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Kef�laio 1

Eisagwg 

1.1 Anaskìphsh thc BibliografÐac twn Exetazomè-

nwn Problhm�twn

H GewmetrÐa tou Riemann s mera katèqei ton kentrikì pur na thc

SÔgqronhc Diaforik c GewmetrÐac. 'Omwc ta teleutaÐa qrìnia dÐnetai axi-

oshmeÐwth èmfash sthn èreuna pou anafèretai sthn GewmetrÐa Lorentz

kai genikìtera sthn yeudo- Riemannian GewmetrÐa.

'Etsi h GewmetrÐa Lorentz kai kat' epèktash h yeudo- Riemannian GewmetrÐa

apoteleÐ plèon ènan autìnomo gewmetrikì kl�do thc Diaforik c GewmetrÐac.

UpenjumÐzetai ìti lègontac pollaplìthta Riemann, ennooÔme mÐa diaforÐsimh

pollaplìthta efodiasmènh me mÐa jetik� orismènh metrik .

'Otan h metrik  aut  den eÐnai jetik� orismènh (yeudometrik  Riemann) anaferì-

maste sthn yeudo- Riemannian GewmetrÐa.

MÐa n-di�stath yeudo-Riemannian pollaplìthta sumbolÐzetai me Mn
ν . O

fusikìc arijmìc ν lègetai deÐkthc thc metrik c   thc pollaplìthtac kai

isqÔei ìti : 0 ≤ ν ≤ dimM . An ν = 0, tìte h M eÐnai mia pollaplìthta

Riemann. An ν = 1, tìte h M lègetai pollaplìthta Lorentz en¸ an

ν ≥ 2 tìte h M lègetai yeudo-Riemannian pollaplìthta. Eidikìtera
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an o q¸roc Rn efodiasjeÐ me th metrik 

g(u, v) = −
ν∑

i=1

uivi +
n∑

j=ν+1

ujvj,

gi� k�je u, v tou Rn, tìte o Rn lègetai yeudo-EukleÐdeia pollaplìth-

ta kai sumbolÐzetai me En
ν .

Pr¸ta apotelèsmata sqetik� me thn ergasÐa mac anafèrontai sth melèth twn

kampul¸n, epifanei¸n kai uperepifanei¸n twn q¸rwn E3
1 kai E4

1 kai par' ìti

h antimet¸pish twn problhm�twn pou proèkuptan sthn yeudo- Riemannian

GewmetrÐa  tan arket� dÔskolh, ta apotelèsmata  tan ploÔsia se sumper�-

smata.

Eidikìtera sto prìblhma thc taxinìmhshc twn diafìrwn epifanei¸n tou E3,

k�tw apì di�forec sunj kec, up rxe meg�lh drasthriìthta. Piì sugkekrimè-

na:

O T.Takahashi ([49]) sthn ergasÐa tou, me tÐtlo {Minimal immersions of

Riemannian manifolds} to 1966, apèdeixe ìti oi elaqistikèc epif�neiec kai oi

sfaÐrec eÐnai oi mìnec epif�neiec tou E3, pou ikanopoioÔn th sqèsh 4~r = λ~r

ìpou λ ∈ R kai 4 o telest c tou Laplace.

O O.J.Garay ([26]) to 1988 sthn ergasÐa tou, me tÐtlo {On a certain class

of finite type surfaces of revolution}, taxinìmhse tic epif�neiec ek peristrof c

tou q¸rou E3, twn opoÐwn oi suntetagmènec sunart seic eÐnai idiosunart seic

tou telest  tou Laplace me diakekrimènec idiotimèc.

SuneqÐzontac o O.J.Garay ([27]) to 1990, sthn ergasÐa tou, me tÐtlo {An

extension of Takahashi’s theorem}, apèdeixe ìti oi mìnec uperepif�neiec tou

En twn opoÐwn oi suntetagmènec sunart seic apoteloÔn idiosunart seic tou

telest  tou Laplace, eÐnai anoikt� tm mata eÐte elaqistik¸n uperepifanei¸n,

eÐte upersfair¸n, eÐte genikeumènwn kuklik¸n kulÐndrwn.

Apì thn �llh meri�, sto q¸ro thc yeudo-Riemannian gewmetrÐac
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Oi A.Ferrandez kai P.Lucas ([25]) to 1992, sthn ergasÐa touc, me tÐtlo

{On surfaces in the 3-dimensional Lorentz-Minkowski space}, taxinìmhsan

tic epif�neiec tou E3
s , s = 0, 1 pou ikanopoioÔn th sqèsh 4H = λH, ìpou

H to dianusmatikì pedÐo thc mèshc kampulìthtac twn epifanei¸n kai λ ∈ R.

Oi L.Alias, A.Ferrandez kai P.Lucas ([2]) to 1992, dhmosÐeusan thn erga-

sÐa, me tÐtlo {Surfaces in the 3-dimensional Lorentz-Minkowski space satisfy-

ing 4x = Ax+B}, sthn opoÐa melèthsan tic epif�neiec tou E3
s , s = 0, 1 pou

ikanopoioÔn sqèsh thc morf c4x = Ax+B, ìpou A eÐnai ènac endomorfismìc

tou E3
s kai B èna stajerì di�nusma.

Oi L.Alias, A.Ferrandez kai P.Lucas ([3]), to 1995, sthn ergasÐa touc, me

tÐtlo {Hypersurfaces in space forms satisfying the condition 4x = Ax+B},

apèdeixan ìti oi mìnec uperepif�neiec pou ikanopoioÔn mÐa tètoia sqèsh eÐnai

anoikt� tm mata eÐte elaqistik¸n eÐte olik� omfalik¸n uperepifanei¸n, eÐte

ginìmeno miac olik� omfalik c kai miac olik� gewdaisiak c upopollaplìthtac,

eÐte mÐa �llh eidik  kathgorÐa uperepifanei¸n.

To prìblhma tou kajorismoÔ diafìrwn eid¸n epifanei¸n (ek peristrof c,

eujeiogen¸n, elikoeid¸n, k.lp.) tou yeudo-EukleÐdeiou q¸rou E3
s (s = 0, 1)

  uperepifanei¸n tou E4
s (s = 1, 2), pou plhroÔn sugkekrimènec idiìthtec,

èqei melethjeÐ kat� kairoÔc apì arketoÔc ereunhtèc kai pio prìsfata apì

touc ( B.-Y.Chen ([14]), Chr.Baikoussis, D.Blair, B.-Y.Chen, F.Defever ([7]),

S.P.Jung kai J.S.Pak ([32]), A.Takiyama kai S.Izumiya ([50]), R.Lopez ([39]),

([40]), S.Lin ([38]), Y.H.Kim kai D.W.Yoon ([36]), Y.Ge ([29]) ).

EpÐshc, arketoÐ ereunhtèc èqoun asqolhjeÐ me th melèth twn uperepi-

fanei¸n se Lorentz-Minkowski q¸rouc, ìpwc gia par�deigma oi R.Aiyama

kai Q.M.Cheng ([1]), J.Alias kai A.J.Pastor ([4]), J.Alias kai A.J.Aledo ([5]),

L.Ximin ([51]), C.Gerhardt ([30]).

Sthn paroÔsa diatrib  kai sugkekrimmèna sto trÐto kef�laio aut c gÐnetai
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h melèth kai h taxinìmhsh twn epifanei¸n ek peristrof c tou 3-di�statou

Lorentz-Minkowski q¸rou E3
1 k�tw apì th sunj kh ∆III~r = A~r, ìpou ∆III

eÐnai o telest c Laplace wc proc thn trÐth jemeli¸dh morf  twn epifanei¸n,

A eÐnai ènac 3× 3 pragmatikìc pÐnakac kai ~r, to di�nusma jèshc tou tuqaÐou

shmeÐou thc epif�neiac, anaferomènhc se èna sÔsthma topik¸n kampulogr�mmwn

suntetagmènwn. K�je tètoia epif�neia exart�tai apì dÔo diaforÐsimec sunart -

seic, f = f(u), g = g(u) ìpou u mporeÐ na jewrhjeÐ ìti eÐnai to m koc tìxou

thc genèteirac kampÔlhc. EÐnai axioshmeÐwto ìti se k�je perÐptwsh ( an�loga

dhlad  me th morf  thc epif�neiac) h epÐlush tou probl matoc, eÐnai isqur�

exart¸menh apì mÐa sun�rthsh t = t(u) tètoia ¸ste eÐte f ′(u) = cost(u) kai

g′(u) = sint(u) gi� k�je u ∈ I, eÐte ( an�loga me thn morf  thc epif�neiac)

f ′(u) = sinht(u) kai g′(u) = cosht(u).

Ta apotelèsmata aut c thc taxinìmhshc anafèrontai sta Jewr mata 3.1 kai

3.2 kai èqoun dhmosieujeÐ sthn ergasÐa ([34]).

Oi elaqistikèc upopollaplìthtec twn yeudo-EukleÐdeiwn q¸rwn perièqontai

se mÐa megalÔterh kl�sh upopollaplot twn, p.q. thn kl�sh twn upopol-

laplot twn peperasmènou tÔpou, all� epÐshc kai sthn kl�sh twn upopol-

laplot twn me armonikì dianusmatikì pedÐo mèshc kampulìthtac.

H melèth twn upopollaplot twn me armonikì dianusmatikì pedÐo mèshc kam-

pulìthtac, eÐqe eisaqjeÐ apì ton B.-Y. Chen to 1985.

Mia episkìpish twn prìsfatwn apotelesm�twn, epÐ twn upopollaplot twn

peperasmènou tÔpou kai poikÐlwn sqetik¸n jem�twn, perigr�fetai sthn er-

gasÐa ([13]) tou B.-Y. Chen me tÐtlo {Submanifolds of finite type and appli-

cations} kai sthn ergasÐa ([15]) me tÐtlo {A report on submanifolds of finite

type}.

'Estw Mn mÐa n-di�stath sunektik  upopollaplìthta tou EukleÐdeiou q¸rou

Em. SumbolÐzoume me −→x ,
−→
H kai ∆ antÐstoiqa, to dianusmatikì pedÐo jèshc



1.1 Anaskìphsh thc BibliografÐac 5

thc Mn, to dianusmatikì pedÐo mèshc kampulìthtac thc Mn kai ton telest 

Laplace thc Mn, wc proc thn epagìmenh metrik  Riemann g epÐ thc Mn,

apì thn EukleÐdeia metrik  tou perib�llontoc q¸rou Em. Tìte, sÔmfwna

me ton B.-Y. Chen sthn ergasÐa ([9]), me tÐtlo {Total mean curvature and

submanifolds of finite type} isqÔei h sqèsh,

∆−→x = −n
−→
H. (1.1.1)

'Omwc k�je elaqistik  upopollaplìthta tou Em, ikanopoieÐ th sqèsh

∆
−→
H =

−→
0 . (1.1.2)

MÐa upopollaplìthta Mn tou Em pou ikanopoieÐ th sqèsh (1.1.2), lème ìti

èqei armonikì dianusmatikì pedÐo mèshc kampulìthtac.

Kat� sunèpeia oi upopollaplìthtec me armonikì dianusmatikì pedÐo mèshc

kampulìthtac, qarakthrÐzontai isodÔnama apì th sqèsh

∆2−→x =
−→
0 . (1.1.3)

Gia to lìgo autì, oi upopollaplìthtec pou ikanopoioÔn th sqèsh (1.1.2)

lègontai epÐshc, kai Diarmonikèc upopollaplìthtec.

Apì ta parap�nw loipìn sun�getai ìti, oi elaqistikèc upopollaplìthtec eÐ-

nai diarmonikèc. AntÐstrofa, egeÐretai to er¸thma an h kl�sh twn upopol-

laplot twn me armonikì dianusmatikì pedÐo mèshc kampulìthtac, eÐnai ousi-

wd¸c megalÔterh apì thn kl�sh twn elaqistik¸n upopollaplot twn. Me

�lla lìgia, tÐjetai to prìblhma tou prosdiorismoÔ, an up�rqoun, diarmonikèc

upopollaplìthtec tou Em, �llec ektìc apì ekeÐnec twn elaqistik¸n upopol-

laplot twn.

Proc thn kateÔjunsh aut  èqoun asqolhjeÐ di�foroi ereunhtèc. Eidikìtera

anafèrontai oi: B.-Y. Chen to 1991 sthn ergasÐa ([11]) me tÐtlo {Some open

problems and conjectures on submanifolds of finite type} kai oi O. J. Garay,
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L. Vestraelen, sthn ergasÐa ([28]).

O B.-Y. Chen sthn ergasÐa ([11]) diatÔpwse thn akìloujh eikasÐa: Oi

mìnec diarmonikèc upopollaplìthtec twn EukleÐdeiwn q¸rwn,

eÐnai oi elaqistikèc upopollaplìthtec.

Pr�gmati, stouc EukleÐdeiouc q¸rouc, èqoume ta akìlouja apotelèsmata, ta

opoÐa ìntwc uposthrÐzoun thn parap�nw anaferjeÐsa eikasÐa.

O Ðdioc o B.-Y. Chen apèdeixe to 1984 sthn ergasÐa ([9]) ìti k�je diarmonik 

epif�neia ston E3 eÐnai elaqistik .

Sth sunèqeia, o I. Dimitric genÐkeuse autì to apotèlesma to 1989 sthn er-

gasÐa ([20]) me tÐtlo, {Quadratic representation and submanifolds of finite

type}, kai to 1992 sthn ergasÐa ([21]) me tÐtlo, {Submanifolds of Em with

harmonic mean curvature vector} kai apèdeixe ìti mÐa diarmonik  upopol-

laplìthta Mn tou EukleÐdeiou q¸rou Em eÐnai elaqistik , an eÐnai: (a) MÐa

kampÔlh tou. (b) MÐa upopollaplìthta me stajer  mèsh kampulìthta. (g)

MÐa uperepif�neia, me dÔo to polÔ diaforetikèc kÔriec kampulìthtec. (d) MÐa

yeudo-omfalik  upopollaplìthta di�stashc n 6= 4. (e) MÐa upopollaplìthta

peperasmènou tÔpou.

Oi Th. Hasanis - Th. Vlachos to 1995 sthn ergasÐa touc ([31]) me tÐtlo,

{Hypersurfaces in E4 with harmonic mean curvature vector field}, apèdeixan

ìti k�je diarmonik  uperepif�neia ston E4 eÐnai elaqistik .

O F. Defever to 1998 sthn ergasÐa tou ([17]) me tÐtlo, {Hypersurfaces of

E4 with harmonic mean curvature vector}, èdwse mÐa enallaktik  apìdeixh

gia to Ðdio je¸rhma, me ènan etel¸c anex�rthto trìpo, k�nontac thn apìdeixh

perissìtero sÔntomh.

GnwrÐzoume apì empeirÐa, ìti h lÔsh se èna prìblhma diatupwmèno pr¸ta se

EukleÐdeiouc q¸rouc, endèqetai merikèc forèc na faÐnetai ousiwd¸c diafore-

tikì, apì ìti ìtan jewreÐtai se yeudo-EukleÐdeiouc q¸rouc. Eidikìtera, mÐa
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antÐstoiqh eikasÐa den isqÔei p�ntote gia touc yeudo-EukleÐdeiouc q¸rouc.

Pr�gmati, oi B.-Y. Chen kai S. Ishikawa to 1991 sthn ergasÐa touc ([12]) me

tÐtlo, {Biharmonic surfaces in pseudo-Euclidean spaces}, èdwsan paradeÐg-

mata mh elaqistik¸n diarmonik¸n qwroeid¸n (space-like) uperepifanei¸n, me

stajer  mèsh kampulìthta.

Sth sunèqeia oi Ðdioi suggrafeÐc B.-Y. Chen kai S. Ishikawa to 1998, èje-

san to jèma thc taxinìmhshc aut¸n twn epifanei¸n kai sthn ergasÐa touc

([16]) me tÐtlo, {Biharmonic pseudo-Riemannian submanifolds in pseudo-

Euclidean spaces}, taxinìmhsan tic yeudo-Riemannian diarmonikèc epif�neiec

tÔpou (1, 1) me stajer  mh mhdenik  mèsh kampulìthta kai epÐpedec k�jetec

tomèc ston E4
s .

Wstìso, h diarmonikìthta yeudo-Riemannian upopollaplot twn sunep�getai

thn elaqistikìthta aut¸n se �llec peript¸seic.

Pr�gmati, oi B.-Y. Chen kai S. Ishikawa to 1998 sthn ergasÐa touc ([16]),

apèdeixan ìti k�je diarmonik  epif�neia ston E3
s (s = 1, 2) eÐnai elaqistik ,

apotèlesma to opoÐo sumfwneÐ me thn antÐstoiqh EukleÐdia perÐptwsh.

EpÐshc, to 2006 oi F. Defever-G. Kaimakamis kai V. Papantoniou sthn er-

gasÐa touc ([18]) me tÐtlo, {Biharmonic hypersurfaces of the four-dimensional

semi-Euclidean space E4
s}, èdeixan ìti, k�je mh ekfulismènh diarmonik  upe-

repif�neia tou 4-di�statou yeudo-EukleÐdeiou q¸rou, o telest c sq matoc

thc opoÐac eÐnai diagwnopoi simoc, eÐnai elaqistik .

Telik�, to 2007 oi A. Arvanitoyeorgos - F. Defever - G. Kaimakamis kai

V. Papantoniou sthn ergasÐa touc ([6]) me tÐtlo, {Biharmonic Lorentz hy-

persurfaces in E4
1}, apèdeixan ìti k�je mh ekfulismènh diarmonik  Lorentz

uperepif�neia tou 4-di�statou yeudo-EukleÐdeiou q¸rou E4
1 , eÐnai elaqistik .

Sta kef�laia 4 kai 5 thc paroÔsac diatrib c, meletoÔme diarmonikèc upere-

pif�neiec M3
2 tou yeudo-EukleÐdeiou q¸rou E4

2 , me mh diagwnopoi simo telest 
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sq matoc. To prìblhma antimetwpÐsjhke se dÔo epÐpeda. Pr¸ta èprepe na

brejoÔn oi kanonikèc morfèc tou telest  sq matoc kai tou metrikoÔ tanust 

twn M3
2 , wc proc kat�llhlec b�seic kai sth sunèqeia na gÐnei h melèth gia

thn isqÔ   ìqi thc eikasÐac.

'Etsi, sthn ergasÐa ([35]), twn G. Kaimakamis, V. Papantoniou kai K. Petoume-

nos me tÐtlo, {On the shape operator of the hypersurfaces M3
2 of E4

2}, brè-

jhkan ìlec oi kanonikèc morfèc tou telest  sq matoc (Blèpe Je¸rhma 4.1),

twn uperepifanei¸n tÔpou M3
2 tou yeudo-EukleÐdeiou q¸rou E4

2 kai oi antÐ-

stoiqec morfèc tou metrikoÔ tanust .

Sth sunèqeia oi V. Papantoniou, K. Petoumenos sthn ergasÐa touc [46] me

tÐtlo, {Biharmonic hypersurfaces of type M3
2 in E4

2}, qrhsimopoioÔntec ta

apotelèsmata thc ([35]) apèdeixan ìti, k�je diarmonik  uperepif�neia M3
2 tou

E4
2 , me mh diagwnopoi simo telest  sq matoc eÐnai elaqistik  (Blèpe Prot�-

seic 5.1, 5.2, 5.3, kai 5.4 tou pèmptou kefalaÐou). Akribèstera sthn ergasÐa

aut  apodeiknÔetai to akìloujo je¸rhma.

Je¸rhma K�je mh ekfulismènh diarmonik  uperepif�neia M3
2 , tou 4-

di�statou yeudo-EukleÐdeiou q¸rou E4
2 , o telest c sq matoc thc opoÐac eÐnai

mh diagwnopoi simoc, eÐnai elaqistik .

Autì to Je¸rhma, genikeÔei to apotèlesma twn ([6]) [A. Arvanitoyeorgos et

al.] kai bebai¸nei thn eikasÐa tou Chen, gia ton yeudo-EukleÐdeio q¸ro E4
2 .

1.2 Sunoptik  ParousÐash thc Diatrib c

Ta probl mata me ta opoÐa diapragmateÔetai h paroÔsa diatrib  eÐnai ta

akìlouja:

Pr¸to: Melèth twn epifanei¸n ek peristrof c tou 3-di�statou Lorentz-

Minkowski q¸rou E3
1 pou ikanopoioÔn th sunj kh, 4III~r = A~r, ìpou 4III

eÐnai o telest c Laplace, wc proc thn trÐth jemeli¸dh morf  kai A eÐnai ènac
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pragmatikìc 3× 3 pÐnakac.

