) the computation
of generalized interval-based polynomial approximations to functions in applied mechanics [115].
1.6. Relationship between quantifier elimination and interval analysis

Quantifiers and quantifier elimination are strongly related to interval analysis. This situation is
obvious and natural since several problems in interval analysis are expressed in terms of formulae
with universally and/or existentially quantified variables. The classical solution sets of parametric
or non-parametric interval systems of linear algebraic equations (united solution set, tolerable so-
lution set and controllable solution set) constitute such examples. In fact, there is a large number of
related results in the interval literature. Among these results we make reference to modal intervals
by Sainz et al. (see, e.g., the book [117]) and to the results by Grandón and Neveu [118], Grandón
and Goldsztejn [119] and Goldsztejn [120]. Additionally, Elishakoff, Gabriele and Wang [17] re-
peatedly used quantifiers in their study of the generalized Galilei problem [17], e.g. at the end of
Section 2 there [17, p. 1207], where they provided a physical meaning to a simple interval equation.

We can also note that the implementation of quantifier elimination in Mathematica [97] was
successfully used by Popova [121] as well as by Popova and Krämer [122] for the characterization
of solution sets of parametric interval systems of linear algebraic equations. But, unfortunately, the
derived results required too much CPU (central processing unit) time [121] in the computer used or
they contained a very large number of logical expressions [122, pp. 331–332] in comparison with
the efficient methods by the same authors for the same computational tasks. Yet, as far as the ex-
ample in Ref. [122, pp. 331–332] is concerned, it seems that the use of the general-purpose Reduce
command instead of the Resolve command, which is devoted only to quantifier elimination, could
essentially reduce the number of logical expressions in the derived QFF (quantifier-free formula).
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1.7. Contents of the present technical report
The present quantifier-elimination-based technical report is organized in nine sections as follows:

• In Section 1 (the present section), we presented the introductory material to the present approach
concerning intervals and the ellipsoidal convex model and based on the computational method of
quantifier elimination by using its efficient and user-friendly implementation in Mathematica [97].
• In Section 2, we derive the interval of the real root of a three-parametric cubic equation under an
ellipsoidal inequality constraint for the uncertain parameters. This problem was very recently stud-
ied by Qiu and Jiang, N. [84, Subsection 7.1] by using the ellipsoidal Newton’s iteration method.
• In Section 3, we study a two-storey shear frame building with non-linear stiffness. This struc-
tural mechanics problem was also very recently studied by Qiu and Jiang, N. [84, Subsection 7.2] by
using again the ellipsoidal Newton’s iteration method. (The present results are based on the same
two equilibrium equations that were provided by Qiu and Jiang, N. [84, Subsection 7.2, Eqs. (52)].)
• In Section 4, we study a simple three-member truss. This structural mechanics problem was
studied by Elishakoff and Miglis [11, pp. 2–5], who used the method of numerical determination
of extrema. Here for the solution of this problem for the uncertain parameters involved we employ
the following uncertainty models: (i) the interval model, (ii) the classical ellipsoidal model, (iii) a
generalized ellipsoidal model (the rhomboidal model), (iv) another generalized ellipsoidal model
(with exponent 3) as well as (v) four additional generalized ellipsoidal models (with exponents 4,
6, 8 and 10). Additionally, we compare the computed intervals for a particular displacement of this
truss. Generalized ellipsoidal (or superellipsoidal) models were already used in problems under un-
certainty conditions by Elishakoff and Sarlin [64] and by Ni, Elishakoff, Jiang, C., Fu and Han [65].
• In Section 5, we study one more structural mechanics problem again with the ellipsoidal model,
but now involving symbolic intervals. This problem was already proposed and solved by Elishakoff
and Elettro [63, Section 2], who used a classical analytical method in order to derive its solution.
• In Section 6, we consider the correlation propagation problem under uncertainty conditions
(here a generalized ellipsoidal inequality constraint) in a system with three correlated uncertain
parameters. This interesting problem was very recently studied by Ouyang, Liu, J., Han, Liu, G.,
Ni and Zhang, D. [77, Subsection 4.1, pp. 195–198], who used their own method for its solution.
In this problem, contrary to the previous four sections, the derived results do not concern only inter-
vals, but they also concern two-dimensional uncertainty regions between the pairs of the responses
of the system showing their correlations. (Evidently, these uncertainty regions are not ellipsoids but
rather complicated regions with the related exact equations derived here by the present approach.)
• In Section 7, we consider the more difficult case where the two uncertain parameters of a two-
parametric system satisfy not only two simple separate interval constraints, but also, what is much
more important, a complicated inequality constraint defining a similarly complicated and here non-
convex uncertainty region instead of a much simpler ellipsoidal (or generalized ellipsoidal) region.
Of course, in this case, the resulting interval of the response of the system is also complicated in its
exact form: in this application, it includes two appropriate roots of a fifty-eighth-degree polynomial.
• In Section 8, we consider in brief the alternative approach based on the method of minimization
and maximization. We observe that this method permits us to derive the same exact results already
derived by the method of quantifier elimination for the intervals of the responses of the system
under consideration (here under uncertainty conditions). This is an expected situation and, clearly,
it is mainly due to the fact that both quantifier elimination and minimization–maximization essen-
tially use similar algorithms in Mathematica [97] particularly the famous Collins’ CAD (cylindrical
algebraic decomposition) algorithm. (A related remark is made in the last paragraph of Section 9.)
• In Section 9, we state the main conclusions drawn from the present results and concerning the
determination of intervals when the uncertain parameters satisfy an ellipsoidal inequality constraint.
Additionally, we also include a brief discussion with respect to the present computational approach.
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2. A three-parametric cubic equation
As a first example of the present approach based on quantifier elimination and using its pow-

erful and user-friendly implementation in Mathematica [97] by Strzeboński we consider the three-
parametric (with uncertain-but-bounded parameters) cubic equation [84, Subsection 7.1, Eq. (47)]

x3 + p2x2 + p1x+ p0 = 0. (1)

In this cubic equation, the three parametric coefficients p0, p1 and p2 are assumed to satisfy the
following ellipsoidal inequality constraint [84, Subsection 7.1, Eq. (50)] (ellipsoidal convex model):

(p0 − p0,0)
2

r2
0

+
(p1 − p1,0)

2

r2
1

+
(p2 − p2,0)

2

r2
2

≤ 1, (2)

where the nominal (central) values p0,0, p1,0 and p2,0 of the three parametric coefficients p0, p1
and p2, respectively, of the cubic Eq. (1) are given by [84, Subsection 7.1, first three Eqs. (51)]

p0,0 =−1.8, p1,0 = 3.2, p2,0 =−1.5. (3)

Moreover, the three semi-axes r0, r1 and r2 of the ellipsoid in the ellipsoidal inequality constraint (2)
are given by [84, Subsection 7.1, last three Eqs. (51)]

r0 = 0.3, r1 = 0.5, r2 = 0.3. (4)

The above simple example is the first numerical example very recently studied by Qiu and Jiang
[84, Subsection 7.1] mainly by using the proposed ellipsoidal Newton’s iterations method (ENIM),
but the Monte-Carlo simulation (MCS) and the point-based iteration method (PIM) were also used
mainly for comparison purposes. The obtained numerical results for the two bounds of the real
solution x of the above cubic equation, Eq. (1), are displayed in Tables 2 and 3 of this reference
[84, Subsection 7.1, Tables 2 and 3]. Here we will study again the same elementary example, but
now by using the method of quantifier elimination. More explicitly, we will determine the interval
(range) of the real root x of Eq. (1) under the ellipsoidal constraint (2) (ellipsoidal convex model).

To this end we use Mathematica [97] and we denote the above cubic equation, Eq. (1), by the
symbol eq, i.e.

eq = x3+p2 x2+p1 x+p0 == 0 [c1]

and the ellipsoidal inequality constraint (2) by the symbol con, i.e.

con = (p0-p00)2/r02+(p1-p10)2/r12+(p2-p20)2/r22 ≤ 1 [c2]

The numerical values in Eqs. (3) and (4) were also declared to Mathematica by using the command

data = {p00 = -18/10, p10 = 32/10, p20 = -15/10, r0 = 3/10, r1 = 5/10, r2 = 3/10} [c3]

Here, for convenience during quantifier elimination, we preferred to declare these six numerical
values directly in rational form. (The Rationalize command of Mathematica could also have
been used instead.) In this way, the ellipsoidal constraint (2) takes its final rational numerical form

100
9

(
p0 +

9
5

)2
+4

(
p1 −

16
5

)2
+

100
9

(
p2 +

3
2

)2
≤ 1. (5)

As far as the present quantified formula is concerned, it has the simple purely existential form

∃ p0∃ p1∃ p2 such that the cubic Eq. (1) holds true under the ellipsoidal constraint (2). (6)

The related quantifier elimination command (here based on the Reduce general-purpose command
of Mathematica) has the simple form

Reduce[Exists[{p0,p1,p2}, con, eq], Reals] [c4]
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The resulting QFF (quantifier-free formula) has the form
s1 ≤ x ≤ s2, i.e. x ∈ [s1,s2 ], (7)

where s1 and s2 denote the first and the second real roots, respectively, of the sixth-degree polyno-
mial p1(s) = 100s6 −300s5 +856s4 −1320s3 +1539s2 −1152s+315. (8)
It can easily be observed that the other four roots of the same polynomial, p1(s), are complex. Next,
by using the N command of Mathematica (possibly simultaneously with the quantifier elimination
command [c4]),we find the numerical approximate form of the above QFF (7) (together with Eq. (8))

0.518518017432 ≤ x ≤ 0.899534380702, i.e. x ∈ [0.518518017432, 0.899534380702]. (9)
The corresponding intervals (ranges) of the real root x of the cubic Eq. (1) already having been

very recently computed by Qiu and Jiang [84, Subsection 7.1, Tables 2 and 3] are

x ∈ [0.52050, 0.89607] by using the MCS, (10)
x ∈ [0.50155, 0.86093] by using the PIM, (11)

x ∈ [0.5185184, 0.8995338] by using the ENIM with 10 iterations. (12)

Obviously, the present QFF (7) (accompanied by Eq. (8)) gives the exact interval (range) of the real
root x of the cubic Eq. (1) with its numerical approximation (here with 12 significant digits) being
the interval (9). Therefore, it is obvious and completely reasonable that the interval (10) obtained
by the MCS (Monte-Carlo simulation) by Qiu and Jiang [84, Subsection 7.1, Table 2] is a subset of
the almost exact interval (9) as is also directly observed. On the other hand, we also observe that
the interval (12) computed using the ENIM agrees in 6 significant digits with the exact interval (9).

Remark: Clearly, the Resolve command of Mathematica [97], which is the command actually
devoted to quantifier elimination, could also have been used instead of the Reduce command, i.e.

Resolve[Exists[{p0,p1,p2}, con, eq], Reals] [c5]

instead of the command [c4] with exactly the same resulting QFF (quantifier-free formula). But, on
the other hand, it should be mentioned that in few and rather rare cases the QFFs derived by using
the Reduce and Resolve commands although both correct and equivalent from the logical point
of view, nevertheless, they are not equivalent in appearance with the QFFs derived by using the
Reduce command being simpler (or, in very rare cases, much simpler) than those derived by using
the Resolve command. Therefore, in order to be on the safe side, in our quantifier elimination com-
mands, we continuously prefer to use the Reduce command in lieu of of the Resolve command.

Remark: If we had not used the rationalized forms of the six constants p0,0, p1,0, p2,0, r0, r1
and r2 in Eqs. (3) and (4), but we had directly used their decimal expressions in these equations,
then we would also obtain the correct (although now in a decimal approximate form) interval of the
real root x of the present cubic equation (1), but now with an accuracy of six significant digits, i.e.

0.518518 ≤ x ≤ 0.899534, i.e. x ∈ [0.518518, 0.899534 ]. (13)
Nevertheless, this result is accompanied by the related informative remark

Reduce::ratnz:
Reduce was unable to solve the system with inexact coefficients. The answer

was obtained by solving a corresponding exact system and numericizing the
result.

If we wish to deactivate the appearance of this informative remark, which is especially embarrass-
ing when it appears in several subsequent quantifier elimination commands, then we only need to
previously use the related simple deactivation command (here concerning the Reduce command)

Off[Reduce::ratnz] [c6]
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F = 12 kN
x2

x1

ground

first floor of the building

second floor of the building

Fig. 1. A two-storey shear frame building with non-linear stiffness.