DeÔtero: EÔresh ìlwn twn kanonik¸n morf¸n, tou telest  sq matoc twn

uperepifanei¸n tÔpou M3
2 tou E4

2 .

TrÐto: Melèth twn diarmonik¸n uperepifanei¸n tÔpou M3
2 ston E4

2 , me th

bo jeia tou telest  sq matoc aut¸n, me thn proôpìjesh ìti o telest c sq -

matoc, den eÐnai diagwnopoi simoc.

Sto Kef�laio 1 anafèretai h poreÐa pou akoloÔjhsan di�foroi ereu-

nhtèc, gia th melèth twn upopollaplot twn me armonikì dianusmatikì pedÐo

mèshc kampulìthtac kai sthn prosp�jeia tou prosdiorismoÔ, diarmonik¸n u-

popollaplot twn tou Em, �llwn ektìc apì ekeÐnwn twn elaqistik¸n upopol-

laplot twn. Sth sunèqeia diatup¸noume thn EikasÐa tou Chen kai anafèrou-

me touc ereunhtèc oi opoÐoi èdwsan ap�nthsh sto er¸thma, se poièc peript¸-

seic h diarmonikìthta twn pollaplot twn sunep�getai kai thn elaqistikìthta

aut¸n.

Sth sunèqeia, parajètoume tic kuriìterec ergasÐec pou ekpon jhkan, gia na

melet soun thn al jeia   ìqi thc eikasÐac tou Chen, gia upopollaplìth-

tec arqik� tou Lorentz-Minkowski q¸rou E3
1 kai sth sunèqeia tou yeudo-

EukleÐdeiou q¸rou E3
s (s = 1, 2). Tèloc, anafèretai h prosp�jeia pou gÐnetai

s' aut  th diatrib , prokeimènou na exetasjeÐ h sqèsh tou sunìlou twn di-

armonik¸n kai tou sunìlou twn elaqistik¸n uperepifanei¸n tÔpou M3
2 tou

yeudo-EukleÐdeiou q¸rou E4
2 .

Sto Kef�laio 2 anafèrontai orismènec basikèc ènnoiec thc SÔgqronhc Di-

aforik c GewmetrÐac, ìpwc: DiaforÐsimec pollaplìthtec, efaptìmenoc q¸roc,

dianusmatik� pedÐa, diaforikèc morfèc pr¸thc t�xhc, diaforikì apeikìnishc

metaxÔ dÔo pollaplot twn, upopollaplìthtec kai sunoqèc, pollaplìthtec

Riemann, grammik  sunoq , tanustikì pedÐo strèyhc, metrik  Riemann,

yeudo-EukleÐdeioi dianusmatikoÐ q¸roi, yeudo-Riemannian pollaplìthtec, mor-
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fèc sunoq c thc yeudo-Riemannian pollaplìthtac, kai yeudo-Riemannian

upopollaplìthtec. Tèloc anafèrontai oi ènnoiec tou telest  sq matoc, oi

exis¸seic Codazzi kai Gauss gia uperepif�neiec kai tèloc h ènnoia twn diar-

monik¸n uperepifanei¸n.

StoKef�laio 3 perigr�fontai oi epif�neiec ek peristrof c ston 3-di�stato

Lorentz-Minkowski q¸ro kai taxinomoÔntai k�tw apì th sunj kh4III~r = A~r,

ìpou 4III eÐnai o telest c Laplace wc proc thn trÐth jemeli¸dh morf  kai

A eÐnai ènac pragmatikìc 3× 3 pÐnakac. Akribèstera, apodeiknÔoume ìti, tè-

toiec epif�neiec eÐnai, eÐte elaqistikèc, eÐte uperbolikoÐ kÔlindroi Lorentz, eÐte

yeudosfaÐrec pragmatik c   fantastik c aktÐnac.

Aut� ta apotelèsmata eÐnai dhmosieumèna sthn ergasÐa ([34]) me ton tÐtlo:

{Surfaces of revolution in the 3-dimensional Lorentz-Minkowski space E3
1

satisfying 4III~r = A~r}.

Sto Kef�laio 4 anaferìmaste sthn ènnoia tou telest  sq matoc S mi�c

uperepif�neiac kai eidikìtera thc M3
2 tou E4

2 kai brÐskoume ìlec tic kanonikèc

morfèc autoÔ, ìpwc epÐshc kai tou mh jetik� orismènou eswterikoÔ ginomènou

tou epagwmènou ep' aut c apì ton E4
2 , wc proc kat�llhla orjokanonik�  

yeudo-orjokanonik� plaÐsia pedÐwn (bl. J. 4.1). H diadikasÐa eÔreshc twn

wc �nw kanonik¸n morf¸n ektÐjetai analutik� sto kef�laio autì, to de en-

diafèron mèroc tou kai tautìqrona h duskolÐa tou entopÐzetai stic di�forec

morfèc pou k�je for� èqoun ta dianÔsmata twn efaptìmenwn q¸rwn kai oi

antÐstoiqec sunèpeièc touc.

Aut� ta apotelèsmata èqoun dhmosieujeÐ sthn ergasÐa ([35]), me ton tÐtlo:

{On the shape operator of the hypersurfaces M3
2 of E4

2}.

Sto Kef�laio 5 apodeiknÔoume, ìti gia k�je kanonik  morf  [S], tou

telest  sq matoc S (mh diagwnopoi simou) thc diarmonik c uperepif�neiac

M3
2 ston E4

2 , pou br kame sto kef�laio tèssera, h mèsh kampulìtht� thc
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eÐnai mhdèn.

H diadikasÐa thc apìdeixhc sthrÐzetai sthn upìjesh ìti h mèsh kampulìthta

H thc M3
2 eÐnai eÐte stajer    ìqi stajer .

Sthn pr¸th perÐptwsh, apodeiknÔoume eÔkola ìti h H prèpei anagkastik� na

eÐnai mhdèn.

Sth deÔterh perÐptwsh, sthn perÐptwsh dhlad  pou h H den eÐnai stajer ,

orÐzetai to di�nusma ∇H kai apodeiknÔoume ìti autì mporeÐ na eÐnai eÐte qro-

noeidèc (time-like) eÐte fwtoeidèc (light-like). To prìblhma to melet�me se

k�je perÐptwsh qwrist�.

Aut� ta apotelèsmata, eÐnai upì dhmosÐeush sthn ergasÐa [46] me tÐtlo,

{Biharmonic hypersurfaces of type M3
2 in E4

2}.
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Kef�laio 2

Basikèc 'Ennoiec

2.1 DiaforÐsimec Pollaplìthtec

Sthn klasik  Diaforik  GewmetrÐa h epif�neia den eÐnai tÐpota �llo, par� mÐa

embÔjish ston trisdi�stato EukleÐdeio q¸ro R3, enìc anoiktoÔ uposunìlou

tou R2, tou opoÐou h metrik  eis�gei th metrik  sthn epif�neia.

Orismìc 2.1. 'Enac sunektikìc (  sunaf c) topologikìc q¸roc Hausdorff

M pou se k�je shmeÐo tou up�rqei perioq  omoiìmorfh proc èna anoiktì

uposÔnolo thc Rn, lègetai topologik  pollaplìthta   apl¸c pollaplìthta

di�stashc n.

H ènnoia thc sunektikìthtac enìc q¸rou eÐnai topologik  idiìthta kai apaiteÐ-

tai, gia na exasfalÐsoume thn Ôparxh suneq¸n kampul¸n, pou sundèoun tuqì-

nta shmeÐa tou. Up�rqoun pollaplìthtec sunektikèc, gia par�deigma h sfaÐra

Sn kai mh sunektikèc gia par�deigma, h genik  grammik  om�da ìlwn twn n×n

antistrèyimwn pin�kwn GL(n,R) di�stashc n2. H pollaplìthta aut , eÐnai

mia mh sunektik  pollaplìthta me dÔo sunektikèc sunist¸sec, tic GL+(n,R)

kai GL−(n,R).

Orismìc 2.2. Topikìc q�rthc   q�rthc p�nw se mia n-di�stath topologi-

13
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k  pollaplìthta M (  Mn) lègetai k�je du�da (U, φ), ìpou φ eÐnai h omoi-

omorfik  apeikìnish φ : U ⊆ M → V ⊆ Rn, ìpou U eÐnai èna anoiktì u-

posÔnolo thc M kai V eÐnai èna anoiktì uposÔnolo tou EukleÐdeiou q¸rou

Rn(  En). To sÔnolo U , pou eÐnai to pedÐo orismoÔ thc φ, lègetai pedÐo ori-

smoÔ tou q�rth kai h φ, apeikìnish tou q�rth. O arijmìc n lègetai di�stash

tou q�rth.

Ac jewr soume t¸ra, èna q�rth C = (U, φ) mi�c topologik c pollaplìthtac

Mn. Tìte k�je shmeÐo P ∈ U kajorÐzetai apì tic suntetagmènec {x1(P ), . . . ,

xn(P )} tou shmeÐou φ(P ) ∈ Rn. Dhlad , xi(P ) = xi(φ(P )) = (xi ◦φ)(P ), i =

1, . . . , n. An to anoiktì sÔnolo U eÐnai sunektikì, tìte oi arijmoÐ xi(P ) lè-

gontai topikèc suntetagmènec tou shmeÐou P wc proc to q�rth (U, φ), en¸ h

n-�da twn sunart sewn x1, . . . xn tètoiwn ¸ste xi : U ⊆ M → R; xi : P 7→
xi(P ) = [φ(P )]i, i = 1, . . . , n, ìpou dhlad  h i-suntetagmènh tou P eÐnai h

i-suntetagmènh tou φ(P ), lègetai sÔsthma topik¸n suntetagmènwn

(  topikì sÔsthma suntetagmènwn) sto U , wc proc to q�rth (U, φ).

'Etsi k�je topikìc q�rthc thc M , orÐzei èna topikì sÔsthma suntetagmènwn

aut c.

Orismìc 2.3. DiaforÐsimh dom  (  �tlantac) di�stashc n, t�xhc di-

aforisimìthtac r (  kl�shc Cr) p�nw se mia n-di�stath topologik  pol-

laplìthta M lègetai mia oikogèneia topik¸n qart¸n U = (Uα, φα)α∈I (I eÐnai

èna sÔnolo deikt¸n), ìpou φα(Uα) eÐnai èna anoiktì uposÔnolo thc Rn, pou

ikanopoieÐ ta akìlouja axi¸mata.

1. M =
⋃

α∈I

Uα,

2. An (Uα∩Uβ) 6= ∅, oi omoiomorfismoÐ φα kai φβ gia k�je zeÔgoc α, β ∈ I

eÐnai tètoioi ¸ste o omoiomorfismìc
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φβα = φβ ◦ φ−1
α : φα(Uα ∩ Uβ) ⊆ Rn → φβ(Uα ∩ Uβ) ⊆ Rn na eÐnai

diaforÐsimoc t�xhc r (  kl�shc Cr).

Apì to deÔtero axÐwma tou orismoÔ sun�getai ìti o omoiomorfismìc φβ ◦ φ−1
α

èqei antÐstrofo, epomènwc h sunarthsiak  orÐzous� tou ja eÐnai di�forh tou

mhdenìc se ìla ta shmeÐa tou φα(Uα ∩ Uβ).

Orismìc 2.4. 'Estw C1 = (Uα, φα), C2 = (Uβ, φβ) me α, β ∈ I, dÔo q�rtec

kl�shc Cr p�nw se mia n-di�stath topologik  pollaplìthta M . Oi q�rtec

autoÐ lègontai Cr-sumbibastoÐ   Cr-diaforÐsima susqetismènoi, an

(Uα∩Uβ) = ∅   efìson (Uα∩Uβ) 6= ∅, h apeikìnish ( allag  suntetagmènwn)

φβα = φβ ◦ φ−1
α : φα(Uα ∩ Uβ) ⊆ Rn → φβ(Uα ∩ Uβ) ⊆ Rn, (opìte kai h

φαβ = φα ◦ φ−1
β : φβ(Uα ∩ Uβ) ⊆ Rn → φα(Uα ∩ Uβ) ⊆ Rn) eÐnai diaforÐsimh

t�xhc r (  kl�shc Cr), (opìte h φβ ◦ φ−1
α = (φα ◦ φ−1

β )−1 eÐnai mÐa amfidiafì-

rish).

An r = 0 oi q�rtec lègontai topologik� sumbibastoÐ.

An r = ∞ oi q�rtec lègontai diaforÐsima sumbibastoÐ.

Orismìc 2.5. DÔo Cr-�tlantec U1 kai U2 di�stashc n mi�c topologik c

pollaplìthtac lègontai Cr-sumbibastoÐ an,

1. U1

⋃
U2 eÐnai p�li ènac Cr-�tlantac thc topologik c pollaplìthtac kai

2. C1 ∈ U1 kai C2 ∈ U2 eÐnai dÔo tuqaÐoi q�rtec, tìte oi q�rtec autoÐ eÐnai

Cr-sumbibastoÐ q�rtec.

Prìtash 2.6. H Cr-sumbibastìthta twn atl�ntwn, mèsa sto sÔnolo twn

atl�ntwn pou orÐzontai ep�nw se mÐa topologik  pollaplìthta M eÐnai mÐa

sqèsh isodunamÐac.

Apì thn Prìtash aut , èpetai ìti h ènwsh ìlwn twn atl�ntwn k�je kl�shc

isodunamÐac p�nw sthn M , orÐzei èna mègisto �tlanta U . O U loipìn
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eÐnai mègistoc Cr-�tlantac epÐ thc M , an gia k�je topikì q�rth (U, φ) thc M

o opoÐoc eÐnai Cr-sumbibastìc me k�je q�rth tou U , prokÔptei ìti o q�rthc

(U, φ) eÐnai epÐshc stoiqeÐo tou U .

Orismìc 2.7. DiaforÐsimh pollaplìthta di�stashc n kai kl�shc

Cr, lègetai h du�da (Mn, U), ìpou Mn eÐnai mÐa n-di�stath topologik  pol-

laplìthta me arijm simh b�sh kai U eÐnai ènac mègistoc Cr-�tlantac p�nw

sthn Mn.

Ac jewr soume t¸ra tic diaforÐsimec pollaplìthtec

[Mm, U1 = (Uα, φα)α∈I ] kai [Nn, U2 = (Uβ, φβ)β∈J ]

kai èstw Mm × Nn to kartesianì touc ginìmeno. To ginìmeno autì eÐnai

epÐshc ènac q¸roc tou Hausdorff, kai èqei arijm simh b�sh gia thn topologÐa

tou. JewroÔme p�nw s' autì to q¸ro th sullog 

U = U1 × U2 = {(Uα × Uβ, φα × φβ)|(Uα, φα) ∈ U1 kai (Uβ, φβ) ∈ U2}

ìpou φα × φβ parist�nei thn apeikìnish

φα × φβ : Uα × Uβ → (φα × φβ)(Uα × Uβ) = φα(Uα)× φβ(Uβ) ⊆ Rm+n

me tim 

(φα × φβ)(x, y) = (φα(x), φβ(y)) ∈ Rm × Rn = Rm+n

Prìtash 2.8. To zeÔgoc (Mm × Nn, U) orÐzei mÐa (m + n)-di�stath di-

aforÐsimh pollaplìthta, h opoÐa lègetai kartesianì ginìmeno twn diaforÐsimwn

pollaplot twn Mm kai Nn.

'Ena par�deigma tètoiac diaforÐsimhc pollaplìthtac apoteleÐ o didi�statoc

tìroc T 2 = S1 × S1.



2.1 DiaforÐsimec Pollaplìthtec 17

Ac upojèsoume ìti mac dÐnetai kai mÐa Cr n-di�stath diaforÐsimh pollaplìthta

M kai ìti A eÐnai èna anoiktì uposÔnolo thc M .

Orismìc 2.9. H sun�rthsh f : A ⊆ M → R lègetai diaforÐsimh t�xhc r

(  kl�shc Cr) p�nw sto A an kai mìno an h sun�rthsh,

f ◦ φ−1
α : φα(Uα ∩ A) ⊆ Rn → R

eÐnai diaforÐsimh, gia k�je topikì q�rth (Uα, φα) p�nw sthn M .

To sÔnolo twn diaforÐsimwn sunart sewn kl�shc Cr, pou orÐzontai sthn n-

di�stath pollaplìthta M kl�shc Cr, sumbolÐzetai me Dr(M), en¸ to sÔnolo

twn diaforÐsimwn sunart sewn pou orÐzontai sthn pollaplìthta M , kl�shc

C∞, sumbolÐzetai me D0(M).

'Estw oi diaforÐsimec pollaplìthtec Mm kai Nn kl�shc Cr kai èstw,

f : A ⊆ Mm → Nn

mia suneq c apeikìnish, orismènh se èna anoiktì sÔnolo A thc Mm.

Ac jewr soume epiplèon touc q�rtec (U, φ) kai (V, ψ) twn pollaplot twn

Mm kai Nn antÐstoiqa ètsi ¸ste, P ∈ U kai f(P ) ∈ V .

Orismìc 2.10. H apeikìnish f : A ⊆ Mm → Nn lègetai diaforÐsimh

apeikìnish kl�shc Cr sto shmeÐo P ∈ A, an up�rqoun q�rtec (U, φ),

(V, ψ) ìpwc prohgoumènwc èqoun perigrafeÐ, ¸ste h apeikìnish

F = ψ ◦ f ◦ φ−1 : Rm → Rn

na eÐnai diaforÐsimh kl�shc Cr sto shmeÐo φ(P ) ∈ Rm.

Orismìc 2.11. Lème ìti h apeikìnish

f : A ⊆ Mm → Nn



18 KEFALAIO 2. Basikèc ènnoiec

eÐnai diaforÐsimh kl�shc Cr sto sÔnolo A, an eÐnai diaforÐsimh apeikìnish

kl�shc Cr se k�je shmeÐo tou A.

Prìtash 2.12. H apeikìnish f : Mm → Nn eÐnai diaforÐsimh kl�shc Cr

an kai mìno an oi sunart seic suntetagmènwn thc {yi} = {y1, . . . , yn} tou

shmeÐou f(P ) ∈ N , eÐnai diaforÐsimec sunart seic kl�shc Cr twn topik¸n

suntetagmènwn tou tuqaÐou shmeÐou P ∈ M . Dhlad  an jèsoume

yi = fi(x1, x2, . . . , xm), i = 1, 2, . . . , n

tìte oi fi na eÐnai diaforÐsimec sunart seic kl�shc Cr.

Orismìc 2.13. H apeikìnish f : M → N lègetai amfidiafìrish (diffeo-

morphism) an eÐnai amfimonos manth (1-1), epÐ (f(M) = N), diaforÐsimh

kai h antÐstrof  thc f−1 eÐnai epÐshc diaforÐsimh. Sth perÐptwsh aut  oi

pollaplìthtec M kai N , lègontai amfidiaforÐsimec   amfidiaforikèc.

AxÐzei na shmeiwjeÐ, pwc h amfidiaforisimìthta sto sÔnolo twn pollaplot twn

eÐnai mÐa sqèsh isodunamÐac.

Orismìc 2.14. MÐa 1-1 kai epÐ apeikìnish f : M → N eÐnai mÐa amfidi-

afìrish an kai mìno an, gia k�je q�rth (Vβ, ψβ) ep�nw sthn N h apeikìnish

ψβ ◦ f eÐnai topik  apeikìnish suntetagmènwn thc M .

'Estw f : M → N diaforÐsimh apeikìnish kai èstw (x1, x2, . . . , xn) kai

(ψ1, ψ2, . . . , ψn) ta antÐstoiqa sust mata (topik¸n) suntetagmènwn twn shmeÐ-

wn P ∈ M kai f(P ) ∈ N . Tìte o bajmìc (rank) tou IakwbianoÔ pÐnaka

A =

(
∂ψi

∂xj

)

f(P )

=

(
∂(ψi ◦ f)

∂xj

)

P

lègetai bajmìc thc f , sto shmeÐo P ∈ M . O bajmìc thc f , eÐnai anex�rthtoc

apì thn eklog  twn susthm�twn suntetagmènwn gÔrw apì ta shmeÐa P ∈ M
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kai f(P ) ∈ N .

'Ena shmeÐo P ∈ M lègetai krÐsimo shmeÐo (  shmeÐo st�shc) thc

apeikìnishc f : M → N , an o bajmìc ρ thc f sto shmeÐo P ∈ M eÐnai

mikrìteroc apì th di�stash n thc pollaplìthtac N , dhlad 

ρ = rankf < n = dim N.