3. A two-storey shear frame building with non-linear stiffness

As a second application we consider a two-storey shear frame building with non-linear stiffness
in structural mechanics here under static conditions (Fig. 1). This application has also been studied
very recently by using an ellipsoidal convex model and the ENIM (ellipsoidal Newton’s iteration
method) as well as the PIM (point-based iteration method) and the MCS (Monte-Carlo simulation)
by Qiu and Jiang [84, Subsection 7.2]. Qiu and Jiang mention that “The equilibrium equations of
the system can be described as” [84, Subsection 7.2, Eqs. (52)]:

(k1 + k2)x1 − k2x2 + k3x3
1 = 0, (14)

−k1x1 + k2x2 + k4x3
2 = F. (15)

In this system, the two symbols x1 and x2 denote the horizontal displacements of the masses of the
two floors of the present building (Fig. 1), first floor and second floor, respectively, the symbol F
denotes the horizontal external load of the same building applied to the mass of its second floor
(Fig. 1) and the four symbols k1, k2, k3 and k4 denote appropriate constants in the stiffness matrix
of the building assumed here again to be uncertain-but-bounded parameters [84, Subsection 7.2].

Exactly as in the previous section for the cubic equation (1) and following Qiu and Jiang [84,
Subsection 7.2], here we again assume the validity of an ellipsoidal convex model as well as the fol-
lowing related (generalized) ellipsoidal inequality constraint [84, Subsection 7.2, constraint (53)]:

(k1 − k1,0)
2

r2
1

+
(k2 − k2,0)

2

r2
2

+
(k3 − k3,0)

2

r2
3

+
(k4 − k4,0)

2

r2
4

≤ 1. (16)

In this ellipsoidal inequality constraint, the four symbols k1,0, k2,0, k3,0 and k4,0 denote the nominal
(central) values of the four uncertain-but-bounded stiffness parameters k1, k2, k3 and k4, respec-
tively. These nominal (central) values are assumed to be [84, Subsection 7.2, first three Eqs. (54)]

k1,0 = 300 kN/m, k2,0 = 400 kN/m, k3,0 =−3000 kN/m3, k4,0 =−5000 kN/m3. (17)

On the other hand, the four symbols r1, r2, r3 and r4 denote the four semi-axes of the ellipsoid in
the constraint (16) and they are assumed to have the values [84, Subsection 7.2, last three Eqs. (54)]

r1 = 20 kN/m, r2 = 25 kN/m, r3 = 200 kN/m3, r4 = 300 kN/m3. (18)

Finally, the horizontal external load F applied to the mass of the second floor (Fig. 1) of the present
two-storey shear frame building is assumed to have the value F = 12 kN [84, Subsection 7.2].
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Now, by using the above values of the four constants k1,0, k2,0, k3,0 and k4,0 in Eqs. (17) as well
as of the four constants r1, r2, r3 and r4 in Eqs. (18), we find the following form of the (generalized)
ellipsoidal inequality constraint (16) (for convenience during quantifier elimination written here in
a rational form and not in a decimal form):

(k1 −300)2

400
+

(k2 −400)2

625
+

(k3 +3000)2

40000
+

(k4 +5000)2

90000
≤ 1. (19)

Here we wish to determine the intervals of the horizontal displacements x1 and x2 of the masses
of the two floors of the present shear frame building (Fig. 1) (i.e. the ranges of these displacements)
by using the method of quantifier elimination and its efficient implementation in Mathematica [97].

Unfortunately, from the computational point of view the present problem is somewhat difficult
for quantifier elimination because of its doubly-exponential complexity [92]. More explicitly, here
we have a nonlinear problem with a total number of six variables: the two displacements x1 and x2
of the masses of the two floors of the building and the four stiffness parameters k1, k2, k3 and k4.

In order to circumvent this computational difficulty here by reducing the number of variables,
we can eliminate the two stiffness parameters k1 and k2 by solving Eqs. (14) and (15) with respect
to these parameters. This is very easily achieved by using the Solve command of Mathematica, i.e.

Solve[eqs, {k1,k2}] [c7]

where the symbol eqs refers to the system of two non-linear algebraic Eqs. (14) and (15) here with
F = 12 kN and uncertain stiffness parameters as was already mentioned. Then we directly find that

k1 =−
k3x3

1x2 − k4x1x3
2 + k4x4

2 +12x1 −12x2

x2
1

, k2 =−
k3x3

1 + k4x3
2 −12

x1
. (20)

By using these expressions of the stiffness parameters k1 and k2, we easily find that the (generalized)
ellipsoidal inequality constraint in its form (19) takes the final and completely different form

1
400

( k3x3
1x2 − k4x1x3

2 + k4x4
2 +12x1 −12x2

x2
1

+300
)2
+

1
625

( k3x3
1 + k4x3

2 −12
x1

+400
)2

+
(k3 +3000)2

40000
+

(k4 +5000)2

90000
≤ 1. (21)

Now, by using the nominal (central) values k1,0, k2,0, k3,0 and k4,0 in Eqs. (17) of the stiffness
parameters k1, k2, k3 and k4, respectively, we easily find (by employing the NSolve command of
Mathematica) that the system of non-linear algebraic Eqs. (14) and (15) has nine solutions for the
unknown horizontal displacements x1 and x2 of the masses of the two floors of the two-storey shear
frame building of Fig. 1. These nine solutions are (here with an accuracy of six significant digits)

x1 = +0.0325339, x2 =+0.0566761, (22)

x1 = +0.104219, x2 =+0.173893, (23)

x1 = +0.573600, x2 =−0.411630, (24)

x1 = −0.571483, x2 =+0.399722, (25)

x1 = −0.144149, x2 =−0.229797, (26)

x1 = +0.429316+0.0765349i, x2 =+0.214423−0.180094i, (27)

x1 = +0.429316−0.0765349i, x2 =+0.214423+0.180094i, (28)

x1 = −0.426676+0.0682767i, x2 =−0.208856−0.157803i, (29)

x1 = −0.426676−0.0682767i, x2 =−0.208856+0.157803i. (30)
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For physical reasons we directly reject the four complex solutions (27)–(30) and, addition-
ally, we also reject the three real solutions (24)–(26), which provide us with at least one negative
displacement x1 and/or x2. Therefore, from now on we pay attention only to the two positive so-
lutions (22) and (23) although we understand that the first of them, the solution (22) (with smaller
positive values of both displacements x1 and x2) is the preferable one. This happens because this
solution is the first one that the building will finally reach when the horizontal loading F (Fig. 1)
gradually increases from its initial value F = 0 kN to its final value F = 12 kN. Under these circum-
stances, in our present simple structural-mechanics problem, we decided to add the two positivity
assumptions

Ap = x1 > 0 ∧ x2 > 0. (31)

These positivity assumptions Ap are denoted by the related symbol assp in Mathematica.
Now, in order to compute the intervals (the ranges) of the horizontal displacement x1 of the

mass of the first floor of the building (Fig. 1) we can use the existentially quantified formula

∃k3∃k4∃x2 such that the inequality constraint (21) holds true under the assumptions Ap (32)

as well as the corresponding quantifier elimination command (here also including the N command)

N[Reduce[Exists[{k3,k4,x2}, assp, con2a], Reals], 12] [c8]

where the symbol con2a denotes the inequality constraint (21). Then we find the QFF

0.0299739004171 ≤ x1 ≤ 0.0359497456562 ∨ 0.0899343671841 ≤ x1 ≤ 0.118485606702. (33)

Completely analogously, by using the similar quantifier elimination command

N[Reduce[Exists[{k3,k4,x1}, assp, con2a], Reals], 12] [c9]

we find the intervals (the ranges) of the second displacement x2. The related QFF has the form

0.0506809049294 ≤ x2 ≤ 0.0646929340830 ∨ 0.157196051754 ≤ x2 ≤ 0.188932077597. (34)

Evidently, the above QFFs (quantifier-free formulae) (33) and (34) can equivalently be written
in interval forms. By taking into account the solutions (22) and (23) of the present system of non-
linear Eqs. (14) and (15) for the nominal values (17) of the stiffness parameters, from the first
parts of the QFFs (33) and (34) we conclude that the fundamental solution for the two horizontal
displacements x1 and x2 in Fig. 1 has the interval form (with an accuracy of 12 significant digits)

x1 ∈ [0.0299739004171, 0.0359497456562], x2 ∈ [0.0506809049294, 0.0646929340830]. (35)

These intervals concern the fundamental ranges of the displacements x1 and x2, respectively, under
the inequality constraint (16) for the values (17) and (18) of the uncertain stiffness parameters (their
nominal values) and the semi-axes of the ellipsoid in the inequality constraint (16), respectively.

Quite similarly, but now using the second parts of the QFFs (33) and (34), we obtain the sec-
ondary solution for the two horizontal displacements x1 and x2 in Fig. 1, which has the interval form

x1 ∈ [0.0899343671841, 0.118485606702], x2 ∈ [0.157196051754, 0.188932077597]. (36)

This secondary solution (36) seems not to be very important from the physical point of view and,
therefore, we may wish to ignore it. In fact, it is probable that this solution resulted mathematically
from a non-perfect mathematical model of the present two-storey shear frame building of Fig. 1,
which is described by the system of two non-linear (here cubic) algebraic equations (14) and (15).

A second possibility for the derivation of the same intervals (35) and (36) consists in our elim-
inating the stiffness parameters k3 and k4 (instead of the stiffness parameters k1 and k2 previously)
again by using the system of Eqs. (14) and (15). This can easily be achieved by using the command

Solve[eqs, {k3,k4}] [c10]
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instead of the analogous command [c7] previously. Then we directly find the obvious solution

k3 =
−(k1 + k2)x1 + k2x2

x3
1

, k4 =
k1x1 − k2x2 +12

x3
2

. (37)

Employing these expressions of the stiffness parameters k3 and k4 and taking into account our as-
sumption that F = 12 kN, we easily find that the ellipsoidal inequality constraint (19) takes the form

(k1 −300)2

400
+

(k2 −400)2

625
+

1
40000

(−(k1 + k2)x1 + k2x2

x3
1

+3000
)2

+
1

90000

( k1x1 − k2x2 +12
x3

2
+5000

)2
≤ 1. (38)

We denote this inequality constraint by the symbol con2b in Mathematica.
Now we can work exactly as previously simply by using the quantifier elimination commands

N[Reduce[Exists[{k1,k2,x2}, assp, con2b], Reals], 12] [c11]

N[Reduce[Exists[{k1,k2,x1}, assp, con2b], Reals], 12] [c12]

instead of the previous commands [c8] and [c9], respectively. In this way, we obtain exactly the
same intervals (ranges of the horizontal displacements x1 and x2), i.e. the intervals (35) and (36)
already having been computed previously by the first and completely analogous approach. We re-
peat that the intervals (35) are the fundamental intervals (the fundamental ranges) of the horizontal
displacements x1 and x2 in the present simple structural-mechanics problem (Fig. 1).

Concluding this section, we should mention that the obtained fundamental intervals (35) by the
present exact method are in agreement with the corresponding intervals already computed by Qiu
and Jiang [84, Subsection 7.2], who proposed this problem with the ellipsoidal convex model and
they solved it by using (i) the ENIM (ellipsoidal Newton’s iteration method) that they proposed in
Ref. [84] as well as (ii) the PIM (point-based iteration method) and (iii) the MCS (Monte-Carlo
simulation). The latter two methods have been used mainly for comparison purposes. The intervals
computed by Qiu and Jiang are displayed in Table 4 of their very recent paper [84, Subsection 7.2,
Table 4] through their endpoints (lower bounds and upper bounds). Here we display only the results
obtained by Qiu and Jiang [84, Subsection 7.2, Table 4] by using the ENIM (more explicitly, the
ENIM_SE and the ENIM_DE variations of the ENIM) with four iterations. These intervals are

x1 ∈ [0.029972, 0.035947], x2 ∈ [0.050676, 0.064684 ] (39)
for the ENIM_SE (obtained by Qiu and Jiang in 2.57 s with their computer) and

x1 ∈ [0.029965, 0.035962], x2 ∈ [0.050641, 0.064730 ] (40)
for the ENIM_DE (obtained by Qiu and Jiang in 2.83 s with their computer). On the other hand, we
note that the required CPU (central processing unit) times for performing the quantifier eliminations
were about 1.297 s, 0.859 s, 4.156 s and 1.110 s as far as the four quantifier elimination commands
[c8], [c9], [c11] and [c12], respectively, are concerned. Hence, these times are more or less com-
parable (in similar computers) to those required by Qiu and Jiang with four iterations in the ENIM.

Finally, it is clear that the present results are exact in the sense that the only approximations in
them are due to the round-off errors having resulted because of the use of the N command for the
numerical approximations (here with 12 significant digits) of the exact QFFs (quantifier-free formu-
lae) derived by the present approach. Unfortunately, the exact QFFs are two long to be displayed
here (in fact, they include the appropriate real roots of 86th-degree polynomials) and, therefore,
only their numerical approximations were displayed above. More explicitly, these approximations
were displayed in the forms of the intervals (35) (fundamental intervals of actual engineering impor-
tance) and (36) (secondary intervals probably of no practical engineering importance) concerning
both horizontal displacements x1 and x2 in the two-storey shear frame building shown in Fig. 1.
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Fig. 2. A three-member truss loaded by a single vertical force.

4. A three-member truss
4.1. The three-member truss problem under uncertainty conditions and its closed-form solution

As a third application of the present computational approach, which is based on quantifier elim-
ination and its efficient implementation in Mathematica [97], in this section, we consider the three-
member truss shown in Fig. 2. This simple structural-mechanics problem under uncertainty condi-
tions was already studied by Elishakoff and Miglis [11, pp. 2–5], who used the method of numerical
determination of extrema with Maple, and, recently, by the author [109, Section 5, pp. 17–26], who
used the method of quantifier elimination. In this simple truss problem, the lengths of the three bars
(members) of the truss (bar 1–3, bar 1–2 and bar 2–3 in Fig. 2) are L13 = 2 m and L12 = L23 =

√
2 m.

Moreover, the truss is assumed to be loaded by a single vertical force F = −10 N in the negative
y-direction (towards the truss) applied at the node 2 of the truss (Fig. 2). The area of the cross-
section of the three bars of the truss is A0 = 10−2 m−2 [11, p. 2]. Additionally, the nominal value
of the modulus of elasticity (Young’s modulus) E0 of the same bars is E0 = 210 ·106 Pa [11, p. 2].

Here, following Elishakoff and Miglis [11, pp. 4–5] and, subsequently, the author [109, Sub-
section 5.4, pp. 22–26], we will study again the case where uncertainty is present in both bars 1–2
and 2–3 of the truss of Fig. 2 (but not in the bar 1–3) with their axial rigidities s12 and s23, respec-
tively, assumed completely independent. Here these uncertainties are assumed to be simply due to
corresponding uncertainties in the moduli of elasticity (Young’s moduli) of these bars 1–2 and 2–3.
The resulting expressions of these two axial rigidities s12 and s23 are [109, p. 22, Eqs. (106)]

s12 =
A0E0

L12
(1+0.1q1) with q1 ∈ [−1,1] and s23 =

A0E0

L23
(1+0.1q2) with q2 ∈ [−1,1] (41)

with different and independent uncertain (here interval) parameters q1 and q2, respectively, exactly
as in Ref. [109, Subsection 5.4, pp. 22–26]. It should be mentioned that the above parameters q1
and q2 are analogous to the corresponding parameters t1 and t2 having been already used by El-
ishakoff and Miglis [11, p. 4] in the trigonometric functions appearing in the present three-member
truss problem by using their method. More explicitly, it holds true that q1 = sin t1 and q2 = sin t2.

These authors also used the corresponding functions sin t1 and sin t2 in the above interval vari-
ables (interval axial rigidities) s12 and s23, respectively, in the present structural-mechanics appli-
cation. The above assumptions (41) constitute the assumptions of complete independence of these
two interval variables, the axial rigidities s12 and s23. From the engineering point of view this fact
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Fig. 3. The region R∞ of the parameters (q1,q2) under the interval model C∞ (constraints (45)).

simply means that the two bars 1–2 and 2–3 of the present truss (Fig. 2) “. . . may be produced at dif-
ferent plants by different manufacturing procedures.” according to Elishakoff and Miglis [11, p. 4].

In the present truss problem, the vector of unknowns is the vector X = {u1,u2,v2}T and the
vector of external loads is the vector F = {0,0,−10}T . The related two-parametric system of three
linear algebraic equations has the following closed-form solution [109, p. 23, Eqs. (112)]

u1 = − 1
210000

, (42)

u2 = − 1
420000

( 10
√

2
q1 +10

− 10
√

2
q2 +10

+1
)
, (43)

v2 = − 1
420000

( 10
√

2
q1 +10

+
10

√
2

q2 +10
+1

)
(44)

with q1,2 ∈ [−1,1] as was already mentioned in Eqs. (41). In the above three Eqs. (42)–(44), the
symbol u1 denotes the horizontal displacement of the node 1 of the truss and the symbols u2 and v2
denote the horizontal and the vertical displacements, respectively, of the node 2 of the truss (Fig. 2).
Because the displacement u1 in Eq. (42) was found to have a crisp (deterministic) value, evidently,
from now on we will be interested exclusively in the displacements u2 and v2 in Eqs. (43) and (44),
respectively, which have parametric expressions in terms of the parameters q1 and q2. We can also
mention that the decimal forms of Eqs. (42)–(44) were seen in Ref. [109, p. 23, Eqs. (113)] to be
in agreement with the corresponding results obtained by Elishakoff and Miglis [11, p. 5, Eqs. (29)].

Here we intend to use Eqs. (43) and (44) of the closed-form solution in order to become able
to determine the intervals (ranges) of the parametric displacements u2 and v2 of the node 2 of the
truss of Fig. 2 in these equations. To this end, we have to make the related assumptions concerning
both uncertain parameters q1 and q2 in the axial rigidities s12 and s23, respectively, in Eqs. (41).

4.2. Use of the interval model: interval uncertainties in the uncertain parameters
At first, we make reference to the very simple case where interval uncertainties are assumed in

the uncertain parameters q1 and q2 in Eqs. (41) and, next, in Eqs. (43) and (44). More explicitly, in
Ref. [109, Subsection 5.4], we had made the interval-related assumptions [109, p. 23, Eq. (114)]

C∞ =−1 ≤ q1 ≤ 1 ∧ −1 ≤ q2 ≤ 1. (45)

These assumptions C∞ , sometimes called interval model, are denoted by the symbol coninfinity
in Mathematica and, clearly, they represent a square. The graphical representation of the related
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Fig. 4. The region R2 of the parameters (q1,q2) under the ellipsoidal model C2 (constraint (48)).

extremely simple region (square region) R∞ is very easily constructed with the help of Mathematica
by using the RegionPlot command as follows:

RegionPlot[coninfinity, {q1,-1,1}, {q2,-1,1}, BoundaryStyle -> Black,
AxesLabel -> Automatic, LabelStyle -> FontSize -> 19] [c13]

where the appropriate plotting options are also present. This square region R∞ is shown in Fig. 3
at the top of the previous page.

Next, in Ref. [109, Subsection 5.4], by using the method of quantifier elimination, we found the
intervals (ranges) of the two displacements u2 and v2 of the node 2 of the truss of Fig. 2 (both exact
intervals and their decimal approximations). These intervals are [109, p. 24, Eqs. (116)–(120)]:

u2 ∈
[
− 99+20

√
2

41580000
,− 99−20

√
2

41580000

]
≈ [−3.06119 ·10−6,−1.70071 ·10−6 ] (46)

and
v2 ∈

[
− 9+20

√
2

3780000
, − 11+20

√
2

4620000

]
≈ [−9.86356 ·10−6,−8.50309 ·10−6 ]. (47)

Obviously, in their decimal forms [109, p. 24, Eqs. (117) and (119)], the above two intervals are in
agreement with the corresponding intervals computed by Elishakoff and Miglis [11, p. 5, Eqs. (30)].

4.3. Use of the ellipsoidal model

Here we will not use the inequality constraints C∞ (related to a square region R∞) in Eq. (45) any
more. Now we proceed to the case of the ellipsoidal model, where we have the inequality constraint

C2 = q2
1 +q2

2 ≤ 1 (48)

instead of the inequality constraints C∞ in Eq. (45). (The above inequality constraint (48) is denoted
by the symbol con2 in Mathematica.) This is an ellipsoidal constraint and the related model is
called ellipsoidal convex model. This is the model assumed to hold true here. Moreover, the same
ellipsoidal constraint C2 in Eq. (48), which is valid in the present special case, represents a circle
(circular region R2 in Fig. 4). The graphical representation of the above constraint C2 is elementary
and is easily constructed with the help of Mathematica using again the RegionPlot command.

Now we proceed to the computation of the interval (range) of the horizontal displacement u2 of
the node 2 of the present truss shown in Fig. 2. To this end it is easily observed that we can use the
existentially quantified formula

∃q1∃q2 such that u2 = u2s under the ellipsoidal constraint C2 in Eq. (48). (49)
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For convenience, in this quantified formula, we have used the symbol u2s to denote the closed-form
solution for this displacement u2 displayed in the right-hand side of Eq. (43).

The related quantifier elimination command of Mathematica has the simple form

Reduce[Exists[{q1,q2}, con2, u2 == u2s], Reals] [c14]

The resulting QFF (quantifier-free formula) is easily seen (with the help of Mathematica) to have
the form r2,1 ≤ u2 ≤ r2,2 , i.e. u2 ∈ [r2,1, r2,2 ]. (50)
In this QFF, the two symbols r2,1 and r2,2 denote the first and the second real root, respectively, of
the following sixth-degree polynomial:

p2(s) = 2130454602868705344 ·1024s6 +304350657552672192 ·1020s5

+3265656437121624 ·1017s4 +195991974528336 ·1013s3

+6212521140966 ·109s2 +997035127452 ·104s+6356368201. (51)
Now, by using the N command of Mathematica, we can write the above interval (50) (of course,
together with Eq. (51) for p2(s)) in its decimal form (here with an accuracy of 12 significant digits)

u2 ∈ [−2.86434613153 ·10−6,−1.89755863037 ·10−6 ]. (52)

In a completely analogous manner, we can work for the vertical displacement v2 of the node 2
of the truss of Fig. 2. The related existentially quantified formula has the form

∃q1∃q2 such that v2 = v2s under the ellipsoidal constraint C2 in Eq. (48). (53)

(Evidently, the above quantified formula (53) concerning the displacement v2 is completely anal-
ogous to the previous quantified formula (49) concerning the displacement u2.) Next, the related
quantifier elimination command is similar to the command [c14] and it has the simple form

Reduce[Exists[{q1,q2}, con2, v2 == v2s], Reals] [c15]

The resulting QFF (quantifier-free formula) has the equally simple form

− 239+400
√

2
83580000

≤ v2 ≤− 159+400
√

2
83580000

, i.e. v2 ∈
[
− 239+400

√
2

83580000
,− 159+400

√
2

83580000

]
. (54)

Here we observe that contrary to the QFF (50) for the displacement u2 (together with Eq. (51)
for the polynomial p2(s)), no roots of a polynomial (such as the roots r2,1 and r2,2 of the poly-
nomial p2(s) in Eq. (51)) appear explicitly in the above QFF (54) for the displacement v2. Next,
the approximation of the above interval (54) (in a decimal form and again with an accuracy of 12
significant digits) is v2 ∈ [−9.62772702739 ·10−6,−8.67056024108 ·10−6 ]. (55)

Remark: By comparing the intervals (46) and (47) with the intervals (52) and (55), respectively,
we directly observe that the two latter intervals are subsets of the two first intervals, i.e. they are
contained in them. This interesting fact seems to be completely obvious and it holds true simply
because the intervals (46) and (47) were computed under the assumption of a box region (here a
square region) R∞ = [−1,1]× [−1,1] (displayed in Fig. 3) for the two uncertain (here interval)
parameters q1 and q2. This is clear from the inequality constraints C∞ in Eq. (45). On the contrary,
the present intervals (52) and (55) were computed under the assumption of an ellipsoidal region
(here a circular region, Fig. 4, a special case of an elliptical region), the region R2 described by the
inequality constraint C2 = q2

1+q2
2 ≤ 1 in Eq. (48) and displayed in Fig. 4, and it is directly observed

that R2 ⊂R∞. For example, we consider the four points that are the vertices (±1,±1) of the square
region R∞ shown in Fig. 3. Then it is directly observed that these four points (±1,±1)∈R∞ shown
in Fig. 3 (the square region there), but, on the contrary, exactly the same four points (±1,±1) ̸∈R2
shown in Fig. 4 (the circular region there).
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Fig. 5. The region R1 of the parameters (q1,q2) under the generalized ellipsoidal model C1,
rhomboidal model (constraint (56)).