H tim  f(P ) thc apeikìnishc f , ìpou P eÐnai krÐsimo shmeÐo, lègetai krÐsimh

tim  thc f .

An to shmeÐo P den eÐnai krÐsimo, ja to lème kanonikì shmeÐo thc f kai

thn antÐstoiqh tim  f(P ) ja th lème kanonik  tim .

H apeikìnish f : M → N lègetai kanonik  apeikìnish sto P ∈ M , an

o bajmìc thc f eÐnai Ðsoc me th di�stash thc pollaplìthtac M , sto shmeÐo

P dhlad ,

(rankf)P = dim M.

Orismìc 2.15. MÐa diaforÐsimh apeikìnish f : Mm → Nn lègetai embÔ-

jish (immersion) thc Mm sthn Nn (m <
= n) an

rankf = dim M, gia k�je P ∈ M.

Orismìc 2.16. MÐa diaforÐsimh apeikìnish f : Mm → Nn lègetai emfÔ-

teush (imbedding) thc Mm sthn Nn an

1. EÐnai embÔjish kai

2. h apeikìnish f : M → f(M) eÐnai ènac omoiomorfismìc, ìpou to f(M)

èqei thn sqetik  topologÐa thc N .
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2.2 Efaptìmenoc Q¸roc - Dianusmatik� PedÐa -

Diaforikèc Morfèc Pr¸thc T�xhc

'Estw Dr(M,P ) to sÔnolo ìlwn twn diaforÐsimwn sunart sewn kl�shc

Cr sto shmeÐo P ∈ M . To sÔnolo Dr(M,P ) apoteleÐ dianusmatikì q¸ro[52,

sel. 366], o opoÐoc gÐnetai �lgebra, an orÐsoume wc deÔtero nìmo eswterik c

sÔnjeshc ton pollaplasiasmì twn sunart sewn.

Orismìc 2.17. Diafìrish thc �lgebrac Dr(M,P ) sto shmeÐo P , lègetai

mia pragmatik  sun�rthsh D : Dr(M,P ) → R me tic ex c dÔo idiìthtec.

1. H D eÐnai grammik , dhlad  isqÔei

D(λf + µg) = λD(f) + µD(g), ∀λ, µ ∈ R kai f, g ∈ Dr(M,P ).

2. H D ikanopoieÐ ton kanìna tou Leibniz, dhlad  èqoume,

D(fg) = f(P )D(g) + g(P )D(f), ∀f, g ∈ Dr(M,P ).

Orismìc 2.18. Efaptìmeno di�nusma sto shmeÐo P thc n-di�stathc

pollaplìthtac M , lègetai h apeikìnish XP : Dr(M, P ) → R pou ikanopoieÐ

tic akìloujec sunj kec

1. XP (λ1f1 + λ2f2) = λ1XP (f1) + λ2XP (f2)

2. XP (f1f2) = f1(P )XP (f2) + f2(P )XP (f1), gia k�je f1, f2 ∈ Dr(M, P )

kai λ1, λ2 ∈ R.

H grammik  apeikìnish XP , ikanopoieÐ ton kanìna tou Leibniz kai kat� sunèpeia

eÐnai mia diafìrish thc �lgebrac Dr(M,P ). To sÔnolo twn efaptìmenwn di-

anusm�twn sto shmeÐo P miac diaforÐsimhc pollaplìthtac M , apoteleÐ dianu-

smatikì q¸ro. Ton dianusmatikì autì q¸ro, ton lème efaptìmeno q¸ro

thc M sto shmeÐo P kai ja ton sumbolÐzoume me TP (M).



2.2 Efaptìmenoc Q¸roc 21

'Opwc eÐdame prohgoumènwc se k�je shmeÐo P mi�c diaforÐsimhc pollaplìth-

tac M , orÐzetai o efaptìmenoc q¸roc aut c TP (M), o opoÐoc èqei th dom 

dianusmatikoÔ q¸rou me di�stash n, ìsh kai h di�stash thc M .

An XP =
n∑

i=1

vi

(
∂

∂xi

)

P

, eÐnai èna tuqaÐo di�nusma tou TP (M), tìte h

apeikìnish

(v1, v2, ..., vn) →
n∑

i=1

vi

(
∂

∂xi

)

P

,

orÐzei ènan isomorfismì metaxÔ twn q¸rwn Rn kai TP (M) kai gia autì

autoÔc touc q¸rouc touc lème isomorfikoÔc.

H sullog  ìlwn twn efaptìmenwn q¸rwn thc M sumbolÐzetai me T (M) kai

lègetai efaptìmenh dèsmh aut c (tangent bundle), dhlad  eÐnai

T (M) =
⋃

P∈M

TP (M) = {(P, XP ) |P ∈ M,XP ∈ TP (M)}.

To sÔnolo T (M) mporeÐ na gÐnei mÐa diaforÐsimh pollaplìthta di�stashc 2n,

an dimM = n.

Orismìc 2.19. 'Estw M mia diaforÐsimh pollaplìthta kai D0(M) h antÐ-

stoiqh (pragmatik ) �lgebra twn (pragmatik¸n) diaforÐsimwn sunart sewn

epÐ thc M . Mia apeikìnish D : D0(M) → D0(M) lègetai diafìrish thc

�lgebrac D0(M) an èqei tic ex c dÔo idiìthtec

1. D(λf + µg) = λD(f) + µD(g),

2. D(fg) = fD(g) +D(f)g, ∀λ, µ ∈ R kai f, g ∈ D0(M).

Orismìc 2.20. Onom�zoume dianusmatikì pedÐo kai shmei¸noume me X,

p�nw se mÐa n-di�stath diaforÐsimh pollaplìthta M , th diaforÐsimh apeikì-

nish

X : M → T (M) =
⋃

P∈M

TP (M)
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h opoÐa se k�je shmeÐo P ∈ M antistoiqeÐ to di�nusma XP ∈ TP (M).

IsqÔoun oi akìloujec idiìthtec ∀ f, g ∈ D0(M) kai X ∈ D1(M), ìpou

D1(M) eÐnai to sÔnolo twn dianusmatik¸n pedÐwn epÐ thc M ,

1. X(f + g) = X(f) + X(g)

2. X(fg) = X(f)g + fX(g).

Ac jewr soume t¸ra, mÐa diaforÐsimh sun�rthsh f kl�shc Cr orismènh se

èna anoiktì sÔnolo U mi�c n-di�stathc pollaplìthtac M . 'Estw P tuqaÐo

shmeÐo tou U kai XP tuqaÐo di�nusma tou q¸rou TP (M). Jètoume

(df)P (XP ) = XP [f ].

ApodeiknÔetai ìti ∀ λ, µ ∈ R kai ∀ XP , YP ∈ TP (M) ìti,

(df)P (λXP + µYp) = λ(df)P XP + µ(df)P YP

opìte to (df)P eÐnai mÐa grammik  apeikìnish tou TP (M) sto R dhlad ,

(df)P : TP (M) → R,

epomènwc to (df)P eÐnai stoiqeÐo tou düikoÔ q¸rou tou TP (M) dhlad ,

(df)P ∈ T ∗
P (M).

O q¸roc autìc eÐnai isomorfikìc me ton TP (M). Aut  h grammik  apeikìnish

lègetai diaforikì thc f sto shmeÐo P kai o q¸roc T ∗
P (M) lègetai sunefaptì-

menoc q¸roc thc M sto shmeÐo P .

'Estw M mia diaforÐsimh pollaplìthta di�stashc n kai P tuqaÐo shmeÐo thc.

Apì ton efaptìmeno q¸ro TP (M) paÐrnoume ton düikì tou T ∗
P (M), dhlad 

ton sunefaptìmeno q¸ro thc M sto shmeÐo P .

H sullog  ìlwn twn sunefaptìmenwn q¸rwn thc M sumbolÐzetai me T ∗(M)
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kai lègetai sunefaptìmenh dèsmh thc M (cotangent bundle), dhlad 

eÐnai

T ∗(M) =
⋃

P∈M

T ∗
P (M).

Orismìc 2.21. Diaforik  morf  ω pr¸thc t�xhc (  diaforik  1-

morf ) p�nw sth diaforÐsimh pollaplìthta M , lègetai h apeikìnish

ω : M →
⋃

P∈M

T ∗
P (M)

h opoÐa se k�je shmeÐo P ∈ M , antistoiqeÐ to sunefaptìmeno di�nusma ω(P )

(  ωP ) tou sunefaptìmenou q¸rou T ∗
P (M), dhlad  ω(P ) ∈ T ∗

P (M).

Apì ton orismì (2.21), sumperaÐnoume pwc gia k�je P ∈ M h antÐstoiqh

diaforik  1-morf  eÐnai mÐa grammik  morf  p�nw ston TP (M), dhlad 

ω(P ) : TP (M) → R.

Me �lla lìgia, an D1(M) eÐnai to sÔnolo twn dianusmatik¸n pedÐwn epÐ thc

M kai D1(M) to düikì tou sÔnolo, tìte wc diaforikèc 1-morfèc orÐzontai ta

stoiqeÐa tou D1(M), ìpou

D1(M) = {ω|ω : D1(M) → D0(M), ω : D0 − grammik  apeikìnish}.

Apì ta parap�nw loipìn sunep�getai ìti, to diaforikì (df)P thc sun�rthshc

f ∈ D0(M) eÐnai mÐa diaforik  morf  pr¸thc t�xhc.

EpÐshc, afoÔ to ω(P ) ∈ T ∗
P (M) ja eÐnai grammikìc sunduasmìc twn dianu-

sm�twn {dxi}P thc b�shc. Ja eÐnai loipìn,

ω(P ) = fi(P )(dxi)P .

An oi sunart seic fi eÐnai diaforÐsimec kl�shc Cr, tìte kai h diaforik  1-

morf  ω, lègetai diaforÐsimh kl�shc Cr.

UpenjumÐzetai ìti oi grammikèc apeikonÐseic (dianÔsmata) {dxi}P i = 1, 2, ..., n

apoteloÔn b�sh tou T ∗
P (M) kai lègetai düik  b�sh, thc b�shc

{
∂

∂xi

}

p

, tou

efaptìmenou q¸rou TP (M).
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2.3 Diaforikì Apeikìnishc metaxÔ Pollaplot twn

Oi pollaplìthtec pou ja jewr soume sthn par�grafo aut  jewroÔntai ìti

eÐnai diaforÐsimec kl�shc C∞.

Ac jewr soume loipìn tic diaforÐsimec pollaplìthtec M kai N diast�sewn

m kai n antÐstoiqa kai èstw

f : M → N

mÐa diaforÐsimh apeikìnish aut¸n. 'Estw P èna tuqaÐo shmeÐo thc M kai

TP (M), Tf(P )(N) oi antÐstoiqoi efaptìmenoi q¸roi twn M kai N .

Orismìc 2.22. Diaforikì thc apeikìnishc f : M → N stì shmeÐo P ∈
M , lègetai h grammik  apeikìnish

f∗P
: TP (M) → Tf(P )(N)

me tim 

(f∗P
XP )(φ) = XP (φ ◦ f),

ìpou φ ∈ D∞(N, f(P )). H f∗P
sumbolÐzetai epÐshc kai me (df)P .

Orismìc 2.23. H apeikìnish f : M → N lègetai kanonik  sto shmeÐo

P ∈ M an,

1. H f eÐnai diaforÐsimh sto shmeÐo P ∈ M kai

2. H f∗P
eÐnai amfimonìtimh apeikìnish, tou TP (M) ston Tf(P )(N).

'Estw ta dianusmatik� pedÐa X, Y ∈ D1(M). OrÐzoume to dianusmatikì pedÐo

[ , ] : D1(M)×D1(M) → D1(M)

wc ex c

[ , ] : (X, Y ) 7→ [X, Y ] = XY − Y X
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kai sth sunèqeia orÐzoume thn apeikìnish

[X, Y ] : D0(M) → D0(M)

me tim 

[X, Y ] : f → [X,Y ] (f) = X(Y (f))− Y (X(f)), ∀f ∈ D0(M).

To dianusmatikì pedÐo [X,Y ] lègetai parènjesh tou Lie (Lie bracket)

twn dianusmatik¸n pedÐwn X, Y kai ikanopoieÐ tic akìloujec idiìthtec.

1. EÐnai antisummetrik  [X, Y ] = − [Y, X]

2. EÐnai grammik  p�nw sto sÔnolo twn diaforisÐmwn sunart sewn

3. [X,Y ] (fg) = f([X, Y ] (g)) + ([X, Y ] (f))g (kanìnac Leibniz)

4. EÐnai digrammik 

[λ1X1 + λ2X2, Y ] = λ1 [X1, Y ] + λ2 [X2, Y ]

[X, λ1Y1 + λ2Y2] = λ1 [X, Y1] + λ2 [X, Y2]

∀ X, Y, X1, X2, Y1, Y2 ∈ D1(M).

5. [X, [Y, Z]] + [Y, [Z, X]] + [Z, [X, Y ]] = 0 ∀ X, Y, Z ∈ D1(M)

(Tautìthta Jacobi).

6. [fX, gY ] = fg [X, Y ] + f [X(g)] Y − g [Y (f)] X ∀ f, g ∈ D0(M).

2.4 Upopollaplìthtec kai Sunoqèc.

Pollaplìthtec Riemann

Endiafèron parousi�zoun oi pollaplìthtec, pou wc sÔnola eÐnai uposÔno-

la thc pollaplìthtac R3 (  Rn), ìpwc gia par�deigma h sfaÐra S2 (  Sn−1)

kai o tìroc T 2 (  T n−1).
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IdiaÐtero endiafèron se aut  thn perÐptwsh, parousi�zoun oi upopollaplì-

thtec me di�stash èna (kampÔlec) kai ekeÐnec me di�stash n−1 (uperepif�neiec)

  epif�neiec ìtan n = 3.

Orismìc 2.24. MÐa diaforÐsimh apeikìnish f thc pollaplìthtac Mm sthn

pollaplìthta Nn (m<
=n) lègetai embÔjish (  emb�ptish) thc Mm sthn

Nn an kai mìno an h apeikìnish f∗P
gia k�je P ∈ Mm eÐnai amfimonìtimh

(rankf∗P
= m ).

Sthn perÐptwsh aut , lème ìti h pollaplìthta Mm eÐnai embujismènh mèsa

sthn pollaplìthta Nn diamèsou thc f ,   ìti h Mm eÐnai mÐa bujismènh upo-

pollaplìthta thc Nn,   apl� mÐa upopollaplìthta thc Nn.

Orismìc 2.25. 'Otan mÐa embÔjish f : Mm → Nn eÐnai amfimonìtimh, tìte

h f lègetai emfÔteush thc Mm sthn Nn, ìpou h Mm jewreÐtai sumpag c.

Sthn perÐptwsh aut  lème ìti h pollaplìthta Mm eÐnai emfuteumènh mèsa

sthn Nn dia mèsou thc f ,   ìti h Mm eÐnai mÐa emfuteumènh upopollaplìthta

thc Nn.

Parat rhsh 2.26. 'Ena anoiktì uposÔnolo M miac pollaplìthtac N eÐnai kai

autì pollaplìthta, thn pollaplìthta aut  th lème anoikt  upopollaplìthta

thc N .

Je¸rhma 2.27. JewroÔme th diaforÐsimh apeikìnish f : M → N ìpou

dim M = dim N = κ. An h apeikìnish f∗P
: TP (M) → Tf(P )(N) eÐnai

amfimonìtimh (rankf∗P
= κ), tìte up�rqei anoikt  perioq  U ⊆ M me P ∈ U ,

ètsi ¸ste o periorismìc thc f |U na eÐnai mÐa amfidiafìrish tou U p�nw se mÐa

perioq  V tou f(P ).

Parat rhsh 2.28. An h f∗P
eÐnai 1-1 se k�je P ∈ M den sunep�getai ìti h

f : M → N eÐnai amfidiafìrish se olìklhrh thn M .
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Je¸rhma 2.29. H diaforÐsimh apeikìnish f : M → N ìpou M kai N eÐnai

pollaplìthtec thc Ðdiac di�stashc κ eÐnai amfidiafìrish an kai mìno an eÐnai

emfÔteush kai epÐ.

Orismìc 2.30. H m-di�stath pollaplìthta M , lègetai upopollaplìthta

thc n-di�stathc pollaplìthtac N (m<
=n) ìtan

1. M ⊆ N (wc sÔnola)

2. H tautotik  apeikìnish i : M → N me i(P ) = P eÐnai mÐa emfÔteush

thc pollaplìthtac M sthn pollaplìthta N .

An dim N − dim M = 1, tìte h M lègetai uperepif�neia thc N .

Ston orismì autì, uponooÔme ìti h M wc topologikìc q¸roc èqei th

sqetik  topologÐa thc N .

Parat rhsh 2.31. K�je m-di�stath pollaplìthta M emfuteÔetai sthn pol-

laplìthta R2m+1.

'Estw M mÐa m-di�stath pollaplìthta, D1(M) o dianusmatikìc q¸roc twn

dianusmatik¸n pedÐwn p�nw sthn M kai D0(M) h �lgebra twn diaforisÐmwn

sunart sewn p�nw sthn M .

Orismìc 2.32. Grammik  Sunoq  (  SÔndesh) p�nw sthn M lègetai

mia apeikìnish pou ja thn sumbolÐzoume me ∇, ìpou

∇ : D1(M)×D1(M) → D1(M)

∇ : (X, Y ) 7→ ∇(X, Y ) = ∇XY,

pou ikanopoieÐ tic akìloujec idiìthtec:

1. ∇X+Y Z = ∇XZ +∇Y Z
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2. ∇fXY = f∇XY

3. ∇X(Y + Z) = ∇XY +∇XZ

4. ∇X(fY ) = (Xf)Y + f∇XY

5. ∇X(αY + βZ) = α∇XY + β∇XZ

ìpou X, Y, Z ∈ D1(M) kai f ∈ D0(M) kai α, β ∈ R. O telest c ∇X lègetai

sunalloÐwth parag¸gish wc proc X, en¸ to dianusmatikì pedÐo ∇XY

lègetai sunalloÐwth par�gwgoc tou Y wc proc X (wc proc th grammik 

sunoq  ∇).

H diafor� twn dianusmatik¸n pedÐwn ∇XY kai ∇Y X orÐzei thn agkÔlh tou

Lie:

∇XY −∇Y X = [X,Y ] .

To tanustikì pedÐo T me tim 

T (X,Y ) = ∇XY −∇Y X − [X, Y ]

lègetai tanustikì pedÐo strèyhc thc grammik c sunoq c ∇.

Parat rhsh 2.33. 'Estw M mÐa pollaplìthta efodiasmènh me mÐa grammik 

sunoq  X 7→ ∇X kai èstw U mÐa anoikt  upopollaplìthta thc M . 'Estw

X,Y ∈ D1(M) me X = 0   Y = 0. Tìte ∇XY = 0.

'Estw (U, φ) ènac q�rthc miac m-di�stathc pollaplìthtac M , ∇ mÐa grammik 

sunoq  p�nw sthn M kai
{

∂

∂xi

}
ta basik� dianusmatik� pedÐa tou U .

Orismìc 2.34. SÔmbola tou Christoffel thc sunoq c ∇ p�nw sto U ,

lègontai oi m3 sunart seic Γk
ij pou orÐzontai monos manta apì th sqèsh

∇0@ ∂

∂xi

1A
(

∂

∂xj

)
=

m∑

k=1

Γk
ij

(
∂

∂xk

)
.
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Orismìc 2.35. An ω eÐnai mÐa 1-morf  tìte, ∇Xω eÐnai mÐa 1-morf , thc

opoÐac h tim  p�nw se tuqaÐo dianusmatikì pedÐo Y , dÐnetai apì th sqèsh

(∇Xω) (Y ) = ∇X (ω(Y ))− ω (∇XY ) .

Orismìc 2.36. Metrik  Riemann p�nw se mÐa pollaplìthta M , eÐnai

èna sunalloÐwto tanustikì pedÐo tÔpou (0,2), tètoio ¸ste se k�je shmeÐo

P ∈ M antistoiqeÐ thn apeikìnish gP : TP (M)× TP (M) → R, me tic akìlou-

jec idiìthtec:

1. gP (XP + YP , ZP ) = gP (XP , ZP ) + gP (YP , ZP ) kai

gP (λXP , YP ) = λgP (XP , YP )

2. gP (XP , YP ) = gP (YP , XP )

3. gP (XP , XP )>
=0 me gP (XP , XP ) = 0 an kai mìno an XP = 0.

Oi sunj kec (1) kai (2), isqÔoun kai me thn ex c morf 

gP (XP , YP + ZP ) = gP (XP , YP ) + gP (XP , ZP )

kai

gP (XP , λYP ) = λgP (XP , YP ).

Parat rhsh 2.37. ParathroÔme ìti h gP , eÐnai èna eswterikì ginìmeno ston

q¸ro TP (M), afoÔ eÐnai mÐa apeikìnish summetrik  (apì thn 2), digrammik 

(apì thn 1) kai jetik� orismènh.

An g, eÐnai mÐa metrik  Riemann p�nw se mÐa pollaplìthta kai X, Y eÐnai

dÔo dianusmatik� pedÐa tìte, g(X, Y ) eÐnai mÐa pragmatik  sun�rthsh p�nw

sthn M , me tim  gP (XP , YP ) sto tuqaÐo shmeÐo P ∈ M .

K�je parasumpag c pollaplìthta, dèqetai mÐa metrik  Riemann. EpÐshc

tonÐzoume, ìti sth Diaforik  GewmetrÐa o ìroc metrik , den anafèretai sth

sun�rthsh apìstashc, all� kÔria se eswterikì ginìmeno.
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Parat rhsh 2.38. K�je pollaplìthta M , efodiasmènh me mÐa metrik  Rie-

mann g, h opoÐa merikèc forèc sumbolÐzetai kai me <, >, lègetai pollaplìth-

ta Riemann.

Parat rhsh 2.39. An (U, φ) eÐnai ènac q�rthc miac pollaplìthtac Riemann

(M, g), tìte orÐzontai oi n2 pragmatikèc sunart seic gij, ètsi ¸ste

gij(P ) = gP

((
∂

∂xi

)

P

,

(
∂

∂xj

)

P

)
, P ∈ U, 1 ≤ i, j ≤ n.

Parat rhsh 2.40. 'Estw M mÐa upopollaplìthta thc pollaplìthtac Rie-

mann (N, gN), ètsi ¸ste o TP (M) na tautÐzetai me k�poion upìqwro tou

TP (N).

An XP , YP ∈ TP (M) ⊂ TP (N), tìte o arijmìc gN
P (XP , YP ) èqei ènnoia kai

epiplèon orÐzoume,

gM
P (XP , YP ) = gN

P (XP , YP ).

H metrik  Riemann gM
P pou orÐzetai me autì ton trìpo, lègetai metrik  Rie-

mann, pou eis�getai apì thn gN .

Orismìc 2.41. Sunoq  Riemann p�nw se mÐa pollaplìthta Riemann

(M, g) lègetai h apeikìnish ∇, pou ikanopoieÐ tic akìloujec idiìthtec:

1. ∇XY −∇Y X = [X,Y ], dhlad  h ∇ eÐnai summetrik  (  T = 0) kai

2. Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ) ìpou X, Y kai Z eÐnai tuqaÐa

dianusmatik� pedÐa p�nw sthn M .

Orismìc 2.42. Tanustikì pedÐo kampulìthtac thc sunoq c∇ lège-

tai to antisummetrikì tanustikì pedÐo R tÔpou (1, 3) me tim 

R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

ìpou [ , ] eÐnai h parènjesh tou Lie.
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An jewr soume ìti h M , eÐnai mÐa pollaplìthta Riemann, tìte qrhsimopoi¸-

ntac th metrik  <,>, orÐzoume mÐa diaforÐsimh polugrammik  (tetragrammik )

apeikìnish R(X,Y, Z,W ) ètsi ¸ste

R(X, Y, Z, W ) =< R(X, Y )Z, W > .

H apeikìnish R, pou orÐzetai apì thn prohgoÔmenh sqèsh, eÐnai èna diaforÐsi-

mo, sunalloÐwto tanustikì pedÐo tÔpou (0,4) kai lègetai, sunalloÐwto

tanustikì pedÐo twn Christofell-Riemann ìpou,

X, Y, Z, W ∈ D1(M). To pedÐo autì ikanopoieÐ tic akìloujec sqèseic

1. R(X, Y, Z, W ) = −R(Y, X, Z, W ) = −R(X,Y,W,Z) = R(Y, X, W,Z)

2. R(X, Y, Z, W ) + R(X,Z,W, Y ) + R(X, W, Y, Z) = 0.

H deÔterh idiìthta lègetai kai 1η tautìthta tou Bianchi, ìpou, X, Y, Z, W ∈
D1(M).

Se topikèc suntetagmènec to pl joc twn mh mhdenik¸n sunistws¸n tou

R = {Ri j k l} eÐnai
n2(n2 − 1)

12
.

'Enan akìma spoudaÐo tanust , pou jèloume sthn prokeÐmenh perÐptwsh na

anafèroume, eÐnai o sunalloÐwtoc summetrikìc tanust c deÔterhc t�xhc, tÔpou

(0, 2), ton opoÐo paÐrnoume apì ton tanust  kampulìthtac tÔpou (1, 3), me sus-

tol  twn deikt¸n. Eidikìtera orÐzoume autìn ton tanust , o opoÐoc lègetai

tanust c tou Ricci wc ex c:

Ric(X,Y ) = Ðqnoc thc apeikìnishc Z → R(Z,X)Y

tou TP (M), ìpou X, Y, Z ∈ TP (M) kai sumbolÐzetai kai me S(X, Y ).

An M eÐnai mÐa pollaplìthta Riemann kai ei =

{
∂

∂xi

}
, i = 1, 2, ..., n,

mÐa orjokanonik  b�sh tou TP (M), tìte apì ton orismì thc apeikìnishc thc

sustol c èqoume:

S(X,Y ) = Ric(X, Y ) =
n∑

i=1

< R(ei, X)Y, ei >=
n∑

i=1

R (ei, X, Y, ei) ,



32 KEFALAIO 2. Basikèc ènnoiec

∀ X, Y ∈ TP (M). To pl joc twn sunistws¸n {Sij} tou tanust  Ricci eÐnai
n(n + 1)

2
.

An X eÐnai èna monadiaÐo di�nusma tou TP (M) tìte, kampulìthta Ric-

ci, thc pollaplìthtac (M, g) wc proc th dieÔjunsh X lègetai h sun�rthsh

S(X, X), me tim 

S(X,X) =
n∑

i=1

g(R(X, ei)ei, X).

Bajmwt  kampulìthta thc M , lègetai h sun�rthsh τ pou orÐzetai apì th

sustol  twn deikt¸n tou pedÐou Ricci kai dÔnetai apì th sqèsh

τ =
n∑

i=1

S (ei, ei) =
n∑

i=1

gijSij.

Orismìc 2.43. Kampulìthta tom c thc pollaplìthtac Riemann (M, g)

sto shmeÐo P kai gia to epÐpedo π ⊂ TP (M), pou orÐzetai apì ta dianÔsmata

X,Y ∈ TP (M) lègetai o arijmìc:

K(π, P ) =
g(R(X, Y )Y, X)

A(X,Y )
∀ X, Y ∈ TP (M)

ìpou A(X,Y ) eÐnai h summetrik  digrammik  morf ,

A(X, Y ) =< X,X >< Y, Y > − < X, Y >2 kai A(X,Y ) 6= 0.

An ta X kai Y eÐnai orjokanonik� tìte:

K(π, P ) = g(R(X, Y )Y, X).

An dimM = 2, tìte h K(π, P ) gÐnetai h kampulìthta Gauss thc M sto P .

IdiaÐtero endiafèron parousi�zoun oi pollaplìthtec me stajer  kampulìthta

tom c. Tètoiec pollaplìthtec eÐnai o Rn pou èqei K(π, P ) = 0, h sfaÐra Sn

pou èqei K(π, P ) = 1 kai o n-di�statoc uperbolikìc q¸roc Hn pou èqei kam-

pulìthta tom c K(π, P ) = −1. O teleutaÐoc eÐnai genÐkeush tou uperbolikoÔ

epipèdou tou Poincare’.
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Parat rhsh 2.44. MÐa isometrÐa f : M → M ′, diathreÐ thn kampulìthta

tom c, dhlad , an K kai K ′ eÐnai oi kampulìthtec tom c twn M kai M ′ antÐ-

stoiqa kai π = {X, Y }, π′ = {f∗X, f∗Y } eÐnai 2-di�statoi upìqwroi twn

TP (M) kai Tf(P )(M
′) antÐstoiqa, tìte K(π) = K ′(π′).

Je¸rhma 2.45. An (M, g) eÐnai mÐa pollaplìthta Riemann, tìte orÐzetai

akrib¸c mÐa grammik  sunoq  p�nw sthn M , pou ikanopoieÐ tic akìloujec

sunj kec:

1. To tanustikì pedÐo strèyhc T isoÔtai me to mhdèn (T = 0).

2. H par�llhlh metatìpish, diathreÐ to eswterikì ginìmeno stouc efa-

ptìmenouc q¸rouc.

Oi dÔo prohgoÔmenec sqèseic, isodÔnama gr�fontai wc ex c:

1. ∇XY −∇Y X = [X,Y ] , ∀ X,Y ∈ D1(M).

2. ∇Z(g) = 0, Z ∈ D1(M)   Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇ZY ).

Orismìc 2.46. MÐa pollaplìthta Riemann (M, g) lègetai pollaplìth-

taEinstein, an o tanust c Ricci Sij eÐnai pollapl�sio tou metrikoÔ tanustikoÔ

pedÐou, dhlad 

Sij =
τ

n
gij,

ìpou τ eÐnai h bajmwt  (arijmhtik ) kampulìthta.

Parat rhsh 2.47. K�je 2-di�stath pollaplìthta Riemann eÐnai pollaplìth-

ta Einstein.

2.5 Yeudo-EukleÐdeioi DianusmatikoÐ Q¸roi

Orismìc 2.48. 'Estw V ènac n-di�statoc pragmatikìc dianusmatikìc q¸roc

kai g : V × V → R mÐa apeikìnish pou na ikanopoieÐ tic akìloujec idiìthtec:
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1. Na eÐnai digrammik , dhlad 

g(λu + µv, w) = λg(u,w) + µg(v, w), ∀λ, µ ∈ R, ∀u, v, w ∈ V,

g(u, λv + µw) = λg(u, v) + µg(u,w), ∀λ, µ ∈ R, ∀u, v, w ∈ V.

2. Na eÐnai summetrik , dhlad 

g(u, v) = g(v, u), ∀u, v ∈ V.

3. Na eÐnai mh ekfulismènh, dhlad  an g(u, v) = 0 ∀u ∈ V , tìte na eÐnai

v = 0. H apeikìnish g onom�zetai metrikìc tanust c p�nw ston V .

Apì ton trìpo pou orÐsjhke h g eÐnai fanerì ìti h g ∈ 2⊗V ∗, dhlad  eÐnai èna

sunalloÐwto tanustikì pedÐo tÔpou (0, 2).

Lème ìti o tanust c g eÐnai jetik� orismènoc ston V an g(u, u) > 0, gia k�je

mh mhdenikì u ∈ V . AntÐstoiqa an èqoume g(u, u) < 0, gia k�je mh mhdenikì

u ∈ V , tìte o metrikìc tanust c lègetai arnhtik� orismènoc. An tèloc o

g den eÐnai oÔte jetik� oÔte arnhtik� orismènoc tìte ton qarakthrÐzoume wc

aìristo (indefinite).

An den isqÔei h idiìthta trÐa (3), tou wc �nw orismoÔ, dhlad  an up�rqei u 6= 0

tou V tètoio ¸ste g(u, v) = 0, ∀ v ∈ V , tìte o metrikìc tanust c lègetai

ekfulismènoc.

JewroÔme ènan upìqwro W tou V pou eÐnai efodiasmènoc me ton metrikì

tanust  g. Tìte o periorismìc tou metrikoÔ tanust  g sto W×W eÐnai epÐshc

mÐa summetrik  digrammik  morf  p�nw ston W , thn opoÐa sumbolÐzoume me

g|W . O W onom�zetai mh ekfulismènoc upìqwroc tou V , an o g|W eÐnai mh

ekfulismènoc. H di�stash ν tou megalÔterou upìqwrou W , ston opoÐo o

g|W eÐnai arnhtik� orismènoc onom�zetai deÐkthc (index) tou g ston V kai
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gr�foume IndV = ν. H antÐstoiqh tetragwnik  morf  tou g, orÐzetai wc h

apeikìnish h : V → R me tim  h(u) = g(u, u), ∀u ∈ V . O metrikìc tanust c

g mporeÐ na grafeÐ kai sthn akìloujh morf 

g(u, v) =
1

2
{h(u + v)− h(u)− h(v)} ∀u, v ∈ V.

'Estw B = {e1, e2, ..., en} mÐa tuqaÐa b�sh tou V . Tìte o metrikìc tanust c

g, mporeÐ na parastajeÐ apì ènan n× n pÐnaka G = [gij], ìpou

gij = g(ei, ej), (1 ≤ i, j ≤ n).

O G onom�zetai pÐnakac tou metrikoÔ tanust  g wc proc thn b�sh B kai

eÐnai summetrikìc, afoÔ h g eÐnai summetrik  apeikìnish. An jewr soume dÔo

dianÔsmata u, v tou V tìte èqoume

g(u, v) = g
(
uiei, vjej

)
= giju

ivj = uivjgij,

ìpou qrhsimopoieÐtai o sumbolismìc tou Einstein gia to �jroisma.

Prìtash 2.49. MÐa summetrik  digrammik  morf  epÐ tou q¸rou V eÐnai

mh ekfulismènh an kai mìno an o pÐnak�c thc, wc proc mia b�sh tou, eÐnai

antistrèyimoc.

Apìdeixh. 'Estw B = {e1, e2, . . . , en} mÐa b�sh tou V kai u ∈ V . Tìte

g(u, v) = 0 ∀v ∈ V an kai mìno an g(u, ei) = 0, i = 1, 2, . . . , n. 'Eqoume

g(u, ei) = g
(
ujej, ei

)
= giju

j, gij = g(ei, ej).

H g ìmwc, eÐnai ekfulismènh an kai mìno an up�rqoun arijmoÐ u1, u2, ..., un

ìqi ìloi mhdèn, tètoioi ¸ste giju
j = 0. All� autì èqei wc apotèlesma th

grammik  ex�rthsh twn sthl¸n tou pÐnaka G = (gij), dhlad  o pÐnakac G den

eÐnai antistrèyimoc.
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An h digrammik  morf  g eÐnai jetik� orismènh tìte orÐzei èna eswterikì

ginìmeno epÐ tou V , o opoÐoc tìte lègetai EukleÐdeioc q¸roc.

K�je mh ekfulismènh summetrik  digrammik  morf  g epÐ tou V , kaleÐtai

yeudo-EukleÐdeia metrik  kai o q¸roc V yeudo-EukleÐdeioc q¸roc.

An o deÐkthc ν tou g eÐnai 1, tìte to g lègetai metrik  Lorentz kai o

yeudo-EukleÐdeioc q¸roc V onom�zetai q¸roc Lorentz-Minkowski.

'Estw V ènac yeudo-EukleÐdeioc q¸roc efodiasmènoc me mÐa yeudo-EukleÐdeia

metrik  g. OrÐzoume thn apeikìnish

‖·‖ : V → R ; ‖u‖ = |g(u, u)| 12 , ∀u ∈ V

thn opoÐa kaloÔme mètro (norm) tou dianÔsmatoc u.

Orismìc 2.50. 'Ena di�nusma u onom�zetai
1. Qwroeidèc (spacelike), an g(u, u) > 0   u = 0.

2. Fwtoeidèc (  Isotropikì) (lightlike), an g(u, u) = 0 kai u 6= 0.

3. Qronoeidèc (timelike), an g(u, u) < 0.

Fwtoeid c (  Isotropikìc) k¸noc tou V lègetai to sÔnolo L ìlwn

twn fwtoeid¸n dianusm�twn tou, dhlad  to sÔnolo

Λ = {u ∈ (V − {0}) | g(u, u) = 0}.

MonadiaÐo di�nusma tou q¸rou V eÐnai èna di�nusma u me mètro 1, all�

g(u, u) = ±1.

DÔo dianÔsmata u kai v eÐnai orjog¸nia (gr�foume u⊥v) an kai mìno an

g(u, v) = 0. AxÐzei na shmeiwjeÐ ìti, k�je fwtoeidèc di�nusma tou V eÐnai

orjog¸nio me ton eautì tou (auto orjog¸nia di�nusmata).

'Estw W ènac upìqwroc tou V . OrÐzoume ton k�jeto q¸ro tou W wc

to sÔnolo, W⊥ = {u ∈ V : u⊥W} = {u ∈ V : g(u, w) = 0, ∀w ∈ W}.
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EÐnai shmantikì to gegonìc ìti stouc yeudo-EukleÐdiouc q¸rouc, genik�, den

isqÔei h sqèsh W
⋂

W⊥ = {0}.
DÔo upìqwroi U,W tou V eÐnai orjog¸nioi an g(u,w) = 0, gia k�je u ∈ U

kai w ∈ W .

OrÐzoume wc isotropikì upìqwro (radical   null space) tou V , wc proc

ton metrikì tanust  g, ton q¸ro RadV pou orÐzetai wc ex c:

RadV = {u ∈ V | g(u, v) = 0, ∀v ∈ V }.

Prìtash 2.51. [45, O’Neil sel. 49] 'Estw (V, g) ènac n-di�statoc yeudo-

EukleÐdeioc q¸roc kai W ènac k-di�statoc upìqwrìc tou. Tìte isqÔoun oi

akìloujec sqèseic:

(1) dimW + dimW⊥ = n

(2)
(
W⊥)⊥

= W

(3) RadW = RadW⊥ = W
⋂

W⊥.

Prìtash 2.52. [45, O’Neil sel. 49] 'Enac upìqwroc W tou V eÐnai mh

ekfulismènoc, an kai mìno an, o V eÐnai eujÔ �jroisma twn W kai W⊥.

'Estw V ènac Lorentz-Minkowski q¸roc kai W ènac upìqwrìc tou. Up�rqoun

treic peript¸seic gia ton W :

1. An o g|W eÐnai jetik� orismènoc, tìte o W lègetai qwroeid c (spacelike)

upìqwroc.

2. An o g|W eÐnai mh ekfulismènoc, deÐktou 1 tìte o W lègetai qronoeid c

(timelike) upìqwroc.

3. An o g|W eÐnai ekfulismènoc tìte o W lègetai fwtoeid c (  isotropikìc)

(lightlike) upìqwroc.

Prìtash 2.53. [45, sel. 141] An u eÐnai èna qronoeidèc di�nusma tou

Lorentz-Minkowski dianusmatikoÔ q¸rou (V, g), tìte o upìqwroc u⊥ tou V

eÐnai qwroeid c kai o V eÐnai to eujÔ �jroisma λu⊕ u⊥ , λ ∈ R.
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Prìtash 2.54. [45, sel. 141] 'Estw W ènac upìqwroc me dim W ≥ 2, enìc

dianusmatikoÔ q¸rou Lorentz. Tìte, ta parak�tw eÐnai isodÔnama:

1. O W eÐnai qronoeid c (timelike), efìson apì mìnoc tou, eÐnai ènac

dianusmatikìc q¸roc Lorentz.

2. O W perièqei dÔo grammik� anex�rthta, fwtoeid  (null) dianÔsmata.

3. O W perièqei èna qronoeidèc (timelike) di�nusma.

Prìtash 2.55. [45, sel. 142] Gi� ènan upìqwro W , enìc dianusmatikoÔ

q¸rou Lorentz V , ta parak�tw eÐnai isodÔnama:

1. O W eÐnai fwtoeid c (lightlike), dhlad , eÐnai ekfulismènoc.

2. O W perièqei èna fwtoeidèc (null) di�nusma, all� den perièqei èna

qronoeidèc (timelike) di�nusma.

3. W
⋂

Λ = L − {0}, ìpou L eÐnai ènac mono-di�statoc upìqwroc kai Λ

eÐnai o isotropikìc k¸noc tou V .

Genik� mporoÔme na poÔme ìti ènac upìqwroc W enìc q¸rou V eÐnai qronoeid c

an kai mìno an o W⊥ eÐnai qwroeid c.