4.4. Use of a generalized ellipsoidal model: a rhomboidal model
In this subsection, we consider a generalized ellipsoidal model, more explicitly, a rhomboidal

model. This generalized ellipsoidal model is based on the extremely simple inequality constraint

C1 = |q1|+ |q2| ≤ 1 (56)

for the absolute values of the two parameters q1 and q2 in Eqs. (41) concerning the uncertain axial
rigidities s12 and s23 in the present truss problem (Fig. 2). The above inequality constraint (56) (de-
noted by the related symbol con1 in Mathematica) represents a rhomboidal region (more simply a
rhombus) R1. This rhombus is shown in Fig. 5 having been plotted there by using the RegionPlot
command analogously to the command [c13] in Subsection 4.2. Obviously, the above rhomboidal
region R1 in Fig. 5 is a polygonal region, but it is also related to the exponent 1 in the above in-
equality constraint (56) instead of the exponent 2 in the related inequality constraint C2 in Eq. (48).

Now we will work exactly as we did in the previous two subsections, Subsection 4.2 and Sub-
section 4.3, for the interval model and the ellipsoidal model, respectively. Therefore, here for the
rhomboidal model (based on the inequality constraint C1 in Eq. (56) and with its graphical rep-
resentation shown in Fig. 5) we will again employ the closed-form expressions (43) and (44) of
the two uncertain displacements u2 (horizontal displacement) and v2 (vertical displacement) at the
node 2 of the present three-member truss (Fig. 2). In this way, we will become able to determine the
intervals (ranges) of these displacements u2 and v2 by using the method of quantifier elimination.

To this end at first for the displacement u2 we have the existentially quantified formula

∃q1∃q2 such that u2 = u2s under the rhomboidal constraint C1 in Eq. (56), (57)

where, for convenience, we again used the symbol u2s to denote the closed-form solution for this
displacement in the right-hand side of Eq. (43). (Clearly, the above existentially quantified for-
mula (57) is analogous to the quantified formula (49) in the previous subsection, Subsection 4.3,
concerning the ellipsoidal model.) The related quantifier elimination command in Mathematica is
completely analogous to the command [c14] (but now with con1 instead of con2 as far as the related
inequality constraint is concerned, here C1 in Eq. (56) instead of C2 in Eq. (48)) and it has the form

Reduce[Exists[{q1,q2}, con1, u2 == u2s], Reals] [c16]

The resulting QFF (quantifier-free formula) is easily seen to have the simple form

− 9+
√

2
3780000

≤ u2 ≤− 9−
√

2
3780000

(58)
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and in a decimal form (using again the N command of Mathematica and with an accuracy of 12 sig-
nificant digits)

−2.75508295301 ·10−6 ≤ u2 ≤−2.00682180890 ·10−6. (59)

Evidently, the above QFF (58) in an exact form or (59) in an approximate decimal form can also
directly be written in the equivalent interval form

u2 ∈
[
− 9+

√
2

3780000
,− 9−

√
2

3780000

]
≈ [−2.75508295301 ·10−6,−2.00682180890 ·10−6 ]. (60)

In a completely similar manner, we can also work again for the vertical displacement v2 of the
same node 2 of the truss shown in Fig. 2. The related quantifier elimination command is completely
similar to the previous command [c16] for the horizontal displacement u2 and it has the form

Reduce[Exists[{q1,q2}, con1, v2 == v2s], Reals] [c17]

The resulting QFF (quantifier-free formula) has now the simple form

− 9+19
√

2
3780000

≤ v2 ≤− 21+40
√

2
8820000

(61)

and in a decimal form (using again the N command of Mathematica and with an accuracy of 12 sig-
nificant digits)

−9.48943325002 ·10−6 ≤ v2 ≤−8.79461933049 ·10−6. (62)

The above QFF (61) in an exact form or (62) in an approximate decimal form can also directly be
written in the equivalent interval form (similarly to the interval form (60) for the displacement u2)

v2 ∈
[
− 9+19

√
2

3780000
,− 21+40

√
2

8820000

]
≈ [−9.48943325002 ·10−6,−8.79461933049 ·10−6 ]. (63)

Remark: We can also compare the intervals having been derived with the present rhomboidal
model with the corresponding intervals (46) and (47), respectively, for the interval model and,
additionally, with the corresponding intervals (52) and (55), respectively, for the ellipsoidal model.
Then we directly observe that the above intervals (60) and (63) concerning the present rhomboidal
model are subsets of the intervals (46) and (47) concerning the interval model and exactly the same
happens with the intervals (52) and (55) concerning the ellipsoidal model. Again this situation is
not strange, but it seems to be obvious because the intervals (46) and (47) were computed under
the assumption of a box (here a square) region R∞ = [−1,1]× [−1,1] (square shown in Fig. 3) for
the two uncertain (here interval) parameters q1 and q2 as is clear from the inequality constraints C∞
in Eq. (45). Therefore, it is directly observed that R1 ⊂ R∞. Similarly, the intervals (52) and (55)
were computed under the assumption of an ellipsoidal region (here a circular region, Fig. 4, which
is a special case of an ellipse), the region described by the inequality constraint C2 = q2

1 + q2
2 ≤ 1

in Eq. (48) (also displayed in Fig. 4, region R2 there), and it is directly observed that R1 ⊂ R2.

4.5. Use of a second generalized ellipsoidal model: a model with exponent 3

In this subsection, we consider another generalized ellipsoidal model, more explicitly, a model
with exponent 3. This generalized model is based on the inequality constraint

C3 = |q1|3 + |q2|3 ≤ 1 (64)

instead of the related inequality constraint C1 in Eq. (56) having been assumed in the previous
subsection, Subsection 4.4, with exponent 1. The above inequality constraint C3 also represents a
generalized elliptical region R3 and it is denoted by the related symbol con3 in Mathematica. The
region R3 is shown in Fig. 6 at the top of the next page. This region has been plotted by using again
the RegionPlot command of Mathematica.
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Fig. 6. The region R3 of the parameters (q1,q2) under the generalized ellipsoidal model C3
(constraint (64)).

Now we will work exactly as we already did in the previous three subsections, Subsection 4.2,
Subsection 4.3 and Subsection 4.4, for the interval model, the ellipsoidal model and the generalized
ellipsoidal model (rhomboidal model), respectively, studied there. Hence, here for the present gen-
eralized ellipsoidal model (based on the inequality constraint C3 in Eq. (64) and with its graphical
representation shown in Fig. 6) we will again use the closed-form expressions (43) and (44) of the
two uncertain displacements u2 and v2 at the node 2 of the present truss and we will determine the
intervals (ranges) of these displacements. Of course, here we will employ the present inequality
constraint C3 (con3 in Mathematica) in Eq. (64) (with a graphical representation of the related re-
gion R3 in Fig. 6) instead of the inequality constraints C∞ , C2 and C1 having been used previously.

At first, for the horizontal displacement u2 we find the exact QFF (quantifier-free formula)

s12,2 ≤ u2 ≤ s12,3 i.e. u2 ∈ [s12,2, s12,3 ]. (65)

In this QFF, the two symbols s12,2 and s12,3 denote the second and the third real roots, respectively,
of the following twelfth-degree polynomial:

p12(s) = 30129409227730837726123567681536 ·1048s12

+8608402636494525064606733623296 ·1044s11

−4919085888602250153429136547265263616 ·1040s10

−117121110479272963108814609907311616 ·1037s9

−12920487028429759590035773609377408 ·1033s8

−8675606032658864039334648048067584 ·1028s7

−391693381406694508877657094668544 ·1024s6

−12395587019116327938254764544256 ·1020s5

−27780380993529729243349971048 ·1017s4

−434310214794883786999970064 ·1013s3

−45210433741655186591883576 ·108s2

−282187711511641151999496 ·104s

−799694030998901999999. (66)
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Next, by using the N command of Mathematica (but also, possibly, simultaneously with the present
quantifier elimination command), we easily find the numerical approximate form of the above exact
QFF (65) (together with Eq. (66) for p12(s)) here again with an accuracy of 12 significant digits

−2.92225682281 ·10−6 ≤ u2 ≤−1.83964793909 ·10−6 (67)

and in the related interval form

u2 ∈ [−2.92225682281 ·10−6 ,−1.83964793909 ·10−6 ]. (68)

In a completely similar manner, we can also work again for the vertical displacement v2 of the
same node 2 of the truss of Fig. 2. Then we find the exact QFF (quantifier-free formula)

s6,1,1 ≤ v2 ≤ s6,2,1 i.e. v2 ∈ [s6,1,1, s6,2,1]. (69)

In this QFF, the symbols s6,1,1 and s6,2,1 denote the first real roots of the two sixth-degree polyno-
mials

p6,1(s) = 21934176338055744 ·1024s6 +3133453762579392 ·1020s5

−11250643390056 ·1017s4 −2255712735024 ·1013s3

+44340612246 ·109s2 +49374864252 ·104s−1372099999 (70)
and

p6,2(s) = 21978088592007744 ·1024s6 +3139726941715392 ·1020s5

−11153558474856 ·1017s4 −2248837368624 ·1013s3

+44564993046 ·109s2 +49409136252 ·104s−1371899999, (71)

respectively. Next, by using again the N command of Mathematica, we easily find the numerical ap-
proximate form of the above QFF (69) (together with Eqs. (70) and (71) concerning the two related
polynomials p6,1(s) and p6,2(s), respectively) here again with an accuracy of 12 significant digits

−9.69588963237 ·10−6 ≤ v2 ≤−8.62010111479 ·10−6 (72)

and in the related interval form

v2 ∈ [−9.69588963237 ·10−6 ,−8.62010111479 ·10−6 ]. (73)

Remark: Comparing the region R3 in Fig. 6 with the regions R∞ in Fig. 3, R2 in Fig. 4 and R1
in Fig. 5, we observe that R3 ⊂ R∞ whereas, on the contrary, R2 ⊂ R3 and, similarly, R1 ⊂ R3.
Therefore, the observation that is easily made on the basis of the previous results that the intervals
resulting from the above inequality constraint C3 in Eq. (64) (for both displacements u2 and v2 of
the node 2 of the truss) are included in the corresponding intervals resulting from the inequality
constraint C∞ in Eq. (45) is completely reasonable. On the contrary, the intervals resulting from the
inequality constraints C2 in Eq. (48) and C1 in Eq. (56) are included in the corresponding intervals
resulting from the above inequality constraint C3 in Eq. (64) (again for both displacements u2 and v2
of the node 2 of the truss). This observation is also completely reasonable and actually expected.

4.6. Additional generalized ellipsoidal models: models with exponents 4, 6, 8 and 10

Beyond the results of the previous four subsections, we can also proceed adopting additional
generalized ellipsoidal models. More explicitly, in the present subsection, we also consider general-
ized ellipsoidal models with exponents 4, 6, 8 and 10, i.e. models based on the inequality constraint

Cn = qn
1 +qn

2 ≤ 1 here with n = 4,6,8 and 10 (74)

as far as the two uncertain parameters q1 and q2 in Eqs. (41) for the two uncertain axial rigidities s12
and s23 of the bars 1–2 and 2–3, respectively, of the present truss shown in Fig. 2 are concerned.
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Fig. 7. The region R10 of the parameters (q1,q2) under the generalized ellipsoidal model C10
(constraint (74) here with n = 10).

For example, with n = 10 the related region R10 that satisfies the inequality constraint C10 , i.e. the
inequality constraint Cn in Eq. (74) with n = 10, is shown in Fig. 7. We observe that this region
R10 approaches the square region R∞ shown in Fig. 3, which is valid for the interval model.