'Estw V ènac n-di�statoc yeudo-EukleÐdeioc q¸roc. 'Ena sÔnolo B, di-

akekrimènwn orjogwnÐwn monadiaÐwn dianusm�twn tou, onom�zetai, orjokanoni-

kì sÔnolo. K�je sÔnolo n orjokanonik¸n dianusm�twn tou V apoteleÐ mÐa

orjokanonik  b�sh tou. O pÐnakac thc g wc proc mÐa orjokanonik  b�sh

{e1, e2, ...en} tou V eÐnai diag¸nioc kai isqÔei ìti

g(ei, ej) = 0, ∀i 6= j, g(ej, ej) = εj = ±1 , i, j = 1, 2, . . . , n.

To tuqaÐo stoiqeÐo u ∈ V gr�fetai sth morf 

u =
n∑

i=1

εi g(u, ei)ei.

'Otan èqoume èna n-di�stato q¸ro Lorentz (V, g), mporoÔme na orÐsoume wc

yeudo-orjokanonik  b�sh tou, ([22]), to sÔnolo B = {e1, e2, . . . , en},
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ta stoiqeÐa tou opoÐou ikanopoioÔn tic sqèseic:

g(e1, e1) = g(e2, e2) = 0, g(e1, e2) = 1

g(e1, ei) = g(e2, ei) = 0, g(ei, ej) = δij, 3 ≤ i, j ≤ n.

O pÐnakac thc g wc proc mÐa yeudo-orjokanonik  b�sh den eÐnai tìte, pro-

fan¸c, diag¸nioc.

GnwrÐzontac mÐa orjokanonik  b�sh tou V mporoÔme p�nta na kataskeu�soume

mÐa yeudo-orjokanonik  b�sh tou q¸rou ([22]).

2.6 Yeudo-Riemannian Pollaplìthtec

Orismìc 2.56. Yeudometrik  Riemann p�nw se mia pollaplìthta M ,

eÐnai èna mh ekfulismèno (nondegenerate) sunalloÐwto summetrikì tanustikì

pedÐo g (  〈 , 〉) tÔpou (0, 2), me thn idiìthta: { H di�stash thc arnhtik�

orismènhc upodèsmhc, thc efaptìmenhc dèsmhc T (M) thc M (wc proc thn

yeudometrik  Riemann), na eÐnai stajer  }.

K�je pollaplìthta M efodiasmènh me mia yeudometrik  Riemann, lègetai

yeudo-Riemannian pollaplìthta.

H di�stash thc arnhtik� orismènhc upodèsmhc, anafèretai kai wc deÐkthc

(index) thc pollaplìthtac M kai sumbolÐzetai me ν. IsqÔei ìti: 0 ≤ ν ≤
n = dimM . An ν = 0, tìte h M eÐnai mia pollaplìthta Riemann kai s'

aut  thn perÐptwsh, gia k�je P ∈ M to gP : TP (M)× TP (M) → R eÐnai èna

(jetik� orismèno) eswterikì ginìmeno ston TP (M). An ν = 1 kai n ≥ 2, h

pollaplìthta M lègetai pollaplìthta Lorentz.

An (x1, . . . , xn) eÐnai èna sÔsthma suntetagmènwn thc M , oi sunist¸sec tou

metrikoÔ tanustikoÔ pedÐou g eÐnai

gij(P ) = gP

((
∂

∂xi

)

P

,

(
∂

∂xj

)

P

)
, 1 ≤ i, j ≤ n.
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Oi suntetagmènec (x1, . . . , xn) lègontai yeudo-EukleÐdeiec suntetagmènec

tÔpou (µ, ν), ìpou µ = n− ν.

Ston q¸ro Rn, orÐzoume ton akìloujo metrikì tanust 

gP (uP , vP ) = −
ν∑

i=1

uivi +
n∑

j=ν+1

ujvj,

ìpou uP = (u1, . . . , un), vP = (v1, . . . , vn) kai P ∈ Rn.

O q¸roc Rn efodiasmènoc me autìn ton metrikì tanust  apoteleÐ mia n-

di�stath yeudo-EukleÐdeia pollaplìthta kai shmei¸netai me En
ν .

An ν = 0, tìte o En
0 eÐnai o EukleÐdeioc q¸roc En.

An ν = 1 kai n ≥ 2, èqoume thn En
1 h opoÐa lègetai yeudo-EukleÐdeia

pollaplìthta   pollaplìthta Lorentz -Minkowski.

O metrikìc tanust c miac n-di�stathc pollaplìthtac Riemann kajist� k�-

je efaptìmeno q¸ro thc, q¸ro eswterikoÔ ginomènou, grammik� isìmorfo me

ton En. K�je efaptìmenoc q¸roc miac n-di�stathc pollaplìthtac Lorentz-

Minkowski M eÐnai grammik� isìmorfoc me ton En
1 kai h gewmetrÐa Lorentz

melet� ton qarakt ra kai tic idiìthtec twn dianusm�twn se èna tètoio q¸ro.

Je¸rhma 2.57. [45, sel. 61] 'Estw M mÐa yeudo-Riemannian pollaplìth-

ta. Tìte up�rqei monadik  sunoq  ∇ tètoia ¸ste

(1) [X, Y ] = ∇XY −∇Y X

(2) X 〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉

gia ìla ta X,Y, Z ∈ D1(M). H sunoq  aut  onom�zetai Levi-Civita sunoq 

kai qarakthrÐzetai apì ton tÔpo tou Koszul:

2 〈∇Y Z,X〉 = Y 〈Z, X〉+ Z 〈X, Y 〉 −X 〈Y, Z〉−
− 〈Y, [Z, X]〉+ 〈Z, [X, Y ]〉+ 〈X, [Y, Z]〉 .
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Ja orÐsoume t¸ra tic morfèc sunoq c (connection forms) miac n-di�stathc

yeudo-Riemannian pollaplìthtac (M,<, >). 'Estw mia orjokanonik  b�sh

G = {ei}n
i=1 tou efaptìmenou q¸rou TP (M), P ∈ M thc M .

Orismìc 2.58. Oi 1-morfèc ωk
i pou orÐzontai apì th sqèsh

εkω
k
i (ej) = 〈∇ei

ej, ek〉 , εk = 〈ek, ek〉 = ±1 (2.6.1)

lègontai morfèc sunoq c thc yeudo-pollaplìthtac Riemann M , wc proc

th b�sh G = {ei}n
i=1, ìpou o deÐkthc k den eÐnai ajroistikìc.

Ja qrhsimopoioÔme, sth sunèqeia, ton sumbolismì ωk
i (ej) = ωk

ij, opìte ja

èqoume ìti ∇ei
ej = ωk

ijek.'Eqoume thn akìloujh prìtash.

Prìtash 2.59. Oi morfèc sunoq c thc yeudo-Riemannian pollaplìthtac

M , wc proc mÐa orjokanonik  b�sh, ikanopoioÔn th sqèsh

ωk
ij = −εjεkω

j
ik

ìpou o deÐkthc j den eÐnai ajroistikìc.

Apìdeixh. 'Eqoume

∇ei
〈ej, ek〉 = 〈∇ei

ej, ek〉+ 〈ej,∇ei
ek〉 = 0 ⇒

⇒ 〈
ωk

i (ej)ek, ek

〉
+

〈
ej, ω

j
i (ek)ej

〉
= 0

⇒ ωk
ijεk + ωj

ikεj = 0

⇒ ωk
ij = −εjεkω

j
ik.

'Estw M mÐa yeudo-Riemannian pollaplìthta kai ∇ h sunoq  Levi-Civita.

Gia to tanustikì pedÐo kampulìthtac isqÔei h akìloujh prìtash.
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Prìtash 2.60. [45, sel. 75] An M mÐa yeudo-pollaplìthta Riemann kai

X,Y, Z, W ∈ D1(M) tìte

(1) R(X,Y ) = −R(Y, X)

(2) 〈R(X, Y )Z, W 〉 = −〈R(X,Y )W,Z〉
(3) R(X,Y )Z + R(Y, Z)X + R(Z, X)Y = 0

(4) (∇XR)(Y, Z, W ) + (∇Y R)(Z, X, W ) + (∇ZR)(X, Y, W ) = 0.

Oi sqèseic (3) kai (4) thc prohgoÔmenhc prìtashc eÐnai gnwstèc wc pr¸th

kai deÔterh tautìthta tou Bianchi.

Parat rhsh 2.61. An X kai Y eÐnai basik� dianusmatik� pedÐa, tìte, epeid 

[X, Y ] = 0 apì th sqèsh

R(X,Y )Z = ∇X(∇Y Z)−∇Y (∇XZ)−∇[X,Y ]Z,

èqoume

R(X,Y )Z = ∇X(∇Y Z)−∇Y (∇XZ).

Epomènwc, an R(X,Y ) = 0 tìte ∇X(∇Y Z) = ∇Y (∇XZ) dhlad , oi sunal-

loÐwtec par�gwgoi ∇0@ ∂

∂xi

1A kai ∇0@ ∂

∂xj

1A antimetatÐjentai, gia k�je dianu-

smatikì pedÐo Z.

AntÐstrofa, an oi par�gwgoi autoÐ antimetatÐjentai ∀ Z ∈ D1(M), tìte o

R(X,Y ) prèpei na eÐnai o mhdenikìc telest c.

2.7 Yeudo-Riemannian Upopollaplìthtec

'Estw M mÐa upopollaplìthta thc pollaplìthtac Riemann (N, g̃). K�je

efaptìmenoc q¸roc TP (M) mporeÐ na jewrhjeÐ upìqwroc tou TP (N). Epomè-

nwc an dr�soume me to metrikì tanust  g̃ se k�je zeÔgoc efaptìmenwn di-

anusm�twn thc M , se k�poio shmeÐo thc P , ja ep�goume ènan metrikì tanust 
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gP sthn M wc ex c gP (X,Y ) = g̃P (f∗X, f∗Y ). 'Ara o gP eÐnai h apeikìnish

epistrof c (pullback) f ∗(g̃P ), ìpou f eÐnai h apeikìnish ègklishc (inclusion

map) f : M → N . 'Otan o metrikìc tanust c g̃ den eÐnai jetik�   arnhtik�

orismènoc, dhlad  eÐnai aìristoc, h f ∗(g̃) orÐzei mia metrik  sthn M an kai

mìno an k�je TP (M) eÐnai mh-ekfulismènoc upìqwroc tou TP (N) kai o deÐkthc

tou TP (M) eÐnai Ðdioc gia ìla ta P ∈ M .

Orismìc 2.62. [45, sel. 57] 'Estw M mÐa upopollaplìthta thc yeudo-

Riemannian pollaplìthtac N . An h pullback f ∗(g̃) orÐzei metrik  sthn M

tìte h M onom�zetai yeudo-Riemannian upopollaplìthta thc N .

An dimN -dimM=1 tìte h M lègetai uperepif�neia thc N . 'Estw M

mia m-di�stath upopollaplìthta thc n-di�stathc yeudo-Riemannian pol-

laplìthtac N (m < n). An 〈 , 〉 eÐnai h metrik  thc N , tìte thn epagìmenh

metrik  thc M ja th sumbolÐzoume me 〈 , 〉.
Se ìti akoloujeÐ ja tautÐzoume dianusmatik� pedÐa thc M me tic eikìnec touc

diamèsou tou diaforikoÔ thc apeikìnishc ègklishc (inclusion map) f : M →
N , dhlad : f∗X = X, ∀ X ∈ D1(M) kai an X, Y ∈ TP (M), P ∈ M , to

eswterikì ginìmeno sthn M ja orÐzetai wc ex c:

〈X, Y 〉 = 〈f∗X, f∗Y 〉.

K�je q¸roc TP (M) eÐnai mh ekfulismènoc upìqwroc tou TP (N), opìte apì

thn Prìtash (2.52) èqoume ìti TP (N) = TP (M)⊕ TP (M)⊥.

'Estw t¸ra X, Y dÔo dianusmatik� pedÐa thc M kai X, Y oi epekt�seic aut¸n

sthn pollaplìthta N , dhlad  ta dianusmatik� pedÐa thc N ta opoÐa ìtan

perioristoÔn sthn pollaplìthta M eÐnai ta dianusmatik� X, Y , antÐstoiqa.

'Estw epÐshc ∇ h sunoq  thc yeudo-Riemannian pollaplìthtac N . Tìte h

tim  thc ∇XY sto shmeÐo P ∈ M , den exart�tai apì tic epekt�seic X, Y

twn X, Y antÐstoiqa kai to dianusmatikì pedÐo [X, Y ] thc N eÐnai epèktash
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tou dianusmatikoÔ pedÐou [X, Y ] thc M . 'Etsi gr�foume ∇XY antÐ ∇XY

kai analÔoume autì to dianusmatikì pedÐo thc N se dÔo sunist¸sec, mia

efaptomenik  thc M , ∇XY kai mia k�jeth thc M , α(X, Y ). Epomènwc, ja

èqoume

∇XY = ∇XY + α(X, Y ) (tÔpoc tou Gauss).

H apeikìnish

∇ : D1(M)×D1(M) → D1(M)

∇ : (X, Y ) 7→ ∇(X, Y ) = ∇XY

orÐzei mia sunoq  sthn M , pou lègetai epagìmenh sunoq  sthn upopol-

laplìthta M .

EpÐshc h apeikìnish

α : D1(M)×D1(M) → [D1(M)]⊥

α : (X, Y ) → α(X,Y )

eÐnai summetrik , digrammik  kai lègetai deÔterh jemeli¸dhc morf  thc

upopollaplìthtac M .

'Estw ξ èna dianusmatikì pedÐo thc N k�jeto sthn M . To ∇Xξ analÔetai

se mia efaptomenik  sunist¸sa thn −AξX kai se mia k�jeth thn ∇⊥
Xξ, opìte

èqoume ton akìloujo tÔpo tou Weingarten

∇Xξ = −AξX +∇⊥
Xξ.

H apeikìnish

∇⊥ : D1(M)× [D1(M)]⊥ → [D1(M)]⊥

∇⊥ : (X, ξ) 7→ ∇⊥
Xξ

èqei tic idiìthtec miac sunoq c kai lègetai k�jeth sunoq  (normal con-

nection) thc upopollaplìthtac M .
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H apeikìnish

A : D1(M)× [D1(M)]⊥ → D1(M)

A : (X, ξ) 7→ AξX

eÐnai grammik  kai wc proc X kai wc proc ξ.

H apeikìnish Aξ : TP (M) → TP (M) lègetai apeikìnish Weingarten

(shape operator) thc M sto P ∈ M wc proc th dieÔjunsh ξ ∈ T⊥
P (M).

Gia k�je dianusmatikì pedÐo ξ thc N k�jeto thc M èqoume

〈AξX,Y 〉 = 〈h(X,Y ), ξ〉, ∀X,Y ∈ D1(M),

ìpou h h eÐnai mÐa digrammik  summetrik  sun�rthsh p�nw sto TP (M)×TP (M)

kai onom�zetai deÔterh jemeli¸dhc morf  thc M wc proc th dieÔ-

junsh ξ.

'Otan h M eÐnai mia yeudo-Riemannian uperepif�neia thc N , tìte up�rqei

monadikì (kat� prosèggish for�c) monadiaÐo di�nusma ξ ∈ T⊥
P (M). Epomènwc,

gia dianusmatik� pedÐa X,Y ∈ D1(M) mporoÔme na gr�youme

α : (X, Y ) = h(X, Y )ξ. (2.7.1)

EpekteÐnontac to di�nusma ξ topik� se èna monadiaÐo k�jeto dianusmatikì

pedÐo ξ kont� sto P , èqoume 〈ξ, ξ〉 = ±1. An paragwgÐsoume aut  th sqèsh

paÐrnoume 〈∇Xξ, ξ〉 = 0 kai qrhsimopoi¸ntac ton tÔpo tou Weingarten, èqoume

〈−AξX +∇⊥
Xξ, ξ〉 = 0

kai �ra 〈∇⊥
Xξ, ξ〉 = 0. AfoÔ ìmwc to ξ eÐnai to monadikì k�jeto dianu-

smatikì pedÐo thc M , to ∇⊥
Xξ ja eÐnai pollapl�sio tou ξ kai �ra ∇⊥

Xξ = 0

[37, sel. 15, Tìmoc II]. Kat� sunèpeia, o tÔpoc tou Weingarten, sthn

perÐptwsh twn uperepifanei¸n, paÐrnei thn akìloujh morf 

∇Xξ = −AξX.
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An t¸ra, jèsoume Aξ = S, èqoume ton akìloujo orismì.

Orismìc 2.63. 'Estw ξ monadiaÐo kai k�jeto dianusmatikì pedÐo miac upe-

repif�neiac M ⊂ N . To tanustikì pedÐo S, tÔpou (1, 1), pou dÐnetai apì th

sqèsh

〈S(X), Y 〉 = 〈α(X,Y ), ξ〉, ∀X,Y ∈ D1(M)

lègetai telest c tou Weingarten   telest c sq matoc (shape operator)

thc M wc proc th dieÔjunsh ξ.

Apì thn sqèsh (2.7.1) kai ton prohgoÔmeno orismì èqoume ìti

〈S(X), Y 〉 = 〈h(X, Y )ξ, ξ〉 = εh(X, Y ), ∀X,Y ∈ D1(M) (2.7.2)

ìpou ε = 〈ξ, ξ〉 = ±1.

L mma 2.64. [45, sel. 107] An S eÐnai o telest c sq matoc thc upe-

repif�neiac M ⊂ N wc proc th dieÔjunsh ξ, tìte isqÔei S(X) = −∇Xξ,

X ∈ D1(M) kai se k�je shmeÐo o grammikìc telest c S : TP (M) → TP (M)

eÐnai autosuzug c.

O telest c sq matoc S metr�ei thn taqÔthta metabol c thc dieÔjunshc tou
~ξ sthn pollaplìthta N (dhlad  to �strÐyimo� tou ~ξ) wc proc ìlec tic e-

faptìmenec dieujÔnseic thc M kai epeid  o k�jetoc q¸roc tou ~ξ sto shmeÐo

P ∈ M eÐnai akrib¸c o efaptìmenoc q¸roc thc M sto shmeÐo P , ekfr�zei

thn strof  tou TP (M) sthn pollaplìthta N . Sunep¸c, o S mac dÐnei plhro-

forÐec gÔrw apì to sq ma thc M kai gia to lìgo autì lègetai kai telest c

sq matoc thc M .

'Estw Mn
r mia mh ekfulismènh uperepif�neia thc yeudo-EukleÐdeiac pollaplìth-

tac Em
s .

Ja lème ìti h Mn
r eÐnai efodiasmènh me dom  Riemann, an h metrik  g, h
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opoÐa ep�getai sthn Mn
r apì thn yeudo-EukleÐdeia metrik  tou q¸rou Em

s ,

eÐnai jetik� orismènh. Se aut  thn perÐptwsh, to k�jeto di�nusma ~ξ se k�-

je shmeÐo P ∈ TP (Mn
r ) eÐnai èna qronoeidèc (time-like) di�nusma, dhlad ,

< ~ξ, ~ξ >= −1 kai h uperepif�neia Mn
r onom�zetai uperepif�neia Riemann.

AntÐjeta h uperepif�neia Mn
r eÐnai efodiasmènh me yeudo- Riemannian dom ,

an h metrik  g h opoÐa ep�getai sthn Mn
r apì thn yeudo-EukleÐdeia metrik 

tou q¸rou Em
s , eÐnai aìristh. Sthn perÐptwsh aut , to k�jeto di�nusma ~ξ se

k�je shmeÐo P ∈ TP (Mn
r ) dÔnatai na eÐnai eÐte èna qronoeidèc (time-like)

di�nusma, opìte < ~ξ, ~ξ >= −1, eÐte qwroeidèc (space-like) di�nusma, opìte

< ~ξ, ~ξ >= +1.

Eidik¸tera an M3
2 eÐnai mia mh ekfulismènh uperepif�neia, thc yeudo-EukleÐdeiac

pollaplìthtac E4
2 tìte, h M3

2 eÐnai efodiasmènh me yeudo- Riemannian dom 

kai to k�jeto di�nusma ~ξ ∈ TP (M3
2 )⊥ eÐnai qwroeidèc (space-like).

'Estw h mh ekfulismènh uperepif�neia Mn
1 thc pollaplìthtac Lorentz Em

1 .

MporoÔme na orÐsoume mÐa orjokanonik    yeudo-orjokanonik  b�sh tou

TP (Mn
1 ) wc ex c ([41], [42], [43]).

To sÔnolo {e1, . . . , en} apoteleÐ mÐa orjokanonik  b�sh tou TP (Mn
1 ), an ta

stoiqeÐa tou ikanopoioÔn tic sunj kec:

< e1, e1 >= −1, < ei, ej >= δij, < e1, ei >= 0, gi� 2 ≤ i, j ≤ n.

MÐa yeudo-orjokanonik  b�sh tou TP (Mn
1 ) eÐnai to sÔnolo {X, Y, e1, . . . , en−2},

ta stoiqeÐa tou opoÐou ikanopoioÔn tic sunj kec:

< X, X >=< Y, Y >=< X, ei >=< Y, ei >= 0, < X, Y >= −1,

kai < ei, ej >= δij, gia 2 ≤ i, j ≤ n− 2.

'Opwc èqoume anafèrei, o telest c sq matoc S, se k�je shmeÐo P thc Mn
1 ,

eÐnai ènac autosuzug c endomorfismìc tou efaptìmenou q¸rou TP (Mn
1 ).



48 KEFALAIO 2. Basikèc 'Ennoiec

O Petrov ([47]), omadopoÐhse tic kanonikèc morfèc tou S, wc proc kat�llhlh

b�sh orjokanonik    yeudo-orjokanonik  tou efaptìmenou q¸rou.

Sth sunèqeia, parousi�zoume orismènec akìma ènnoiec:

'Estw Mn
r mia n-di�stath uperepif�neia thc yeudo-EukleÐdeiac pollaplìthtac

Em
s . Tìte to di�nusma ~H = H~ξ, ìpou H =

1

εn
trS kai ε =< ~ξ, ~ξ >= ±1,

lègetai di�nusma mèshc kampulìthtac thc Mn
r ([10]). H uperepif�neia

Mn
r lègetai elaqistik  an H = 0.

An f ∈ Do(M) eÐnai mia bajmwt  sun�rthsh, tìte h klÐsh (gradient) thc

dÐnetai apì th sqèsh ([45])

< ∇f,X >= X(f) , ∀ X ∈ D1(M),

h de dr�sh tou telest  Laplace, epÐ thc f dÐnetai apì th sqèsh ([16])

∆f = −
n∑

i=1

εi(eieif −∇ei
eif) ,

ìpou < ei, ei >= εi = ±1 kai {ei}n
i=1 eÐnai èna topikì orjokanonikì

plaÐsio tou TP (Mn
r ).

Oi exis¸seic twn Gauss kai Codazzi gia uperepif�neiec eÐnai ([37] sel. 23-

25)

R(X, Y )Z = S(X) < S(Y ), Z > −S(Y ) < S(X), Z >

kai

(∇XS)Y = (∇Y S)X

antÐstoiqa, ∀ X, Y, Z ∈ D1(M).

MÐa uperepif�neia M3
r thc E4

s lème ìti èqei armonikì dianusmatikì

pedÐo mèshc kampulìthtac an ikanopoieÐ th sqèsh

∆ ~H = ~0. (2.7.3)



2.7 Yeudo- Riemannian Upopollaplìthtec 49

Profan¸c, k�je elaqistik  uperepif�neia, èqei armonikì dianusmatikì pedÐo

mèshc kampulìthtac. GnwrÐzoume ìti h dr�sh tou telest  Laplace, epÐ tou

dianusmatikoÔ pedÐou mèshc kampulìthtac paÐrnei th morf  ([12]),

∆ ~H = {2S (∇H) + 3 εH∇H}+ {∆H + εHtrS2}~ξ.

Epomènwc, èqoume tic akìloujec anagkaÐec kai ikanèc sunj kec ¸ste, mÐa

uperepif�neia M3
r sthn E4

s , na èqei armonikì dianusmatikì pedÐo mèshc kam-

pulìthtac,

S(∇H) = −ε
3H

2
(∇H)

∆H + εHtrS2 = 0.

SumbolÐzoume me ~r, to dianusmatikì pedÐo jèshc tou tuqaÐou shmeÐou thc

uperepif�neiac kai me ∆ ton telest  tou Laplace, tìte ìpwc eÐnai gnwstì,

isqÔei h sqèsh ([9])

∆~r = −n ~H. (2.7.4)

An l�boume t¸ra upìyh mac kai thn sqèsh (2.7.3), oi uperepif�neiec me ar-

monikì di�nusmatikì pedÐo mèshc kampulìthtac plhroÔn thn sqèsh,

∆2~r = ~0. (2.7.5)

Epomènwc oi uperepif�neiec pou ikanopoioÔn thn (2.7.3) mporoÔn na qara-

kthristoÔn wc diarmonikèc uperepif�neiec. EÐnai profanèc ìti oi e-

laqistikèc uperepif�neiec eÐnai diarmonikèc.

Gia perissìterec plhroforÐec sth jewrÐa thc yeudo-Riemannian gewmetrÐac

blèpe ([22], [23], [44], [48]).
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Kef�laio 3

Epif�neiec ek Peristrof c ston

Q¸ro Lorentz E3
1

3.1 Eisagwg 

'Estw ~r : M2 −→ E3
1 mÐa isometrik  embÔjish miac epif�neiac ek peri-

strof c kl�shc C3, ston 3-di�stato Lorentz-Minkowski q¸ro efodiasmènh

me thn epag¸menh metrik . Lègontac Lorentz-Minkowski q¸ro E3
1 , ennooÔme

ton q¸ro R3 efodiasmèno me thn metrik  g h opoÐa dÐnetai apì thn sqèsh,

g = ds2 = −dx2
0 + dx2

1 + dx2
2

ìpou (x0, x1, x2) eÐnai èna orjog¸nio sÔsthma suntetagmènwn tou E3
1 . 'Estw

4 o telest c Laplace wc proc thn epag¸menh metrik  kai ~H to di�nusma

mèshc kampulìthtac thc M2. Tìte ([9]):

∆~r = −2 ~H (3.1.1)

'Ena gnwstì apotèlesma, ofeilìmeno ston Takahashi ([49]), anafèrei ìti oi

elaqistikèc epif�neiec kai oi sfaÐrec, eÐnai oi mìnec epif�neiec tou E3, pou

ikanopoioÔn thn sunj kh

∆~r = λ~r , λ ∈ R.

51
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1

Apì thn �llh meri� o Garay ([26]), kajìrise pl rwc tic epif�neiec ek peri-

strof c ston E3, twn opoÐwn oi suntetagmènec sunart seic eÐnai idiosunart -

seic tou telest  Laplace aut¸n, dhlad 

∆ri = λiri.

Argìtera, o Ðdioc suggrafèac sthn ergasÐa ([27]), melèthse tic uperepif�neiec

ston En+1 gia tic opoÐec

∆~r = A~r , A ∈ Rn+1×n+1. (3.1.2)

Oi Dillen, Pas kai Vestraelen sthn ergasÐa ([19]), melèthsan kai taxinìmhsan

tic epif�neiec ston E3, oi opoÐec ikanopoioÔn thn sqèsh

∆~r = A~r + B

ìpou A ∈ R3×3 kai B ∈ R3. Qrhsimopoi¸ntac ton tÔpo (3.1.1), eÔkola

sumperaÐnoume, ìti oi elaqistikèc epif�neiec kai oi sfaÐrec tou E3, epalhjeÔ-

oun epÐshc thn sunj kh

∆ ~H = A ~H. (3.1.3)

Oi Ferrandez, Garay kai Lucas melet¸ntac to antÐstrofo prìblhma sthn er-

gasÐa ([24]), èdeixan ìti oi epif�neiec tou E3 pou ikanopoioÔn thn (3.1.3) eÐnai

  elaqistikèc,   èna anoiktì tm ma sfaÐrac,   ènac orjìc kuklikìc kÔlindroc.

Oi Ferrandez kai Lucas sthn ergasÐa ([25]), taxinìmhsan tic epif�neiec M2
s

tou q¸rou Lorentz E3
1 , me deÐkth s = 0, 1 oi opoÐec ikanopoioÔn thn sunj kh

(3.1.3). To basikì sumpèrasma eÐnai ìti h M2
s eÐnai mÐa epif�neia me mhdenik 

mèsh kampulìthta pantoÔ, eÐte èna anoiktì tm ma epif�neiac enìc B-scroll  

èna anoiktì tm ma twn epifanei¸n S1(r) × R, H1(r) × R, S1
1(r) × R, H2(r),

S1
1(r).

Akolouj¸ntac thn sunj kh tou Garay (3.1.2), oi Kaimakamis G. kai Papan-

toniou V. sthn ergasÐa ([33]), melèthsan tic epif�neiec ek peristrof c ston
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3-di�stato Lorentz-Minkowski q¸ro, ikanopoi¸ntac thn exÐswsh ∆II~r = A~r,

ìpou ∆II eÐnai o telest c Laplace wc proc thn deÔterh jemeli¸dh morf  kai

A eÐnai ènac pragmatikìc pÐnakac 3× 3.

Sthn paroÔsa diatrib , gÐnetai h taxinìmhsh ìlwn twn epifanei¸n ek peri-

strof c ston 3-di�stato Lorentz-Minkowski q¸ro E3
1 , oi opoÐec ikanopoioÔn

thn sunj kh

∆III~r = A~r (3.1.4)

ìpou ∆III eÐnai o telest c Laplace, wc proc thn trÐth jemeli¸dh morf  aut¸n

twn epifanei¸n.

AxÐzei na shmeiwjeÐ, ìti ìtan o perib�llwn q¸roc eÐnai o 3-di�statoc Lorentz-

Minkowski E3
1 , tìte k�je epif�neia M2

s autoÔ, mporeÐ na efodi�zetai eÐte me mÐa

Riemannian metrik  (qwroeid    space-like epif�neia) eÐte me mÐa Lorentzian

metrik  (qronoeid    time-like epif�neia) kai wc ek toÔtou, mÐa plousi¸terh

taxinìmhsh aut¸n twn epifanei¸n eÐnai anamenìmenh.

3.2 Prokatarktik�

'Estw γ : I = (a, b) ⊂ R → Π mÐa kampÔlh enìc epipèdou Π tou E3
1 kai

èstw ε mÐa eujeÐa gramm  tou Π, h opoÐa den tèmnei thn kampÔlh γ. MÐa

epif�neia ek peristrof c M2
s ston E3

1 eÐnai mÐa mh ekfulismènh epif�neia, pou

par�getai apì thn peristrof  thc kampÔlhc γ gÔrw apì ton �xona ε.

H epif�neia ek peristrof c M2
s , me �xona ε ston E3

1 , eÐnai analloÐwth apì

thn om�da twn stere¸n kin sewn ston E3
1 , h opoÐa af nei amet�blhto k�je

shmeÐo tou ε.

An o �xonac ε eÐnai qwroeid c (space-like) (antoÐstoiqa qronoeid c   time-

like), tìte up�rqei ènac metasqhmatismìc Lorentz, upì thn epÐdrash tou opoÐou

o �xonac ε metasqhmatÐzetai ston x1-�xona   x2-�xona (antÐstoiqa x0-�xona).
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1

Wc ek toÔtou, qwrÐc ap¸leia thc genikìthtac, dun�meja na jewr soume wc

�xona peristrof c ton x2-�xona (antÐstoiqa ton x0-�xona). An o �xonac

eÐnai fwtoeid c (light-like   null), tìte mporoÔme na upojèsoume, ìti autìc

o �xonac, eÐnai h eujeÐa gramm  h paragìmenh apì to di�nusma (1, 1, 0) tou

epipèdou Ox0x1.

Upojètoume ìti o �xonac peristrof c, eÐnai o x2-�xonac (qwroeid c  

space-like) kai h kampÔlh γ brÐsketai, eÐte sto x1x2-epÐpedo   sto x0x2-

epÐpedo. Tìte, mÐa parametrikopoÐhsh thc γ eÐnai, eÐte h γ(u) = (0, f(u), g(u))

  h γ(u) = (f(u), 0, g(u)) , u ∈ I, antÐstoiqa. Oi sunart seic f , g eÐnai

diaforÐsimec kai h f eÐnai mÐa jetik  sun�rthsh. QwrÐc ap¸leia thc genikìth-

tac, mporoÔme na upojèsoume ìti u, eÐnai to m koc tìxou thc kampÔlhc. Oi

epif�neiec ek peristrof c M2
s ston E3

1 , wc proc èna sÔsthma topik¸n kam-

pulìgrammwn suntetagmènwn (u, v), ja dÐnontai apì tic sqèseic ([8]):

~r(u, v) = {f(u)sinhv, f(u)coshv, g(u)} (3.2.1)

 

~r(u, v) = {f(u)coshv, f(u)sinhv, g(u)} (3.2.2)

antÐstoiqa.

Sthn perÐptwsh, pou o �xonac peristrof c eÐnai o Ox0-�xonac (qronoeid c

  time-like) kai h kampÔlh γ dÐnetai apì th morf  γ(u) = (g(u), f(u), 0) kai

brÐsketai sto x0x1-epÐpedo, h epif�neia ek peristrof c M2
s dÐnetai apì ([8]):

~r(u, v) = {g(u), f(u)cosv, f(u)sinv}, 0 ≤ v ≤ 2π. (3.2.3)

Tèloc, an o �xonac peristrof c eÐnai h eujeÐa, h paragìmenh apì to di�nu-

sma (1, 1, 0) kai h kampÔlh γ brÐsketai sto x0x1-epÐpedo, tìte h epif�neia ek

peristrof c M2
s , mporeÐ na parametrikopoihjeÐ wc ex c:

~r(u, v) = {f(u) +
v2

2
h(u), g(u) +

v2

2
h(u), h(u)v}
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ìpou h(u) = f(u) − g(u) 6= 0, epeid  f(u) 6= g(u),∀u ∈ I. Shmei¸noume me

E, F, G, L, M,N ta jemeli¸dh pos� pr¸thc kai deÔterhc t�xhc, aut¸n twn

epifanei¸n. An φ = φ(u, v) eÐnai mÐa diaforÐsimh sun�rthsh kl�shc C2 kai

∆III o telest c Laplace, wc proc thn trÐth jemeli¸dh morf  thc M2
s , tìte

([45]), isqÔei:

4IIIφ = −
√

EG− F 2

LN −M2

[(
(GM2 − 2FNM + EN2) φu

(LN −M2)
√

EG− F 2
−

−(EMN − FLN + GLM − FM2) φv

(LN −M2)
√

EG− F 2

)

u

− (3.2.4)

−
(

(EMN − FLN + GLM − FM2) φu

(LN −M2)
√

EG− F 2
− (EM2 − 2FLM + GL2) φv

(LN −M2)
√

EG− F 2

)

v

]
.

Shmei¸noume ìti, an ~F = (f1, f2, f3) eÐnai mÐa dianusmatik  sun�rthsh

kl�shc C2, tìte

∆III ~F = (∆IIIf1, ∆
IIIf2, ∆

IIIf3). (3.2.5)

3.3 Ta KÔria Apotelèsmata

S' aut  thn par�grafo, k�noume thn taxinìmhsh twn epifanei¸n ek peri-

strof c M2
s , oi opoÐec ikanopoioÔn thn sqèsh (3.1.4). DiakrÐnoume dÔo peri-

pt¸seic, an�loga me to e�n, oi epif�neiec autèc kajorÐzontai apì thn (3.2.1)

  (3.2.3) exÐswsh, antÐstoiqa.

Pr¸th perÐptwsh. Upojètoume ìti h M2
s dÐnetai apì thn (3.2.1) kai ìti

to u eÐnai h fusik  par�metroc thc kampÔlhc peristrof c. Tìte

f ′2(u) + g′2(u) = 1 , ∀u ∈ I (3.3.1)

E = f ′2(u)+g′2(u) = 1, F = 0, G = −f 2(u), EG−F 2 = −f 2(u) < 0 ∀u ∈ I
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1

L = g′f ′′ − f ′g′′ , M = 0 , N = fg′ , 2H = g′f ′′ − f ′g′′ − g′

f

Epomènwc, ìlec autèc oi epif�neiec ja eÐnai qronoeideÐc kai H = H(u, v), eÐnai

h mèsh kampulìthta aut¸n twn epifanei¸n. Tèloc,

∆III~r = {∆III (f(u)sinhv) , ∆III (f(u)coshv) , ∆III (g(u))}.

Efìson h sqèsh (3.3.1) isqÔei, up�rqei mÐa diaforÐshmh sun�rthsh (gwnÐa)

t = t(u) tètoia ¸ste

f ′(u) = cost(u) , g′(u) = sint(u) ,∀u ∈ I.

Sunep¸c ja èqoume

L = −t′(u) , N = f(u)sint(u) , 2H = −t′(u)− f−1(u)sint(u). (3.3.2)

Upojètoume ìti h epif�neia den èqei parabolik� shmeÐa, dhlad 

t′sint 6= 0 , ∀u ∈ I.

Qrhsimopoi¸ntac tic sqèseic (3.2.4) kai (3.3.2) èqoume

∆III (f(u)sinhv) =

(
−Rsint +

R′cost
t′

)
sinhv

∆III (f(u)coshv) =

(
−Rsint +

R′cost
t′

)
coshv

∆III (g(u)) = Rcost +
R′sint

t′
,

ìpou R =
2H

K
= − 1

t′
− f

sint
kai R′ =

t′′

t′2
− cost

sint
+

ft′cost
sin2t

. Epomènwc

∆III~r =

((
−Rsint +

R′cost
t′

)
sinhv,

(
−Rsint +

R′cost
t′

)
coshv,

(
Rcost +

R′sint

t′

))
. (3.3.3)
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'Estw A = (aij), i, j = 1, 2, 3 ènac 3 × 3 pÐnakac me stoiqeÐa apì to R. H

exÐswsh (3.1.4) mèsw twn (3.2.1) kai (3.3.3) dÐnei to akìloujo sÔsthma twn

diaforik¸n exis¸sewn.
(
−Rsint +

R′cost
t′

)
sinhv = a11fsinhv + a12fcoshv + a13g (3.3.4)

(
−Rsint +

R′cost
t′

)
coshv = a21fsinhv + a22fcoshv + a23g (3.3.5)

Rcost +
R′sint

t′
= a31fsinhv + a32fcoshv + a33g. (3.3.6)

Sunep¸c, to prìblhma thc taxinìmhshc twn epifanei¸n M2
s ek peristro-

f c, pou dÐnontai apì thn (3.2.1) kai ikanopoioÔn thn (3.1.4), an�getai sthn

olokl rwsh autoÔ tou sust matoc twn tri¸n sun jwn diaforik¸n exis¸sewn

pr¸thc t�xhc.

EÐnai axioshmeÐwto, ìti aut  h taxinìmhsh, exart�tai kat� kÔrio lìgo apì

thn sun�rthsh t = t(u). Apì thn teleutaÐa exÐswsh (3.3.6), eÔkola sumpe-

raÐnoume ìti a31 = a32 = 0.

Apì thn �llh meri�, apì tic (3.3.4) kai (3.3.5) eÔkola sumperaÐnoume ìti,

a13 = a23 = 0. 'Etsi, to sÔsthma isodÔnama an�getai sto akìloujo:
(
−Rsint +

R′cost
t′

)
sinhv = a11fsinhv + a12fcoshv (3.3.7)

(
−Rsint +

R′cost
t′

)
coshv = a21fsinhv + a22fcoshv (3.3.8)

Rcost +
R′sint

t′
= a33g. (3.3.9)

SugkrÐnontac t¸ra tic exis¸seic (3.3.7) kai (3.3.8), sumperaÐnoume ìti

a12 = a21 = 0 kai a11 = a22 = λ, λ ∈ R. Sunep¸c, autì to sÔsthma

twn exis¸sewn, eÐnai isodÔnamo akìma me to sÔsthma

−Rsint +
R′cost

t′
= λf (3.3.10)

Rcost +
R′sint

t′
= µg (3.3.11)
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1

ìpou a33 = µ, µ ∈ R.

Sth sunèqeia, melet�me autì to sÔsthma, gia tic di�forec timèc twn sta-

jer¸n λ, µ.

Apì thn prohghjeÐsa mèqri t¸ra melèth, faÐnetai pwc o pÐnakac A an�getai

telik� se diag¸nio pÐnaka dhlad , A = diag(λ, λ, µ).

A. 'Estw λ = µ = 0, tìte, A = diag(0, 0, 0).

An pollaplasi�soume, thn exÐswsh (3.3.10) me sint, thn exÐswsh (3.3.11) me

−cost kai prosjèsoume èpeita tic prokÔptousec exis¸seic, eÔkola paÐrnoume

R = 0   isodÔnama H = 0, dhlad  h epif�neia eÐnai elaqistik . (Wc ek toÔtou,

h epif�neia ek peristrof c tou E3
1 , pou ikanopoieÐ thn (3.1.4), gi� thn opoÐa

A = O3×3 eÐnai h yeudoalussoeid c epif�neia).