More generally, instead of the above general inequality constraint Cn (but essentially restricted
to even values of the exponent n) we can also consider the even more general inequality constraint

C ∗
n = |q1|n + |q2|n ≤ 1 here with n = 1,2,3, . . . (75)

with the use of the absolute values |q1| and |q2| of the uncertain parameters q1 and q2. Therefore, in
this way, the cases n = 1 and n = 3 (with odd values of the exponent n) already having been studied
previously are included in the above new inequality constraint C ∗

n in Eq. (75).
Here we wish again to determine the intervals (ranges) of the two similarly uncertain displace-

ments u2 (horizontal displacement) and v2 (vertical displacement) of the node 2 of the truss of Fig. 2.
The closed-form expressions of these displacements are given by Eqs. (43) and (44), respectively.

Analogously to the previous four subsections, the related existentially quantified formulae for
the two displacements u2 (horizontal displacement) and v2 (vertical displacement) have the forms

∃q1∃q2 such that u2 = u2s under the ellipsoidal constraint Cn in Eq. (74), (76)
∃q1∃q2 such that v2 = v2s under the ellipsoidal constraint Cn in Eq. (74), (77)

respectively, here with n = 4, 6, 8 and 10 as has been already mentioned. But, on the other hand,
unfortunately, now that we have assumed higher values of the exponent n in Eq. (74), it is essentially
impossible to perform exact quantifier elimination to the above quantified formulae (76) and (77).
Therefore, we have been essentially obliged to proceed to the use of approximate expressions for
the closed-form formulae (43) and (44) concerning the nodal displacements u2 and v2, respectively.

For example, for n = 10 (corresponding to the region R10 of the parameters q1 and q2 in Fig. 7)
the quantifier elimination commands of Mathematica that we used have the forms

Reduce[Exists[{q1,q2}, cons10, u2 == N[u2s,20]], Reals] [c18]
Reduce[Exists[{q1,q2}, cons10, v2 == N[v2s,20]], Reals] [c19]

for the two displacements u2 and v2, respectively, where, evidently, the symbol cons10 refers to
the inequality constraint Cn in Eq. (74) for n = 10. Moreover, in the above commands, by using
the N command of Mathematica, we approximated the closed-form expressions u2s and v2s of the
displacements u2 and v2, respectively, by their decimal approximations with an accuracy of 20 sig-
nificant digits. This permits the derivation of QFFs with an accuracy of at least 15 significant digits.
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In this way, here we have been able to find the intervals (ranges) of the two uncertain displace-
ments u2 (horizontal displacement) and v2 (vertical displacement) of the node 2 of the truss (Fig. 2).
These intervals are displayed here with an accuracy of 12 significant digits for n = 4,6,8 and 10
in the generalized ellipsoidal inequality constraint Cn in Eq. (74) or, equivalently, C ∗

n in Eq. (75).
We also note that we have already computed the same intervals for n = ∞ (the case of an interval
model) in Subsection 4.2, for n = 2 (the case of an ellipsoidal model) in Subsection 4.3, for n = 1
(the case of a rhomboidal model) in Subsection 4.4 and for n = 3 (the case of another generalized
ellipsoidal model) in Subsection 4.5. All of these intervals (for n = 1,2,3,4,6,8,10 and ∞) are
displayed below both for the horizontal displacement u2 of the node 2 of the truss of Fig. 2 (in
Eqs. (78)–(85)) and for the vertical displacement v2 of the node 2 of the truss (in Eqs. (86)–(93)).

At first, for the uncertain horizontal displacement u2 of the node 2 we have the intervals (ranges)

u2 ∈ Iu,1 = [−2.75508295301 ·10−6,−2.00682180890 ·10−6 ] for n = 1, (78)

u2 ∈ Iu,2 = [−2.86434613153 ·10−6,−1.89755863037 ·10−6 ] for n = 2, (79)

u2 ∈ Iu,3 = [−2.92225682281 ·10−6,−1.83964793909 ·10−6 ] for n = 3, (80)

u2 ∈ Iu,4 = [−2.95398062566 ·10−6,−1.80792413625 ·10−6 ] for n = 4, (81)

u2 ∈ Iu,6 = [−2.98764774617 ·10−6,−1.77425701573 ·10−6 ] for n = 6, (82)

u2 ∈ Iu,8 = [−3.00523835628 ·10−6,−1.75666640563 ·10−6 ] for n = 8, (83)

u2∈Iu,10 =[−3.01604205032 ·10−6,−1.74586271159 ·10−6 ] for n = 10, (84)

u2 ∈Iu,∞ = [−3.06118978469 ·10−6,−1.70071497721 ·10−6 ] for n = ∞. (85)
Similarly, for the uncertain vertical displacement v2 of the node 2 we have the intervals (ranges)

v2 ∈ Iv,1 = [−9.48943325002 ·10−6,−8.79461933049 ·10−6 ] for n = 1, (86)

v2 ∈ Iv,2 = [−9.62772702739 ·10−6,−8.67056024108 ·10−6 ] for n = 2, (87)

v2 ∈ Iv,3 = [−9.69588963237 ·10−6,−8.62010111479 ·10−6 ] for n = 3, (88)

v2 ∈ Iv,4 = [−9.73358272811 ·10−6,−8.59293895388 ·10−6 ] for n = 4, (89)

v2 ∈ Iv,6 = [−9.77394329041 ·10−6,−8.56441847618 ·10−6 ] for n = 6, (90)

v2 ∈ Iv,8 = [−9.79519139311 ·10−6,−8.54963224070 ·10−6 ] for n = 8, (91)

v2∈Iv,10 =[−9.80829858253 ·10−6,−8.54058832299 ·10−6 ] for n = 10, (92)

v2 ∈Iv,∞ = [−9.86356382208 ·10−6,−8.50308901460 ·10−6 ] for n = ∞. (93)

Here the symbols Iu,n and Iv,n (with n = 1,2,3,4,6,8,10 and ∞) denote the related intervals.

Remark: From all the above intervals (78)–(93) it is directly observed that
Iu,1 ⊂ Iu,2 ⊂ Iu,3 ⊂ Iu,4 ⊂ Iu,6 ⊂ Iu,8 ⊂ Iu,10 ⊂ Iu,∞ , (94)

Iv,1 ⊂ Iv,2 ⊂ Iv,3 ⊂ Iv,4 ⊂ Iv,6 ⊂ Iv,8 ⊂ Iv,10 ⊂ Iv,∞ . (95)
The above inclusion results in this remark generalize the corresponding remarks having been made
at the ends of Subsection 4.3, Subsection 4.4 and Subsection 4.5 concerning the models studied in
these subsections. Moreover, the same inclusion results (94) and (95) seem to be due to the fact that

R1 ⊂ R2 ⊂ R3 ⊂ R4 ⊂ R6 ⊂ R8 ⊂ R10 ⊂ R∞ (96)

for the regions Rn corresponding to the general inequality constraint C ∗
n (for n = 1,2,3,4,6,8,10)

in Eq. (75) and C∞ (for n = ∞) in Eq. (45), which have been assumed valid for the present models.
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5. A simple structural mechanics problem with the ellipsoidal model and symbolic intervals

In this section, we consider a very simple structural mechanics problem with the application
again of the ellipsoidal model, but now, contrary to the previous three sections, with the compu-
tation of symbolic intervals (including the parameters of the problem) and not simply numerical
intervals. (Symbolic intervals in combination with the method of quantifier elimination have been
already used by the author in Ref. [110] under interval conditions for the uncertain parameters.)

The very simple problem studied here has been already proposed and solved by Elishakoff and
Elettro [63, Section 2] by using an analytical method without the help of a computer algebra system
or the adoption of the method of quantifier elimination. This problem simply concerns a structure
subjected to two independent uncertain loads [63, p. 1576]. Elishakoff and Elettro studied the
displacement u of a generic node of the structure subjected to two uncertain loads X and Y applied
at two different nodes of the structure [63, p. 1577]. Moreover, the response of the structure was
assumed to be linear [63, p. 1577]. Then this displacement u is expressible as [63, p. 1577, Eq. (1)]

u = pX +qY (97)
with p and q being appropriate deterministic coefficients [63, p. 1577], but in a symbolic (paramet-
ric) form and not in a numerical form. Elishakoff and Elettro [63] assumed the validity at first of
the classical ellipsoidal model with exponent n = 2 [63, Subsection 2.2] and, next, of a generalized
ellipsoidal model with an arbitrary exponent n [63, Subsection 2.3]. Here we will restrict our atten-
tion to the classical ellipsoidal model (with exponent n = 2). The case of an arbitrary exponent n
cannot be studied with the present method based on quantifier elimination and using Mathematica.

In the present structural mechanics problem (with exponent n= 2), Elishakoff and Elettro found
that this problem can be reduced to the problem of finding the extreme values (minimum and
maximum) of the linear function (linear with respect to the variables x and y) [63, p. 1578, Eq. (6)]

F = vx+wy, (98)
where F is an appropriate auxiliary quantity, x and y are the uncertain variables (the coordinates of
the uncertain loads X and Y now in the local coordinate system of the ellipse Cs below [63, p. 1578])
and v and w are two appropriate (but deterministic) parameters. The uncertain variables x and y are
assumed to satisfy the ellipsoidal model. Here this model takes the form of an ellipse Cs, i.e.

Cs =
( x

a

)2
+
( y

b

)2
≤ 1, (99)

where a and b, the semi-axes of the ellipse, are also assumed to be symbols (parameters) and not
numbers. Because of the linearity of Eq. (98) (with respect to the variables x and y) for the auxiliary
quantity F , Elishakoff and Elettro concluded [63, p. 1578] that the extreme values (minimum and
maximum) of F lie on the boundary

Be =
( x

a

)2
+
( y

b

)2
= 1 (100)

of the above ellipse Cs in Eq. (99) [63, p. 1578, Eq. (7)]. Here it was not found necessary to
use this interesting conclusion by Elishakoff and Elettro and, therefore, we will use the ellipse in
Eq. (99) as our inequality constraint Cs (denoted by the symbol cons in Mathematica) instead of
its boundary Be in Eq. (100) although the latter possibility is also completely acceptable in the
present approach based on quantifier elimination. For convenience, we also make the assumptions

As = a > 0 ∧ b > 0 ∧ v ̸= 0 ∧ w ̸= 0 (101)

(denoted by the related symbol asss in Mathematica). The first two of the above assumptions As ,
the positivity assumptions a > 0 and b > 0 for the semi-axes of the ellipse (99), are completely
natural. The last two assumptions, v ̸= 0 and w ̸= 0, simply aim at the derivation of a simple QFF
(quantifier-free formula) free from the consideration of the very special cases v = 0 and/or w = 0.
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Under these circumstances, in the present simple structural mechanics problem, we have the
existentially quantified formula

∃x∃y such that Eq. (98) holds true under the constraint Cs and the assumptions As. (102)

Now we have to perform quantifier elimination to the above existentially quantified formula (102).
This task can quite easily be achieved by using the related quantifier elimination command

Refine[Reduce[Exists[{x,y}, cons∧ asss, F == Fs], Reals]//Simplify, asss] [c20]

The resulting QFF (quantifier-free formula) has the sufficiently simple form√
a2v2 +b2w2 ≥ F ∧

√
a2v2 +b2w2 +F ≥ 0 (103)

with four parameters: a, b, v and w. This form is directly seen to correspond to the symbolic interval

F ∈ IF = [Fmin, Fmax ] = [−
√

a2v2 +b2w2 ,
√

a2v2 +b2w2 ]. (104)

This interval IF coincides with the corresponding interval having been computed by Elishakoff
and Elettro [63, p. 1578, Eqs. (18)], where both extreme values of the auxiliary quantity F (i.e. Fmin
and Fmax) are displayed (although an a somewhat different, but, essentially, equivalent writing).

The above interval IF of F in Eq. (104) permits us the direct subsequent computation of the
related interval Iu of the displacement u in Eq. (97), which is of the obvious form

u ∈ Iu = [umin, umax ]. (105)

The expressions of the extreme values umin and umax of the displacement u, which are directly based
on the interval IF in Eq. (104), also Eqs. (18) in Ref. [63], are easily derived and they are also
displayed by Elishakoff and Elettro [63, p. 1578, Eqs. (19)] now in the global coordinate system of
the structure under consideration. (For the sake of space we will not repeat these expressions here.)