B. 'Estw λ = µ 6= 0, tìte A = diag(λ, λ, λ).

To sÔsthma twn exis¸sewn (3.3.10) kai (3.3.11), paÐrnei th morf 

sint

t′
+

t′′cost
t′3

− cos2t

t′sint
+

f

sin2t
= λf (3.3.12)

−2cost

t′
+

t′′sint

t′3
= λg. (3.3.13)

Apì (3.3.13) èqoume

t′′ =
t′2

sint
(λgt′ + 2cost). (3.3.14)

Wc ek toÔtou, h exÐswsh (3.3.12) an�getai sthn

1

t′
+ λgcost +

f

sint
− λfsint = 0. (3.3.15)

ParagwgÐzontac thn (3.3.15) kai qrhsimopoi¸ntac thn (3.3.14), èqoume thn

ft′cost
sint

+ cost + λgt′ + λgt′sin2t + λft′costsint = 0. (3.3.16)
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An pollaplasi�soume thn (3.3.15) me t′cost kai prosjèsoume thn prokÔptousa

exÐswsh me thn (3.3.16), eÔkola paÐrnoume thn

ft′cost
sint

+ cost + λgt′ = 0. (3.3.17)

H exÐswsh (3.3.16), qrhsimopoi¸ntac thn (3.3.17) dÐnei

λt′(fcost + gsint)sint = 0

apì thn opoÐa

fcost + gsint = 0

afoÔ apì tic upojèseic mac

λt′sint 6= 0.

'Ara, ousiwd¸c èqoume thn akìloujh diaforik  exÐswsh:

ff ′ + gg′ = 0 ⇒ f 2 + g2 = r2, r ∈ R.

Sunep¸c, s' aut  thn perÐptwsh, oi epif�neiec ek peristrof c, ikanopoioÔn

mÐa exÐswsh thc morf c

−x2
0 + x2

1 + x2
2 = r2 , r ∈ R+,

to opoÐo shmaÐnei ìti autèc eÐnai oi yeudosfaÐrec, S2
1(r) , r ∈ R+, tou E3

1 .

C. 'Estw λ 6= 0, µ = 0, tìte A = diag(λ, λ, 0).

To sÔsthma twn exis¸sewn (3.3.10) kai (3.3.11), se aut  thn perÐptwsh,

paÐrnei th morf 

sint

t′
+

t′′cost
t′3

− cos2t

t′sint
+

f

sin2t
= λf (3.3.18)

−2cost

t′
+

t′′sint

t′3
= 0. (3.3.19)
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1

H exÐswsh (3.3.19) mporeÐ na grafeÐ wc

t′′ = 2t′2
cost

sint
. (3.3.20)

Apì tic exis¸seic (3.3.18) kai (3.3.20) èqoume

1

t′
+

f

sint
− λfsint = 0. (3.3.21)

ParagwgÐzontac t¸ra thn exÐswsh (3.3.21) kai qrhsimopoi¸ntac thn (3.3.20)

paÐrnoume
ft′cost
sin2t

+ λcostsint + λft′cost +
cost

sint
= 0. (3.3.22)

Pollaplasi�zontac thn exÐswsh (3.3.21) me t′
cost

sint
èqoume

ft′cost
sin2t

− λft′cost +
cost

sint
= 0. (3.3.23)

H exÐswsh (3.3.22), me th bo jeia thc (3.3.23) dÐnei

2ft′
cost

sin2t
= −cost

sint
. (3.3.24)

Sundu�zontac tic exis¸seic (3.3.23) kai (3.3.24) èqoume

ft′cost
(

1

sin2t
+ λ

)
= 0.

DiakrÐnoume t¸ra tic akìloujec upopeript¸seic:

(i) An cost = 0, tìte oi prokÔptousec epif�neiec ek peristrof c dÐnontai apì

thn exÐswsh (3.2.1) h opoÐa en prokeimènw gÐnetai:

~r(u, v) = (c1sinhv, c1coshv, u + c2)

ìpou ci ∈ R+, i = 1, 2. Autèc oi epif�neiec, eÐnai oi uperbolikoÐ kÔlindroi

Lorentz S1
1(c1)×R.

(ii) An
1

sin2t
+ λ = 0 ⇒ λsin2t + 1 = 0
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opìte paragwgÐzontac aut  thn exÐswsh, èqoume ìti 2t′λcostsint = 0, apì

thn opoÐa sumperaÐnoume, eÐte thn prohgoÔmenh upoperÐptwsh,   λ = 0, to

opoÐo eÐnai mÐa antÐfash.

D. 'Estw λ = 0, µ 6= 0, tìte A = diag(0, 0, µ).

To sÔsthma twn exis¸sewn (3.3.10) kai (3.3.11), an�getai sto

sint

t′
+

t′′cost
t′3

− cos2t

t′sint
+

f

sin2t
= 0 (3.3.25)

−2cost

t′
+

t′′sint

t′3
= µg. (3.3.26)

Apì thn exÐswsh (3.3.26) èqoume

t′′ =
t′2

sint
(µgt′ + 2cost). (3.3.27)

Sundu�zontac tic exis¸seic (3.3.25) kai (3.3.27) èqoume:

ft′cost + costsint + µgt′cos2tsint = 0. (3.3.28)

ParagwgÐzontac aut  thn exÐswsh kai qrhsimopoi¸ntac thn exÐswsh (3.3.26)

lamb�noume

µgt′sint + costsint + µgt′sin3t + ft′cost− µcostsin3t = 0. (3.3.29)

Sundu�zontac t¸ra tic exis¸seic (3.3.28) kai (3.3.29) èqoume

2gt′ = cost. (3.3.30)

An paragwgÐsoume thn exÐswsh (3.3.30) kai qrhsimopoi soume thn exÐswsh

(3.3.27), èqoume

3sin2t + 2µg2t′2 + 4gt′cost = 0.

Apì aut  thn exÐswsh kai thn (3.3.30) sumperaÐnoume ìti
(

1

2
µ− 1

)
cos2t = −3.



62 KEFALAIO 3. Epif�neiec ek Peristrof c sto Q¸ro Lorentz E3
1

Aut  h sqèsh, isqÔei mìno gia sugkekrimènec timèc tou µ kai thc sun�rth-

shc t = t(u) kai ìqi gi� k�je u ∈ I . Kat� sunèpeia, den up�rqoun epif�neiec

ek peristrof c, autoÔ tou tÔpou se aut  thn perÐptwsh.

E. 'Estw λ 6= µ, λµ 6= 0, tìte A = diag(λ, λ, µ).

To sÔsthma twn exis¸sewn (3.3.10) kai (3.3.11) paÐrnei th morf 

sint

t′
+

t′′cost
t′3

− cos2t

t′sint
+

f

sin2t
− λf = 0 (3.3.31)

−2cost

t′
+

t′′sint

t′3
− µg = 0. (3.3.32)

Apì thn (3.3.32) èqoume

t′′ =
t′2

sint
(µgt′ + 2cost). (3.3.33)

Sundu�zontac tic exis¸seic (3.3.31) kai (3.3.33) sumperaÐnoume ìti:

1

t′sint
+

µgcost

sint
+

f

sin2t
− λf = 0. (3.3.34)

ParagwgÐzontac aut  thn exÐswsh kai qrhsimopoi¸ntac thn (3.3.33) apo-

ktoÔme

−2µgt′

sin2t
− 2cost

sin2t
− 2ft′cost

sin3t
+ (µ− λ)cost = 0. (3.3.35)

An pollaplasi�soume thn exÐswsh (3.3.34) me
2t′

sint
, thn exÐswsh (3.3.35) me

−cost kai afairèsoume èpeita tic prokÔptousec exis¸seic, paÐrnoume

(λ− µ)
cos2t

t′
+ 2(λ− 1)

f

sint
− 2

t′
= 0. (3.3.36)

ParagwgÐzontac aut  thn exÐswsh kai qrhsimopoi¸ntac thn exÐswsh (3.3.33),

èqoume

2(µ + 1)cost + (µ− λ)µgt′cos2t− 2(λ− 1)
ft′cost
sint

+ 2µgt′ = 0. (3.3.37)
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Sundu�zontac t¸ra tic exis¸seic (3.3.36) kai (3.3.37), èqoume

2µcost + {(µ− λ)cos2t + 2}µgt′ − (µ− λ)cos3t = 0. (3.3.38)

An pollaplasi�soume thn (3.3.34) me t′sint kai thn (3.3.38) me cost, èqoume

µgt′cost = λft′sint− ft′

sint
− 1

kai

2µcos2t + {(µ− λ)cos2t + 2}µgt′cost− (µ− λ)cos4t = 0

antÐstoiqa.

Autèc oi dÔo exis¸seic, dÐnoun isodÔnama thn akìloujh exÐswsh:

2µcos2t−(µ−λ)cos4t−{2+(µ−λ)cos2t}{1+(1−λsin2t)
ft′

sint
} = 0. (3.3.39)

Apì thn exÐswsh (3.3.36) èqoume

ft′

sint
=

1

2(λ− 1)
{2 + (µ− λ)cos2t}. (3.3.40)

H par�metroc λ, den mporeÐ na isoÔtai me to 1, diìti an autì isqÔei, h exÐswsh

(3.3.36) dÐnei

(µ− 1)cos2t + 2 = 0

to opoÐo isqÔei mìno gia sugkekrimènec timèc twn sunart sewn t = t(u) kai

µ. Sundu�zontac t¸ra tic sqèseic (3.3.39) kai (3.3.40) èqoume telik�

λ(µ−λ)2cos4t−{−λ2−5λ+λµ−µ+2}(µ−λ)cos2t+{2λ(λ−3µ)+2(λ+3µ)} = 0.

Aut  h exÐswsh ìmwc, isqÔei mìno gia sugkekrimènec timèc thc sun�rthshc t =

t(u) kai twn stajer¸n µ, λ. Sunep¸c, den up�rqoun epif�neiec ek peristrof c

se aut  thn perÐptwsh.

'Ustera apì thn parap�nw an�lush mporoÔme na diatup¸soume to akìloujo

je¸rhma.
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Je¸rhma 3.1. 'Estw ~r = ~r(u, v), mÐa diaforÐsimh epif�neia ek peristrof c

M2
s tou E3

1 kl�sshc C3, h opoÐa eÐnai orismènh, epÐ enìc anoiktoÔ kai sune-

ktikoÔ uposunìlou D ⊂ R2, h opoÐa dÐnetai apì thn sqèsh (3.2.1) kai eÐnai

isometrik� embujismènh ston E3
1 . An, ∆III~r = A~r, ìpou A pÐnakac tÔpou 3×3

tìte h M2
s eÐnai eÐte elaqistik  epif�neia (yeudoalussoeid c), eÐte o kÔlindroc

Lorentz S1
1(r)×R eÐte h yeudìsfaira S2

1(r), jetik c pragmatik c aktÐnac r.

DeÔterh perÐptwsh. Upojètoume t¸ra, ìti h embujismènh epif�neia M2
s

ston E3
1 , dÐnetai apì th sqèsh (3.2.3). To efaptìmeno di�nusma thc peristre-

fìmenhc kampÔlhc, ikanopoieÐ th sqèsh

< γ′(u), γ′(u) >= −g′2(u) + f ′2 = ±1, u ∈ I.

JewroÔme ìti,

f ′2(u)− g′2(u) = −1 , ∀u ∈ I. (3.3.41)

AntÐstoiqa mporeÐ na melethjeÐ kai h perÐptwsh

f ′2(u)− g′2(u) = +1 , ∀u ∈ I.

EÔkola sun�goume ìti,

L = f ′g′′ − f ′′g′ , M = 0 , N = fg′ , 2H = g′f ′′ − f ′g′′ − g′

f
.

Apì thn exÐswsh (3.3.41) sumperaÐnoume ìti, up�rqei mÐa diaforÐshmh sun�rthsh

θ = θ(u), tètoia ¸ste

f ′(u) = sinhθ(u) , g′(u) = coshθ(u) , ∀u ∈ I

kai efìson h epif�neia den èqei parabolik� shmeÐa

θ′(u) 6= 0 ,∀u ∈ I.
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Efarmìzontac ton telest  ∆III epÐ thc sqèshc (3.2.3) èqoume

∆III~r =

(
Rsinhθ +

R′coshθ

θ′
,

(
Rcoshθ +

R′sinhθ

θ′

)
cosv,

(
Rcoshθ +

R′sinhθ

θ′

)
sinv

) (3.3.42)

ìpou R =
1

θ′
+

f

coshθ
kai R′ = − θ′′

θ′2
+

sinhθ

coshθ
− fθ′sinhθ

cosh2θ
.

T¸ra apaitoÔme ìti ∆III~r = A~r. Wc ek toÔtou, eÔkola sun�getai ìti:

Rsinhθ +
R′coshθ

θ′
= a11g + a12fcosv + a13fsinv

(
Rcoshθ +

R′sinhθ

θ′

)
cosv = a21g + a22fcosv + a23fsinv

(
Rcoshθ +

R′sinhθ

θ′

)
sinv = a31g + a32fcosv + a33fsinv.

Sunep¸c, to prìblhma thc taxinìmhshc twn epifanei¸n ek peristrof c, oi

opoÐec ikanopoioÔn tic sqèseic (3.2.3) kai (3.1.4), an�getai sthn olokl rwsh

autoÔ tou sust matoc twn sun jwn diaforik¸n exis¸sewn.

Efarmìzontac ìmoiec algebrikèc mejìdouc, pou qrhsimopoi jhkan sthn pr¸th

perÐptwsh, autì to sÔsthma an�getai isodÔnama proc tic akìloujec exis¸seic.

Rsinhθ +
R′coshθ

θ′
= µg (3.3.43)

Rcoshθ +
R′sinhθ

θ′
= λf (3.3.44)

ìpou a11 = µ, a22 = a33 = λ, λ, µ ∈ R.

DiakrÐnoume tic akìloujec upopeript¸seic, wc proc tic pragmatikèc timèc twn

λ, µ.

A. 'Estw λ = µ = 0, tìte A = diag(0, 0, 0).

An pollaplasi�soume thn (3.3.43) me sinhθ, thn (3.3.44) me coshθ kai èpeita
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1

afairèsoume tic prokÔptousec exis¸seic, eÔkola apoktoÔme R = 0   isodÔna-

ma H = 0. Wc ek toÔtou, oi epif�neiec ek peristrof c tou E3
1 pou ikanopoioÔn

tic (3.2.3) kai (3.1.4), gi� tic opoÐec A = O3×3 eÐnai oi yeudoalusoeideÐc.

B. 'Estw λ = µ 6= 0, tìte A = diag(λ, λ, λ).

To sÔsthma twn (3.3.43) kai (3.3.44), paÐrnei th morf 

2sinhθ

θ′
− θ′′coshθ

θ′3
= λg (3.3.45)

coshθ

θ′
+

sinh2θ

θ′coshθ
− θ′′sinhθ

θ′3
+

f

cosh2θ
= λf. (3.3.46)

Apì thn (3.3.45) èqoume

θ′′ =
θ′2

coshθ
(2sinhθ − λgθ′) . (3.3.47)

Tìte h exÐswsh (3.3.46) dÐnei

coshθ

θ′
− sinh2θ

θ′coshθ
+

λgsinhθ

coshθ
+

f

cosh2θ
− λf = 0.

Pollaplasi�zoume aut  thn exÐswsh me coshθ kai èqoume:

1

θ′
+ λgsinhθ +

f

coshθ
− λfcoshθ = 0. (3.3.48)

ParagwgÐzontac thn (3.3.48) kai me th bo jeia thc (3.3.47) paÐrnoume

−sinhθ

coshθ
+ λgθ′coshθ − λfθ′sinhθ +

λgθ′

coshθ
− fθ′sinhθ

cosh2θ
= 0.

An pollaplasi�soume thn teleutaÐa exÐswsh me coshθ kai thn (3.3.48) me

θ′sinhθ, èqoume

sinhθ − λgθ′cosh2θ + λfθ′sinhθcoshθ − λgθ′ +
fθ′sinhθ

coshθ
= 0 (3.3.49)

kai

sinhθ + λgθ′sinh2θ +
fθ′sinhθ

coshθ
− λfθ′sinhθcoshθ = 0 (3.3.50)
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antÐstoiqa. Sth sunèqeia, prosjètoume tic exis¸seic (3.3.49) kai (3.3.50),

opìte paÐrnoume

sinhθ − λgθ′ +
fθ′sinhθ

coshθ
= 0. (3.3.51)

Tèloc, h exÐswsh (3.3.49), an s' aut  antikatastajeÐ h (3.3.51) dÐnei

fsinhθ − gcoshθ = 0

  isodÔnama,

ff ′ − gg′ = 0

apì thn opoÐa me olokl rwsh, èqoume

f 2(u)− g2(u) = ±r2 , r ∈ R+.

Sunep¸c, h zhtoÔmenh ek peristrof c epif�neia èqei analutik  exÐswsh

−x2
0 + x2

1 + x2
2 = r2,

h opoÐa eÐnai eÐte h yeudosfaÐra S2
1(r)   o yeudo-uperbolikìc q¸roc H2

0 (r),

ìpou h aktÐna r eÐnai jetik  pragmatik  gia thn S2
1(r)   fantastik  gia ton

H2
0 (r).

C. 'Estw λ 6= 0, µ = 0, tìte A = diag(0, λ, λ).

S' aut  thn perÐptwsh, to sÔsthma twn exis¸sewn (3.3.43) kai (3.3.44), paÐrnei

th morf 

2sinhθ

θ′
− θ′′coshθ

θ′3
= 0 (3.3.52)

coshθ

θ′
+

sinh2θ

θ′coshθ
− θ′′sinhθ

θ′3
+

f

cosh2θ
= λf. (3.3.53)

H exÐswsh (3.3.52) dÔnatai na graf  wc

θ′′ =
2θ′2sinhθ

coshθ
. (3.3.54)
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1

Sundu�zontac tic exis¸seic (3.3.53) kai (3.3.54) èqoume

1

θ′
+

f

coshθ
− λfcoshθ = 0. (3.3.55)

'Epeita paragwgÐzoume wc proc u thn exÐswsh (3.3.55) kai èqoume

− θ′′

θ′2
+

sinhθ

coshθ
− fθ′sinhθ

cosh2θ
− λsinhθcoshθ − λfθ′sinhθ = 0. (3.3.56)

Sundu�zontac tic exis¸seic (3.3.54) kai (3.3.56) èqoume

−sinhθ

coshθ
− fθ′sinhθ

cosh2θ
− λsinhθcoshθ − λfθ′sinhθ = 0. (3.3.57)

Pollaplasi�zontac thn exÐswsh (3.3.55) me
θ′sinhθ

coshθ
èqoume

sinhθ

coshθ
+

fθ′sinhθ

cosh2θ
− λfθ′sinhθ = 0. (3.3.58)

An prosjèsoume tic exis¸seic (3.3.57) kai (3.3.58), èqoume

sinhθ

coshθ
= −2fθ′sinhθ

cosh2θ
. (3.3.59)

Me qr sh thc (3.3.59), h exÐswsh (3.3.58) paÐrnei th morf 

fθ′sinhθ

(
1

cosh2θ
+ λ

)
= 0.

MporoÔme na diakrÐnoume t¸ra tic akìloujec upopeript¸seic:

(i) An sinhθ = 0, tìte oi prokÔptousec epif�neiec ek peristrof c, dÐnontai

apì thn exÐswsh (3.2.3) h opoÐa en prokeimènw gÐnetai:

~r(u, v) = (u + c1, c2cosv, c2sinv)

ìpou ci ∈ R, i = 1, 2. Oi epif�neiec autèc eÐnai kulindrikèc.

(ii) An
1

cosh2θ
+ λ = 0 ⇒ λcosh2θ + 1 = 0
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opìte, paragwgÐzontac aut  thn exÐswsh, èqoume 2λθ′coshθsinθ = 0, h opoÐa

eÐnai h prohgoÔmenh upoperÐptwsh, odhgoÔmaste dhlad  se kulindrikèc epif�neiec.