On the other hand, if we had used just the two positivity assumptions

As,p = a > 0 ∧ b > 0 (106)

(denoted by the symbol asssp in Mathematica) in the above quantifier elimination command [c20]
instead of the original assumptions As in Eq. (101) by using the slightly modified command

Refine[Reduce[Exists[{x,y}, cons∧ asssp, F == Fs], Reals]//Simplify, asssp] [c21]

then we would have found the modified QFF (quantifier-free formula){
w = 0 ∧ [(v = 0 ∧ F = 0) ∨ (v ̸= 0 ∧ a|v| ≥ F ∧ a|v|+F ≥ 0)]

}
∨
(
w ̸= 0 ∧

√
a2v2 +b2w2 ≥ F ∧

√
a2v2 +b2w2 +F ≥ 0

)
. (107)

(Here, in the above QFF, we took the liberty to use the simple notation |v| instead of the original no-
tation

√
v2 in the derived QFF.) The above QFF is essentially equivalent to the previous QFF (103).

The sole difference consists in the fact that now the special case w = 0 is considered separately (in
the first line of the above QFF) together with the two subcases v= 0 and v ̸= 0 (also in the first line).

Finally, if we wish, we can also take into consideration the aforementioned interesting remark
by Elishakoff and Elettro [63, p. 1578], i.e. that the extreme values of the quantity F in Eq. (98) ap-
pear on the boundary Be in Eq. (100) of the ellipse Cs in Eq. (99) in the adopted present ellipsoidal
model. This is very easily possible simply by using the modified constraint [63, p. 1578, Eq. (7)]

Cs,m =
( x

a

)2
+
( y

b

)2
= 1 (i.e. Cs,m = Be), (108)

that is now an equality constraint, instead of the original and, surely, much more natural inequality
constraint Cs in Eq. (99). Then we again find exactly the same QFF (103), i.e. the same symbolic
interval (104) of the quantity F, and, hence, next, the same interval Iu of the displacement u too.
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6. Correlation propagation in a system with three uncertain parameters

6.1. The numerical example and the ellipsoidal model for the three uncertain parameters

As a further application of the present approach based on the ellipsoidal model and quantifier
elimination, in this section, we consider a numerical example, which was very recently studied by
Ouyang, Liu, J., Han, Liu, G., Ni and Zhang [77, Subsection 4.1, pp. 195–198] by using the method
proposed by these authors for the solution of the correlation propagation problem in structures
under uncertainty conditions. This example concerns the following three equations E1, E2 and E3
for the three uncertain quantities (responses) y1, y2 and y3, respectively [77, p. 196, Eqs. (15)]:

E1 := y1 =−3x1 +5x2 + x2
3 , E2 := y2 = x2

1 −9x2 −3x3 , E3 := y3 = 2x2
1 + x2

2 − x2
3 . (109)

In these equations, the symbols x1, x2 and x3 denote three interval parameters with [77, p. 196]

x1 ∈ [1,2 ], x2 ∈ [3,4 ], x3 = [2,3 ]. (110)

The nine non-probabilistic correlation coefficients ρxi x j (with i, j = 1,2,3) among these interval
parameters are also given in this reference [77, p. 196, Table 1], but they will not be repeated here.

The resulting uncertainty domain (or uncertainty region) for the present three interval, uncertain
parameters x1, x2 and x3 was also computed by Ouyang, Liu, J., Han, Liu, G., Ni and Zhang [77,
p. 197, Eq. (16)]. Here we can write this domain in the essentially equivalent form of an ellipsoidal
inequality constraint, i.e.

Cx = vT
x Gx vx ≤ 1. (111)

In this ellipsoidal inequality constraint, the symbol vx denotes the vector [77, p. 197, Eq. (16)]

vx = {x1 −1.5, x2 −3.5, x3 −2.5}T (112)

related to the mean (central, nominal) values 1.5, 3.5 and 2.5 of the three interval, uncertain param-
eters x1, x2 and x3 in Eqs. (109), respectively (because of the intervals (110) of these three parame-
ters), whereas the symbol Gx denotes the symmetric positive definite matrix [77, p. 197, Eq. (16)]

Gx =

 12.4 −7.0 −8.1
−7.0 8.0 5.0
−8.1 5.0 9.4

. (113)

This matrix is the characteristic matrix of the present ellipsoidal model [77, p. 192], it is the inverse
matrix of the non-probabilistic covariance matrix Covx [77, p. 192, Eq. (4)] and it is related to the
correlation coefficients ρxi x j among the same parameters x1, x2 and x3 [77, p. 192, Eqs. (5) and (6)].

Because of the above expressions of the vector vx in Eq. (112) and the matrix Gx in Eq. (113),
the above inequality constraint Cx in Eq. (111) can also be written in its explicit decimal form

Cx = 12.4x2
1 − x1(14x2 +16.2x3 −52.3)

+8x2
2 +10x2(x3 −6)+9.4x2

3 −57.7x3 +137.9 ≤ 1 (114)

or in the equivalent exact rational form (preferable during quantifier eliminations in Mathematica)

Cx =
1

10
(124x2

1 −140x1x2 −162x1x3 +523x1

+80x2
2 +100x2x3 −600x2 +94x2

3 −577x3 +1379)≤ 1. (115)

This is the final form of the present inequality constraint Cx in Eq. (111) (denoted by the symbol
conx in Mathematica) and it is the form that will be used during quantifier eliminations below.
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Fig. 8. The region Ry1y2 showing the correlation of the responses y1 and y2 in Eqs. (109) under
the present generalized ellipsoidal model Cx (constraint Cx in Eqs. (111), (114) and (115)).
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6.2. The intervals of the uncertain quantities y1, y2 and y3 (the responses of the present system)

We are now ready to compute the intervals of the uncertain quantities y1, y2 and y3 in Eqs. (109)
(the responses of the present system) on the basis of the interval, uncertain parameters x1, x2 and x3
in the right-hand sides of these equations, equations E1, E2 and E3, which are denoted by the related
symbols eq1, eq2 and eq3, respectively, in Mathematica.

We begin with the first uncertain response y1 defined in the first of Eqs. (109), equation E1. The
related existentially quantified formula has the form

∃x1∃x2∃x3 such that equation E1 holds true under the inequality constraint Cx . (116)

Now we should eliminate the existential quantifier ∃ together with the three existentially quantified
variables (here interval, uncertain parameters) x1, x2 and x3. To this end here we can use the simple
quantifier elimination command

Reduce[Exists[{x1,x2,x3}, conx, eq1], Reals] [c22]

The resulting QFF (quantifier-free formula) has the form

s4,y1,1 ≤ y1 ≤ s4,y1,2 and, equivalently, y1 ∈ Iy1 = [s4,y1,1, s4,y1,2 ]. (117)

In the above QFF, the symbols s4,y1,1 and s4,y1,2 denote the first two real roots of the following
quartic polynomial:

p4,y1(s) = 16779837542400s4 −1356357527754240s3 +41404082677155856s2

−564751023537783344s+2897432632197256599. (118)

Next, by using the N command of Mathematica, we can rewrite the above interval Iy1 (for the re-
sponse y1) in the QFF (117) (supplemented by Eq. (118) for the related quartic polynomial p4,y1(s))
in the equivalent decimal (and, therefore, slightly approximate because of round-off errors) form

y1 ∈ Iy1 = [17.0409125021, 21.6290627459] (119)

here again with an accuracy of 12 significant digits.
In quite a similar manner, we can also work with the second equation, equation E2, concerning

the second response y2, as well as with the third equation, equation E3, concerning the third re-
sponse y3, in Eqs. (109).The resulting QFF (quantifier-free formula) for the response y2 has the form

s4,y2,1 ≤ y2 ≤ s4,y2,2 and, equivalently, y2 ∈ Iy2 = [s4,y2,1, s4,y2,2 ]. (120)
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Fig. 9. The region Ry1y3 showing the correlation of the responses y1 and y3 in Eqs. (109) under
the present generalized ellipsoidal model Cx (constraint Cx in Eqs. (111), (114) and (115)).
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In this QFF, the symbols s4,y2,1 and s4,y2,2 denote the two first real roots of the quartic polynomial

p4,y2(s) = 16779837542400s4 +2168026803202560s3 +106228364778516496s2

+2358785439929729616s+20169383806158882327. (121)

The related equivalent decimal (and, hence, now slightly approximate) form of the interval Iy2 (for
the response y2) is

y2 ∈ Iy2 = [−40.4391788753,−32.9643650536]. (122)

Finally, similarly, for the third equation, equation E3, in Eqs. (109), we found the QFF (quantifier-
free formula) for the third response y3 in Eqs. (109). This QFF has the form

s6,y3,1 ≤ y3 ≤ s6,y3,2 and, equivalently, y3 ∈ Iy3 = [s6,y3,1, s6,y3,2 ]. (123)

In the above QFF, the symbols s6,y3,1 and s6,y3,2 denote the two first real roots of the following
sixth-degree polynomial p6,y3(s) (contrary to the previous cases for the responses y1 and y2, where
we had the two quartic polynomials p4,y1(s) in Eq. (118) and p4,y2(s) in Eq. (121), respectively):

p6,y3(s)=3942130473459302400s6−130700844432121620480s5+2421503647700894259904s4

−33343252946642115349200s3 +274496065305915428731780s2

−1763294427664290634097487s+5154174810571863439551762. (124)

The related equivalent decimal (and, therefore, now slightly approximate) form of the interval Iy3

(for the response y3) is
y3 ∈ Iy3 = [5.31055889537, 16.4511973915]. (125)

We observe that the above three intervals Iy1 in Eq. (119), Iy2 in Eq. (122) and Iy3 in Eq. (125)
concerning the three responses y1, y2 and y3, respectively, in Eqs. (109) are in sufficient agreement
(but not in complete agreement although the differences are very small) with the corresponding in-
tervals computed by Ouyang, Liu, J., Han, Liu, G., Ni and Zhang [77, p. 197, Table 2]. For example,
for the response y1 these authors found the interval [17.1825, 21.5988] by using the Monte Carlo
simulation (MCS) and the convex modelling method (CMM) and the interval [17.0692,21.5189 ]
by using their own method proposed in Ref. [77]. (Here for the same response y1 we found the
interval [17.0409125021, 21.6290627459 ] in Eq. (119).) Completely analogous are the cases for
the other two responses y2 and y3 of the system that is studied in the present numerical example.



28 N. I. Ioakimidis: Application of quantifier elimination to the determination of intervals (Nemertes, 2020)

-40 -38 -36 -34 -32

6

8

10

12

14

16

y2

y3

Fig. 10. The region Ry2 y3 showing the correlation of the responses y2 and y3 in Eqs. (109) under
the present generalized ellipsoidal model Cx (constraint Cx in Eqs. (111), (114) and (115)).

The observed very small differences in the intervals Iy1 in Eq. (119), Iy2 in Eq. (122) and Iy3

in Eq. (125) may be simply due to the fact that these intervals Iy1 , Iy2 and Iy3 are exact intervals
(beyond round-off errors in their decimal approximations, which, nevertheless, are still accurate
to 12 significant digits). Moreover, the three intervals that have been computed by Ouyang, Liu, J.,
Han, Liu, G., Ni and Zhang by using Monte Carlo simulation (MCS) [77, p. 197, Table 2], evidently,
are included in the above corresponding exact intervals Iy1 , Iy2 and Iy3 (they are subsets of these
intervals) as is directly observed and, clearly, this remark is expected and completely natural.

6.3. Correlations among the three uncertain quantities y1, y2 and y3 (the responses of the system)

An extremely interesting point that has been raised by Ouyang, Liu, J., Han, Liu, G., Ni and
Zhang [77, Subsection 4.1, pp. 195–198] is that of determining the correlations among the three
uncertain quantities y1, y2 and y3 (the responses of the present system). These correlations are
shown in the three subfigures of Fig 5 of this reference [77, p. 198, Fig. 5]. In these three subfigures,
the correlation propagation from the uncertain parameters x1, x2 and x3 to the equally uncertain
responses y1, y2 and y3 in Eqs. (109) is illustrated for the three pairs of responses (i) y1–y2 (in
Fig. 5(a)), (ii) y1–y3 (in Fig. 5(b)) and (iii) y2 –y3 (in Fig. 5(c)).

Here we will simply use again the present approach, which is based on quantifier elimination in
its powerful implementation in Mathematica. At first, we consider the correlation between the un-
certain responses y1 and y2. Then we have to satisfy the following existentially quantified formula:

∃x1∃x2∃x3 such that equations E1 and E2 hold true under the inequality constraint Cx . (126)
We observe that now, where we are interested in the existing correlation between the two uncer-
tain responses y1 and y2, we request that both equations E1 (concerning the response y1) and E2
(concerning the response y2) in Eqs. (109) describing our system be simultaneously valid. On the
contrary, in the previous subsection, in the existentially quantified formula (116), we had included
only equation E1 of Eqs. (109) concerning the response y1, in the interval of which we were inter-
ested there. Here the related quantifier elimination command, now in the form of a Mathematica
function qff12 with arguments the two uncertain responses y1 and y2 of the system, has the form

qff12[y1_,y2_] = Reduce[Exists[{x1,x2,x3}, conx, eq1∧ eq2], Reals] [c23]

Unfortunately, but as has been really expected, the resulting QFF (quantifier-free formula) is
extremely complicated (even if we use the additional N command) because of the presence of the
two free variables y1 and y2 and, therefore, it will not be displayed here, where we simply display
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(in Fig. 8) the resulting region Ry1y2 . In quite a similar manner, we worked with the QFFs concern-
ing the pairs of responses y1–y3 (the resulting region Ry1y3 is displayed in Fig. 9) and y2 –y3 (the
resulting region Ry2 y3 is displayed in Fig. 10). Of course, in spite of the fact that we do not dis-
play these QFFs here, nevertheless, these QFFs are exact (beyond the unavoidable round-off errors
simply due to the possible use of the N command e.g. in the quantifier elimination command [c23]).

The reason that we introduced the function qff12 in the above command [c23] for quantifier
elimination is simply that, in this way, we are now also able to compute (beyond the complete QFF
itself) the resulting intervals for any concrete values of the responses y1 or y2 of the present system.
For example, now that this function qff12 is available in Mathematica, we can use the command

Table[{"y2 =", y2, ", y1-interval =", N[qff12[y1,y2],12]},
{y2,-41,-32,1}]//TableForm [c24]

This command permits us to compute the intervals of the response y1 of the present system for sev-
eral values of the response y2 here for y2 =−41,−40,−39, . . . ,−32. The resulting intervals Iy1 y2

(displayed in table form in Mathematica because of the use of the TableForm auxiliary command)
have the forms

y1 ∈ Iy1,−41 = /0, (127)

y1 ∈ Iy1,−40 = [20.2495604387, 21.5561825373], (128)

y1 ∈ Iy1,−39 = [19.4104174219, 21.5979906419], (129)

y1 ∈ Iy1,−38 = [18.7744820070, 21.3644992181], (130)

y1 ∈ Iy1,−37 = [18.2338748009, 20.9659928767], (131)

y1 ∈ Iy1,−36 = [17.7662705747, 20.4276229791], (132)

y1 ∈ Iy1 ,−35 = [17.3750620395, 19.7495461385], (133)

y1 ∈ Iy1,−34 = [17.0959054596, 18.9007466729], (134)

y1 ∈ Iy1,−33 = [17.2328793614, 17.5832968963], (135)

y1 ∈ Iy1,−32 = /0 (136)

(again with an accuracy of 12 significant digits). Now, at first, we observe that because the complete
interval Iy2 of the response y2 of the system (which is independent of the values of the other two
responses y1 and y3) is Iy2 = [−40.4391788753,−32.9643650536 ], Eq. (122), it is obvious that
Iy1,−41 = /0 (for y2 =−41) and Iy1,−32 = /0 (for y2 =−32) as is clear from Eqs. (127) and (136),
respectively, simply because −41 ̸∈ Iy2 and, similarly, −32 ̸∈ Iy2 . Additionally, we also observe
that, more generally, the above intervals are in agreement with the region Ry1y2 displayed in Fig. 8
(here with y2 =−41,−40,−39, . . . ,−32) and illustrating the correlation of the responses y1 and y2.

Clearly, by using commands similar to the command [c23] for the pair of responses (y1, y2), we
can create similar functions for the pairs of responses (y1, y3) and (y2, y3). But, on the other hand,
unfortunately, we have been unable to successfully use an extension of the command [c23] includ-
ing all three equations (109), i.e. equations E1, E2 and E3, at the same time. In fact, in this case,
Mathematica was unsuccessful in computing the related QFF during a reasonable time interval.

Finally, by comparing the three regions Ry1y2 , Ry1y3 and Ry2 y3 shown in Figs. 8, 9 and 10, re-
spectively, with the corresponding regions shown in Fig. 5 (subfigures (a), (b) and (c), respectively)
of Ref. [77, p. 198, Fig. 5], we observe that at first sight the corresponding pairs of regions are
similar but not completely identical. Naturally, the observed very slight differences in these three
pairs of figures may be simply due to the fact that the present method, which is based on quanti-
fier elimination, leads to exact (instead of approximate) results in these figures, which concern the
correlations inside the three pairs of responses (y1, y2), (y1, y3) and (y2, y3) of the present system.
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Fig. 11. The uncertainty region Rp1 p2 for the uncertain parameters p1 and p2 in Eq. (137) for the
response u under the assumptions Ap in Eq. (138) and the inequality constraint Cp in Eq. (139).

7. A complicated uncertainty region for the uncertain parameters

In this section, we consider an example of a complicated uncertainty region (or region of un-
certainty) for the uncertain parameters instead of an ellipsoidal or a generalized ellipsoidal region
(e.g. a rhombus) for the uncertainty region studied in the previous five sections. More explicitly,
here we consider the quantity (response of a system, e.g. a displacement at a node of a structure in
structural mechanics)

Eu := u = 3p2
1 + p2

2 +5p2 (137)

with two uncertain parameters, p1 and p2. (The above equation Eu , Eq. (137), for the response u
of the system is denoted by the symbol equ in Mathematica.) Here the uncertain parameters p1
and p2 are assumed to lie in the intervals defined by the two assumptions

Ap = p1 ∈ [−4, 2] ∧ p2 ∈
[
− 3

2
,

3
2

]
or Ap = p1 ∈ [−4, 2 ] ∧ p2 ∈ [−1.5, 1.5 ] (138)

(denoted by the symbol assp in Mathematica). Additionally, in these intervals, the same uncertain
parameters p1 and p2 are assumed to satisfy the following polynomial inequality constraint:

Cp = p4
1 + p3

1(−2p2
2 + p2 +2)+ p2

1(2p2
2 − p2 −4)

+ p1

( 1
20

p10
2 +3p2

2 + p2 −1
)
+

1
10

p5
2 +5p2

2 +3p2 ≤ 1 (139)

(denoted by the symbol conp in Mathematica). Clearly, the polynomial P(p1, p2) in the left-hand
side of the above inequality constraint Cp is a quartic polynomial with respect to the first uncertain
parameter p1 and a tenth-degree polynomial with respect to the second uncertain parameter p2.

Evidently, the meaning of the inequality constraint Cp in Eq. (139) is that all the experimentally
obtained and available pairs of values (p1, i, p2, i) (here let us assume n pairs, i.e. i = 1,2, . . . ,n) of
the uncertain parameters p1 and p2 in Eq. (137) lie in the related uncertainty region Rp1 p2 . This
region is shown in Fig. 11 and is based on the above inequality constraint Cp in Eq. (139) of course
together with the interval assumptions Ap in Eq. (138) again for the uncertain parameters p1 and p2.

Here we simply wish to find the interval of the quantity (response of the system, e.g. displace-
ment in a structural system) u in Eq. (137) on the basis of the assumptions Ap in Eq. (138) and the
inequality constraint Cp in Eq. (139). (The related rather complicated and here non-convex uncer-
tainty region Rp1 p2 plotted using the RegionPlot command of Mathematica is shown in Fig. 11.)
For this purpose we have to perform quantifier elimination to the existentially quantified formula

∃ p1∃ p2 such that equation Eu holds true under the assumptions Ap and the constraint Cp . (140)
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The related quantifier elimination command in Mathematica (that is again based on the Reduce
command, which we generally prefer to the alternative Resolve command) has the simple form

Reduce[Exists[{p1,p2}, assp∧ conp, equ], Reals] [c25]

The resulting QFF (quantifier-free formula) has the form

su,2 ≤ u ≤ su ,6 and, equivalently, the interval form u ∈ Iu = [su,2 , su,6 ]. (141)

In this QFF, the two symbols su,2 and su,6 denote the second and the sixth real roots (out of totally
six real roots), respectively, of the following complicated fifty-eighth-degree polynomial:

p58(s) = 746496 ·1028s58 −7068537778176 ·1024s57

+27346999090664964096 ·1020s56

−23917045543753573861687296 ·1016s55

+13796763499214186087017924263936 ·1012s54

−495426798389175605558693932695552 ·1012s53

+127293480532408428258721876735819776 ·1011s52

−39976856671339881195764594282474139648 ·1010s51

+1013450365926754247300741088676206529536 ·1010s50

−13673855370848726057306608030210944530688 ·1010s49

+129417168900625332490059502579892049814848 ·1010s48

−213666584899196276771987627071310409440112 ·1011s47

+252294460296920074822330207533702530367829296 ·109s46

−500652883912030929944854463809749963930989652 ·109s45

+2583836519840139959086605602993595370611233793 ·109s44

−176102864792578220828953347438391246004557663813875 ·106s43

+6087001031122105346606429898156910885880854523859375 ·104s42

−108626906393333949286024692506589641022093246745757812500s41

+189691709545631629319868774078859082781907443378181037265625s40

+2064869498093797998451998410754627106890639454013945927500000s39

−35728222030892508288877187423687196433749307112044878413625000s38

−593603538839838124527521887014611084012060481177682959538687500s37

+686387207713526980139615266655722204510371511472460992608812500s36

+117932002693653819115763683587151546161369370086710261001375462500s35

+1348364404057909152027946725352855287271590863102337559595772262500s34

−6204625400100704372515161512095758518948253813872683092448436962500s33

−368829541521706842556545305574628424527764945889239402632661960112500s32

−2565218357351679336435975028809359025685908125507404038757729353565000s31

+37827621651220253922153156846557795916212013352849813306911576391565000s30
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(continued)
+619600416477481978167548630037327725647730436823501671830231520125077500s29

−656144124615651516534124159592636816853713998515954911482294043648974500s28

−74008374441816180758299268506889664438207750729519266142484339348757167500s27

−270156372565491637513057519562870422685706406946808614689083766845064285500s26

+93221639056960815612170028774112489155839443471141452163540912169\\
99694972800s25

+12106418821856626668401523923236481277057886436566882059441337237\\
4883084679900s24

−14758619972266127331100283174706929155045559375005953797825211739\\
1229662735300s23

−15528408047925909517191129738325160163752830949174598263045002915\\
576204740786840s22

−10391308535551901851019571508554082711789370309689444397997339852\\
7503048901286020s21

+81122392072599101568702068028732917878074710022808194665715021376\\
9957916005143424s20

+16330715430949728789561560436089298008935985028201325236721475608\\
585699978778368640s19

+67016299707534261456709031266935339247668010532304016252898555613\\
825135437601005160s18

−54087224628098355118678527431652403336070821266414674689735836647\\
7710022177111510080s17

−68392352989176203058843743942738640012355259345682987872354398067\\
96676155037741476380s16

−10681831003572377703605274768374068272080800321283949046729818004\\
503563249567746298208s15

+27420909464330677828229731010142101027282105534218974315816851105\\
4817269553640340451320s14

+21121897441423403542915087770129519528156127901728297502003355545\\
96340130156484433048480s13

+14324865318086515372582268003862799341195094805367178500957206760\\
04325115774936654569200s12

−67575628725143664555917504199512543055304019227748666792911951690\\
887292316725755879629480s11
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(continued)
−40437351290762909320847149012032688341015084797330737407896114004\\

5708547482904352166335948s10

+15202910622320873856513621772342324291497095565877741552261663888\\
548835286962453237707040s9

+10954127070351185177541136313064698506392719302195643660463419973\\
648684584759645682302358940s8

+41520033460685425316475613388768290841184566554191893093423206729\\
052863738207383025504534400s7

−14161299488367502640925317711076538906795360844992094754007823063\\
2452096483380821281355289420s6

−18709536523872484186955911519542496406559915537143056417863690503\\
52121386851824749063867700152s5

−75005249199478464175833430885364080532953339963436656060556368580\\
05693037800338900299734885740s4

−13701812817781107554932287420173503231072170443222601010423097653\\
867842727133091038708384942880s3

−42136595416309478805697585133541731986005123376233014656069307935\\
07420752266496668266428804500s2

+23356673867547474982254647256233176197794098572161102487607764403\\
959479607328457651224388333400s

+26689566535054717150261025020313158866586269036672249117003142934\\
356521650885869651618147629300. (142)

The above QFF (141) (together with Eq. (142) for the polynomial p58(s)) is an exact QFF. Clear-
ly, from the practical point of view we are mainly interested in the numerical approximation to this
QFF. By using again the well-known N command of Mathematica, we directly find the numerical
form of this QFF (here again with an accuracy of 12 significant digits). This form can also be writ-
ten as an interval Iu , i.e. u ∈ Iu = [−3.52169914786, 34.6110323055]. (143)

On the other hand, on the basis of the inequality constraint Cp in Eq. (139) (obviously always
together with the assumptions Ap in Eq. (138)), we easily find that the uncertainty region Rp1 p2

displayed in Fig. 11 is bounded by its least bounding rectangle Bp1 p2 defined by the two intervals

p1 ∈ [−3.31651279577, 1.56316268866 ] ∧ p2 ∈ [−0.961689548403, 1.13229986599 ]. (144)
By using these two intervals instead of the inequality constraint Cp in Eq. (139) during quantifier
elimination (the assumptions Ap are now obsolete), for the response u of the system in Eq. (137)
we find the interval u ∈ I ∗

u = [−3.88360095451, 39.9413736899]. (145)

Of course, the original interval Iu in Eq. (143) (based on the inequality constraint Cp in Eq. (139))
is a subset of the new interval I ∗

u in Eq. (145) (based only on the intervals (144) defining the least
bounding rectangle Bp1 p2 of the region Rp1 p2 displayed in Fig. 11), i.e. Iu ⊂ I ∗

u as is expected.
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8. The alternative approach based on minimization and maximization
In the previous six sections, we exclusively used the method of quantifier elimination in its im-

plementation in the powerful and user-friendly computer algebra system Mathematica [97] for the
determination of intervals under uncertainty conditions with respect to the existing parameters (here
uncertain parameters) by using the ellipsoidal model and its generalizations (such as the rhomboidal
model) as an inequality constraint for these parameters. Nevertheless, quite frequently, when we
wish to compute the interval of a response of a system (such as a mechanical or a structural system),
it is also possible to use the alternative approach based on the minimization and maximization of
the response under consideration. In this section, we will present three examples of this alternative
(but, obviously, interesting) approach of course again by using Mathematica [97], more explicitly
the related Minimize and Maximize commands for performing minimization and maximization,
respectively, even in a symbolic environment. Here an alternative possibility is to use the com-
mands MinValue and MaxValue instead of the commands Minimize and Maximize, respectively.

As a first application of the present alternative approach we consider the three-parametric cubic
equation already studied by the method of quantifier elimination in Section 2 by using the quantifier
elimination command [c4] based on the Reduce command of Mathematica [97] (or, alternatively,
the command [c5] based on the Resolve command). Here we can use the alternative command

minx = Minimize[{x,con,eq}, {x,p0,p1,p2}][[1]] [c26]

with output the minimum min x of the variable x satisfying Eq. (1) (the real root x of the cubic equa-
tion) under the inequality constraint (2) (ellipsoidal convex model). This minimum is found to be

min x = s1 ≈ 0.518518017432. (146)

Here the symbol s1 denotes again the first real root of the sixth-degree polynomial p1(s) in Eq. (8) of
Section 2 and the numerical value of min x has been obtained by additionally using the auxiliary N
command of Mathematica. Quite similarly, by using the analogous alternative command

maxx = Maximize[{x,con,eq}, {x,p0,p1,p2}][[1]] [c27]

we find the maximum max x of the same variable x (the real root x of the cubic equation), which is

max x =−s∗1 ≈ 0.899534380702. (147)

Here the new symbol s∗1 ≈−0.899534380702 denotes the first real root of the new sixth-degree poly-
nomial p∗1(s) = 100s6 +300s5 +856s4 +1320s3 +1539s2 +1152s+315. (148)

Of course, at this point we observe that the second real root s2 of the polynomial p1(s) in Eq. (8)
of Section 2 is related to the first real root s∗1 of the above polynomial p∗1(s) by the simple equation

s2 =−s∗1 ≈ 0.899534380702. (149)

Therefore, by using both values min x in Eq. (146) and max x in Eq. (147), we directly obtain again
the same interval (9) in Section 2 of the present uncertain variable x, which is the real root of the
cubic equation (1), under the ellipsoidal model (2) for the three uncertain parameters p1, p2 and p3.

As a second application of the present alternative approach based on minimization and maxi-
mization we consider the three-member truss of Fig. 2 already studied in Section 4 by using there
the ellipsoidal model already assumed in Subsection 4.3. Here by using the minimization command

minu2 = Minimize[{u2s,con2}, {q1,q2}][[1]] [c28]

for the horizontal displacement u2 of node 2 of the truss of Fig. 2, we find its minimum, which is

min u2 =− 1
420000

(1− s6,u2,1). (150)
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Here the symbol s6,u2,1 denotes the first real root of the sixth-degree polynomial

p6,u2(s) = 388129401s6 +4672838800s4 +1359400000s2 −64000000. (151)

By additionally using the N command, we obtain the decimal approximation to min u2, which is

min u2 ≈−2.86434613153 ·10−6. (152)

Quite similarly, by using the analogous maximization command

maxu2 = Maximize[{u2s,con2}, {q1,q2}][[1]] [c29]

again for the horizontal displacement u2 of node 2 of the truss, we find its maximum, which is

max u2 =− 1
420000

(1+ s6,u2,1), (153)

where the symbol s6,u2,1 was already defined. By additionally using the N command, we obtain the
decimal approximation to max u2, which is

max u2 ≈−1.89755863037 ·10−6. (154)

Finally, by combining Eqs. (152) (for min u2) and (154) (for max u2), we obtain again exactly the
same interval (52) of the horizontal displacement u2 of node 2 of the truss of Fig. 2, which was
already found in Subsection 4.3 by the method of quantifier elimination having been used there.

As a third application of the present approach based on minimization and maximization we
consider the system with three uncertain parameters x1, x2 and x3 already studied in Section 6 by
the method of quantifier elimination. More explicitly, here we consider only equation E1 for the
response y1 of the system, i.e. the first of Eqs. (109) (denoted by the symbol eq1 in Mathematica),
under the generalized ellipsoidal inequality constraint Cx in Eq. (111) (denoted by the symbol conx
in Mathematica). Here we wish to determine the interval Iy1 of the response y1 that was already
determined in Eqs. (117)–(119) of Subsection 6.2 by using the method of quantifier elimination.
Here we will compute both the minimum min y1 and the maximum max y1 of the response y1 of
the present system. At first, for the minimum min y1 we can use the command

miny1 = Minimize[{eq1[[2]],conx}, {x1,x2,x3}][[1]] [c30]

Then we find that
min y1 = s4,y1,1 ≈ 17.0409125021, (155)

where the symbol s4,y1,1 is defined exactly as in Subsection 6.2, i.e. as the first real root of the
quartic polynomial p4,y1(s) in Eq. (118). Next, by using the similar command

maxy1 = Maximize[{eq1[[2]],conx}, {x1,x2,x3}][[1]] [c31]

we find the maximum max y1 of the same response y1. This maximum is

max y1 =−s∗4,y1,1 ≈ 21.6290627459. (156)

Here the new symbol s∗4,y1,1 is defined as the first real root of the new quartic polynomial

p∗4,y1
(s) = 16779837542400s4 +1356357527754240s3 +41404082677155856s2

+564751023537783344s+2897432632197256599. (157)

Hence, from Eq. (155) (for min y1) and Eq. (156) (for max y1) we directly conclude that the interval
I ∗

y1
= [min y1, maxy1] of the response y1 of the system under consideration having been deter-

mined here coincides with the interval Iy1 of the same response in Eq. (119) of Subsection 6.2. A
related remark (comparing the methods of quantifier elimination and minimization–maximization
in Mathematica) will be made in Section 9 concerning the conclusions and a discussion just below.
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9. Conclusions–discussion
From the above results it is concluded that the method of quantifier elimination adopted here

constitutes an interesting possibility for the determination of the intervals of the responses in ap-
plied mechanics problems, but also in more general problems, under uncertainty conditions when
the uncertain (better uncertain-but-bounded) parameters in the problem under consideration (such
as geometrical, material or loading uncertain parameters) satisfy an ellipsoidal inequality constraint
(ellipsoidal convex model) or even a generalized ellipsoidal inequality constraint (such as a rhom-
boidal constraint for two uncertain parameters, Subsection 4.4, or, further, a generalized ellipsoidal
constraint with exponent 3, Subsection 4.5, and with exponents 4, 6, 8 and 10, Subsection 4.6). Ad-
ditionally, the same computational method, quantifier elimination, permits the derivation of exact,
closed-form intervals without any approximation although, finally, for clear practical reasons the re-
sulting intervals are frequently displayed in decimal forms with arbitrary numbers of correct digits.

Unfortunately, from the negative point of view it should be mentioned that quantifier elimination
is not successful (or it may just require an extremely long time) in the case of many variables (for
example, six or more free and quantified variables) in the quantified formula under consideration or
in the case of appearance of polynomials of high degrees in this formula. This is simply due to the
fact that quantifier elimination performed to quantified formulae with real variables has a doubly-
exponential computational complexity [92]. This fundamental result was proved by Davenport and
Heintz in 1988 [92], it is extremely well known and, evidently, applicable to the CAD (cylindrical
algebraic decomposition) general-purpose algorithm that is generally used in applications such as
the present ones as well. It is understood that this negative result constitutes a serious disadvantage
of the method of quantifier elimination and, therefore, a significant obstacle to its wide application.

But, on the other hand, from the positive point of view it is concluded that in simple problems
by employing the method of quantifier elimination adopted here (in combination with the ellip-
soidal model or its generalizations) we can also (i) compute symbolic intervals for the responses of
a system and this interesting possibility was illustrated in the structural-mechanics application of
Section 5, (ii) compute uncertainty regions showing the correlation of two responses of the system
under consideration (correlation propagation) as was illustrated in the numerical example of Sec-
tion 6 and (iii) compute intervals for the responses of systems with complicated uncertainty regions
for the uncertain parameters (either convex or non-convex such as the uncertainty region in Fig. 11,
which is a non-convex region); this possibility was illustrated in Section 7 with the inequality con-
straint (139) under the additional assumptions (138); of course, it is understood that in such a very
difficult case, the resulting exact QFF (quantifier-free formula) may also be complicated and this
was really observed with the QFF (141), which involves the fifty-eighth-degree polynomial (142).

As a final remark we can mention that an alternative possibility to quantifier elimination for the
derivation of the present results with respect to the intervals of the responses of a system is to use
the approach based on minimization and maximization of the function under consideration under
the ellipsoidal (or another) model assumed for the uncertain parameters. This alternative possibility
has been successfully illustrated in Section 8 and, naturally, the obtained results agree with those
already obtained in previous sections by using the method of quantifier elimination. At first sight
it seems that this is a completely different approach, but, actually, this impression is false. Re-
ally, Mathematica [97] essentially uses the same algorithms both for quantifier elimination and for
exact minimization–maximization and mainly the CAD (cylindrical algebraic decomposition) al-
gorithm. In fact, as is explicitly mentioned in the algorithms section of the tutorial of Mathematica
concerning exact global optimization [100], “Depending on the type of problem, several different
algorithms can be used. The most general method is based on the cylindrical algebraic decomposi-
tion (CAD) algorithm. It applies when the objective function and the constraints are real algebraic
functions.” Therefore, in practice, the difference of these two computational approaches is minimal.
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