D. 'Estw λ = 0, µ 6= 0, tìte A = diag(µ, 0, 0).

To sÔsthma twn exis¸sewn (3.3.43) kai (3.3.44) paÐrnei th morf 

2sinhθ

θ′
− θ′′coshθ

θ′3
= µg (3.3.60)

coshθ

θ′
+

sinh2θ

θ′coshθ
− θ′′sinhθ

θ′3
+

f

cosh2θ
= 0. (3.3.61)

H exÐswsh (3.3.61) dÔnatai na grafeÐ wc

θ′′ =
2θ′2

coshθ
(2sinhθ − µgθ′) . (3.3.62)

Tìte h exÐswsh (3.3.60), mèsw thc (3.3.62) dÐnei

1

θ′
+

f

coshθ
+ µgsinhθ = 0. (3.3.63)

ParagwgÐzontac aut  thn exÐswsh paÐrnoume

− θ′′

θ′2
+

sinhθ

coshθ
− fθ′sinhθ

cosh2θ
+ µcoshθsinhθ + µgθ′coshθ = 0. (3.3.64)

SugkrÐnontac tic exis¸seic (3.3.62) kai (3.3.64) èqoume

µgθ′

coshθ
− sinhθ

coshθ
− fθ′sinhθ

cosh2θ
+ µcoshθsinhθ + µgθ′coshθ = 0. (3.3.65)

An pollaplasi�soume thn exÐswsh (3.3.63), me θ′
sinhθ

coshθ
èqoume

µgθ′sinh2θ

coshθ
+

sinhθ

coshθ
+

fθ′sinhθ

cosh2θ
= 0.

Prosjètoume t¸ra thn teleutaÐa exÐswsh, me thn exÐswsh (3.3.65) kai paÐrnoume

2gθ′ + sinhθ = 0. (3.3.66)

An paragwgÐsoume thn exÐswsh (3.3.66) kai qrhsimopoi soume thn (3.3.62)

paÐrnoume

3cosh2θ + 4gθ′sinhθ − 2µg2θ′2 = 0.
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1

Tèloc aut  h exÐswsh me th bo jeia thc (3.3.66) an�getai sthn
(

1

2
µ− 1

)
sinh2θ = +3

h opoÐa isqÔei mìno gia sugkekrimènec timèc thc sun�rthshc θ = θ(u) kai tou

µ. Sunep¸c, s' aut  thn perÐptwsh, den up�rqoun epif�neiec ek peristrof c

pou na ikanopoioÔn tic sqèseic (3.1.4) kai (3.2.3).

E. 'Estw λ 6= µ, λµ 6= 0, tìte A = diag(µ, λ, λ).

Apì to sÔsthma twn exis¸sewn (3.3.43) kai (3.3.44) paÐrnoume

2sinhθ

θ′
− θ′′coshθ

θ′3
= µg (3.3.67)

coshθ

θ′
+

sinh2θ

θ′coshθ
− θ′′sinhθ

θ′3
+

f

cosh2θ
= λf. (3.3.68)

H exÐswsh (3.3.67) eÔkola dÐnei thn

θ′′ =
θ′2

coshθ
(2sinhθ − µgθ′) . (3.3.69)

An antikatast soume t¸ra thn exÐswsh aut  sthn (3.3.68) èqoume

coshθ

θ′
+

µgsinhθ

coshθ
− sinh2θ

θ′coshθ
+

f

cosh2θ
− λf = 0.

Pollaplasi�zoume aut  thn exÐswsh me coshθ, opìte èqoume

1

θ′
+ µgsinhθ +

f

coshθ
− λfcoshθ = 0. (3.3.70)

An paragwgÐsoume thn exÐswsh (3.3.70) kai qrhsimopoi soume thn (3.3.69),

eÔkola èqoume

−sinhθ

coshθ
+

µgθ′

coshθ
− fθ′sinhθ

cosh2θ
+µgθ′coshθ−λfθ′sinhθ+(µ−λ)sinhθcoshθ = 0.

(3.3.71)

An pollaplasi�soume thn exÐswsh (3.3.70) me θ′ èqoume

µgθ′ = − 1

sinhθ
− fθ′

coshθ sinhθ
+ λfθ′

coshθ

sinhθ
. (3.3.72)
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H exÐswsh (3.3.71), mèsw thc sqèshc (3.3.72) an�getai sthn

(λ− µ− 2) cosh θ + (µ− λ) cosh3 θ + 2(λ− 1)fθ′ = 0. (3.3.73)

An paragwgÐsoume aut  thn exÐswsh kai qrhsimopoi soume thn exÐswsh (3.3.69),

èqoume

(3λ− µ− 4) sinh θ + 3(µ− λ) cosh2 θ sinh θ+4(λ− 1)
fθ′

cosh θ
sinh θ−

− 2µ(λ− 1)
fθ′

cosh θ
gθ′ = 0.

(3.3.74)

Aut  h exÐswsh, me qr sh twn exis¸sewn (3.3.72) kai (3.3.73) kai upojètontac

ìti λ 6= 1, an�getai sthn

−λ(µ− λ)2 cosh6 θ + (µ− λ)(−2λ2 + 5λ + µ + 2λµ− 2) cosh4 θ+

+
[
2(λ− 1)(3λ− µ) + (µ− λ)(λ2 − 2µ− λµ− 4)− 4λ

]
cosh2 θ+

+
[−4(λ− 1)2 + (µ− λ)(−3λ + µ + 4) + 4

]
= 0.

(3.3.75)

Aut  h exÐswsh, isqÔei mìno gia sugkekrimènec timèc thc sun�rthshc θ = θ(u)

kai twn stajer¸n µ, λ. Sunep¸c, den up�rqoun epif�neiec ek peristrof c pou

na ikanopoioÔn tic apait seic tou probl matoc se aut  thn perÐptwsh.

Sto sumpèrasma autì fj�same upojètontac ìti λ 6= 1.

An loipìn upojèsoume t¸ra ìti λ = 1, h exÐswsh (3.3.73) an�getai sthn

(µ− 1) cosh2 θ − (µ + 1) = 0

h opoÐa epÐshc isqÔei, gi� k�poiec sugkekrimènec timèc thc sunarthshc θ =

θ(u) kai tou µ. Sunep¸c, kai s' aut  thn perÐptwsh den up�rqoun epif�neiec

ek peristrof c pou na ikanopoioÔn tic proôpojèseic tou probl matoc.

H parap�nw ektejeÐsa an�lush, mac odhgeÐ sth diatÔpwsh tou akìloujou

jewr matoc:
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Je¸rhma 3.2. 'Estw ~r = r(u, v), mÐa diaforÐsimh epif�neia ek peristrof c

M2
s tou E3

1 kl�shc C3, h opoÐa eÐnai isometrik� embujismènh ston E3
1 kai

eÐnai orismènh epÐ enìc anoiktoÔ kai sunektikoÔ uposunìlou D ⊂ R2 kai h

opoÐa(epif�neia), orÐzetai apì th sqèsh (3.2.3). An ∆III~r = A~r, ìpou A ∈
GL(3, R) tìte h M2

s eÐnai eÐte elaqistik  epif�neia eÐte o kÔlindroc Lorentz

S1
1(r)×R eÐte h yeudosfaÐra S2

1(r) jetik c pragmatik c aktÐnac eÐte o yeudo-

uperbolikìc q¸roc H2
0 (r), fantastik c aktÐnac.



Kef�laio 4

Telest c Sq matoc twn

Uperepifanei¸n M3
2 tou

Yeudo-EukleÐdeiou Q¸rou E4
2

4.1 Uperepif�neiec twn Yeudo-EukleÐdeiwn

Q¸rwn.

'Estw M3
r (r = 0, 1, 2, 3), mÐa uperepif�neia tou yeudo- EukleÐdeiou q¸rou

E4
s (s = 0, 1, 2, 3, 4). Tìte h M3

r dÔnatai na eÐnai eÐte Riemannian eÐte Lorentzian.

Kat� sunèpeia an
−→
ξ eÐnai to monadiaÐo k�jeto dianusmatikì pedÐo aut c tìte

<
−→
ξ ,
−→
ξ >= ε, ε = −1 ìtan anaferìmaste sthn Riemannian perÐptwsh kai

ε = +1, ìtan anaferìmmaste sthn Lorentzian perÐptwsh.

SumbolÐzoume me ∇ kai ∇̃ th sunoq  Levi-Civita twn M3
r kai E4

s , antÐstoiqa.

Gia opoiad pote dianusmatik� pedÐa X, Y efaptìmena sthn M3
r , isqÔei o tÔ-

poc tou Gauss

∇̃XY = ∇XY + h (X,Y )
−→
ξ , (4.1.1)

ìpou h eÐnai h deÔterh jemeli¸dhc morf  thc M3
r .

SumbolÐzoume me S ton telest  sq matoc thc uperepif�neiac aut c dhlad 

73
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2

ton summetrikì endomorfismì

S : Tp(M
3
r ) → Tp(M

3
r )

me tim 

S(X) = −∇̃X

−→
ξ (4.1.2)

ìpou,
−→
ξ eÐnai to monadiaÐo kajetikì dianusmatikì thc pedÐo. H sqèsh aut 

lègetai kai tÔpoc tou Weigarten. Sundu�zontac t¸ra tic sqèseic (4.1.1)

kai (4.1.2) kai paragwgÐzontac wc proc X th sqèsh < Y,
−→
ξ >= 0 eÔkola

èqoume

< S(X), Y >= εh(X, Y ).

To di�nusma mèshc kampulìthtac
−→
H = H

−→
ξ , me H = 1

3ε
trS, eÐnai èna kal¸c

orismèno k�jeto dianusmatikì pedÐo thc M3
r .

H exÐswsh Codazzi dÐnetai apì th sqèsh

(∇XS)Y = (∇Y S)X (4.1.3)

kai h exÐswsh Gauss blèpe ([45]), [ O’ Neil 1983] apì th sqèsh

R(X,Y )Z =< S(Y ), Z > S(X)− < S(X), Z > S(Y ) (4.1.4)

ìpou

R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z. (4.1.5)

Se mÐa uperepif�neia M3
r tou E4

s to dianusmatikì pedÐo mèshc kampulìthtac

eÐnai armonikì an

4−→H =
−→
0 , (4.1.6)

ìpou ∆ o telest c Laplace. K�je tètoia epif�neia lègetai diarmonik 

epif�neia.

H sunj kh aut  apodeiknÔetai ìti eÐnai isodÔnamh proc thn

4−→H = {2S(∇H) + 3εH(∇H)}+ {4H + εHtrS2}−→ξ =
−→
0 (4.1.7)
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blèpe ([12]), [ B.-Y.Chen and S.Ishikawa 1991].

Kat� sunèpeia gia na eÐnai h uperepif�neia M3
r tou E4

s diarmonik  ja prèpei

na isqÔoun tautoqrìnwc oi akìloujec sqèseic

S(∇H) = −ε
3H

2
(∇H) (4.1.8)

4H + εHtrS2 = 0. (4.1.9)

Shmei¸netai ìti oi sunj kec autèc eÐnai ikanèc kai anagkaÐec gia th diar-

monikìthta thc uperepif�neiac.

Tèloc, upenjumÐzetai ìti h tim  tou telest  Laplace ∆ p�nw se diaforÐsimec

sunart seic f thc M eÐnai

∆f = −
3∑

i=1

εi(eieif −∇ei
eif) (4.1.10)

blèpe ([12]), ìpou {ei}3
i=1 eÐnai èna topikì orjokanonikì plaÐsio tou

Tp(M
3
r ), me < ei, ei >= εi = ±1.

Sth sunèqeia anaferìmaste se merikèc epiplèon ènnoiec oi opoÐec paÐzoun

shmantikì rìlo s' aut  th diatrib .

JewroÔme ton pragmatikì 4-di�stato q¸ro R4 me th sun jh b�sh {ei}4
i=1.

Ac sumbolÐsoume me <,> to eswterikì ginìmeno pou efodi�zoume ton R4,

dhlad  thn digrammik  apeikìnish,

<,>: Tp(M
3
r )XTp(M

3
r ) → R.

Ac upojèsoume ìti to eswterikì autì ginìmeno den eÐnai jetik� orismèno kai

ìti h par�stas  tou wc proc th b�sh ei ⊗ ej ; i, j = 1, ..., 4 eÐnai o 4 × 4

diag¸nioc pÐnakac me stoiqeÐa (−1, +1,−1, +1).

O q¸roc R4 me aut  th metrik , onom�zetai 4-di�statoc yeudo- EukleÐdeioc

q¸roc kai sumbolÐzetai me E4
2 , lème de ìti h metrik  tou eÐnai tÔpou (−, +,−, +).
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AntÐstoiqa mia uperepif�neia tou E4
2 , efìson ep�getai eswterikì ginìmeno

tÔpou (−, +,−) sumbolÐzetai wc M3
2 .

'Ena mh mhdenikì di�nusma X ston E4
s onom�zetai qronoeidèc (time-

like), qwroeidèc (space-like),   fwtoeidèc (light-like) an to eswterikì

ginìmeno < X, X > eÐnai arnhtikì, jetikì,   mhdèn antÐstoiqa. To mhdenikì

di�nusma jewreÐtai ìti eÐnai qwroeidèc (space-like) di�nusma.

Mia mh ekfulismènh uperepif�neia M3
r tou yeudo-EukleÐdeiou q¸rou E4

s ,

dÔnatai na eÐnai efodiasmènh me mia Riemannian   me mia Lorentzian dom ,

sÔmfwna me to an h metrik  g, h epag¸menh epÐ thc M3
r apì th metrik  tou

E4
s , eÐnai jetik�   mh jetik� orismènh.

Sthn pr¸th perÐptwsh èna k�jeto di�nusma sthn M3
r eÐnai qronoeidèc

(time-like), en¸ sth deÔterh perÐptwsh eÐnai qwroeidèc (space-like).

'Estw [M3
2 , (−, +,−)] mia uperepif�neia thc yeudo-EukleÐdeiac pollaplìth-

tac [E4
2 , (−, +,−, +)]. Se aut  th perÐptwsh <

−→
ξ ,
−→
ξ >= +1, dhlad  to

−→
ξ

eÐnai èna qwroeidèc di�nusma, ìpou
−→
ξ eÐnai to monadiaÐo k�jeto di�nusma tou

q¸rou Tp(M
3
2 ), P ∈ M3

2 , dhlad 
−→
ξ ∈ Tp(M

3
2 )⊥.

'Estw E = {e1, e2, e3}, mÐa orjokanonik  b�sh tou Tp(M
3
2 ). Tìte, wc

gnwstìn, mporoÔme p�ntote na kataskeu�soume mÐa yeudo-orjokanonik 

b�sh B = {u1, u2, u3} autoÔ, ìpou

u1 =
e1 + e2√

2
, u2 =

e2 − e1√
2

, u3 = e3

kai gia thn opoÐa isqÔoun oi sqèseic

< u1, u1 >=< u2, u2 >=< u1, u3 >=< u2, u3 >= 0,

< u1, u2 >= +1, < u3, u3 >= −1,

dhlad  ta dianÔsmata u1, u2 na eÐnai fwtoeid  kai to u3 qronoeidèc

O telest c sq matoc S thc uperepif�neiac M3
2 , eÐnai ènac autosuzug c
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endomorfismìc tou Tp(M
3
2 ) gia k�je P ∈ M3

2 , ikanopoieÐ dhlad  th sqèsh

< S(X), Y >=< X, S(Y ) > . (4.1.11)

Sthn prokeimènh perÐptwsh tonÐzoume ìti, o telest c sq matoc k�je upo-

pollaplìthtac Riemann eÐnai p�ntote diagwnopoi simoc. 'Omwc, ìpwc apodei-

knÔetai kai s' aut  thn ergasÐa, autì den isqÔei gia thn perÐptwsh tou telest 

sq matoc twn yeudo-Riemannian upopolaplot twn.

Pr�gmati, efìson o telest c sq matoc S eÐnai ènac autosuzug c endo-

morfismìc tou Tp(M
3
2 ), ja epiqeir soume na broÔme ìlec tic kanonikèc tou

morfèc wc proc kat�llhlec b�seic.

An loipìn sumbolÐsoume me [S] kai [G] tic anaparast�seic (pÐnakec) twn

apeikonÐsewn S kai <,> wc proc tuqaÐa b�sh B, tou Tp(M
3
2 ), tìte eÔkola

mporeÐ na deÐxei kaneÐc (eÐnai jèma logismoÔ pin�kwn) ìti

[G][S] = [S]t[G]. (4.1.12)

Oi idiotimèc tou pÐnaka [S] eÐnai oi rÐzec thc exÐswshc

det([S]− λI3) = 0. (4.1.13)

Aut  h exÐswsh èqei treÐc idiotimèc genik¸c, sumbolizìmenec me λi, i =

1, 2, 3.

'Estw vi, Eλi
, i = 1, 2, 3 ta idiodianÔsmata kai oi idiìqwroi antÐstoiqa thc

idiotim c λi.

Ja prèpei ed¸ na tonisjeÐ ìti ta idiodianÔsmata vi, i = 1, 2, 3 den sug-

krotoÔn kat' an�gkh b�sh tou Tp(M
3
2 ). Pr�gmati, autì sumbaÐnei ìtan h

gewmetrik  pollaplìthta (dimEλi
) eÐnai mikrìterh apì thn algebrik 

pollaplìthta thc antÐstoiqhc idiotim c. S' autèc tic peript¸seic, den arkoÔn

ta idiodianÔsmata ¸ste na sugkrot soun b�sh tou q¸rou.
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'Etsi, gia na kataskeu�soume mia b�sh tou q¸rou, arqÐzoume me èna idi-

odi�nusma, antÐstoiqo thc idiotim c λi wc shmeÐo anafor�c kai met� prosjè-

toume katall lwc, perissìtera dianÔsmata ta opoÐa den eÐnai idiodianÔsmata

antÐstoiqa tou λi.

To prìblhma bèbaia pou tÐjetai s' autèc tic peript¸seic, eÐnai o prosdiori-

smìc k�je for�, thc fÔshc aut¸n twn dianusm�twn pou apaitoÔntai.

Stic epìmenec paragr�fouc, brÐskoume ìlec tic dunatèc kanonikèc morfèc

twn S kai G exet�zontac tic di�forec timèc twn λi kai th fÔsh twn dianusm�twn

vi.

Akribèstera, sth deÔterh par�grafo brÐskoume thn kanonik  morf  twn

S kai G an oi idiotimèc eÐnai diaforetikèc metaxÔ touc. Se aut  thn perÐptwsh

apodeiknÔoume ìti ta idiodianÔsmata vi sunistoÔn mia orjokanonik  b�sh tou

Tp(M
3
2 ) kai apodeiknÔoume ìti kanèna apì aut� ta idiodianÔsmata den mporeÐ

na eÐnai fwtoeidèc (light-like).

Sthn trÐth par�grafo, upojètoume ìti mÐa ek twn riz¸n thc (4.1.13) dhlad 

mia idiotim , èqei pollaplìthta dÔo. Tìte di�forec peript¸seic emfanÐzontai

oi opoÐec melet¸ntai xeqwrist�.

Eidik¸tera sthn perÐptwsh aut , ta idiodianÔsmata vi, eÐte sugkrotoÔn mÐa

orjokanonik  b�sh eÐte mÐa yeÔdo-orjokanonik  b�sh, dhlad  mia b�sh h opoÐa

perièqei kai fwtoeid  (light-like) dianÔsmata kai ikanopoieÐ tic sunj kec

< v1, v1 >=< v2, v2 >=< v1, v3 >=< v2, v3 >= 0,

< v1, v2 >= +1, < v3, v3 >= −1 (4.1.14)

gia v1, v2 fwtoeid  (light-like) dianÔsmata kai v3 èna qronoeidèc (time-

like) di�nusma.

Sthn tètarth par�grafo upojètoume ìti h exÐswsh (4.1.13) èqei mÐa prag-

matik  rÐza pollaplìthtac trÐa kai lÔnoume to prìblhma gia tic di�forec

peript¸seic oi opoÐec emfanÐzontai.
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Telik� sthn pèmpth par�grafo, upojètoume ìti h exÐswsh (4.1.13) èqei

mÐa pragmatik  kai dÔo suzugeÐc migadikèc rÐzec. S' aut  th perÐptwsh o

mìnoc idioq¸roc ton opoÐo jewroÔme kai melet�me eÐnai o antÐstoiqoc proc th

pragmatik  rÐza (kaj¸c den melet�me migadikoÔc idioq¸rouc). Wc ek toÔtou,

s' aut  th perÐptwsh ta idiodianÔsmata sugkrotoÔn, eÐte mÐa orjokanonik ,

eÐte mÐa yeÔdo-orjokanonik  b�sh kai lÔnoume to prìblhma.

Sth sunèqeia anafèroume to basikì je¸rhma autoÔ tou kefalaÐou.

Je¸rhma 4.1. An S eÐnai o telest c sq matoc thc uperepif�neiac M3
2 thc

yeudo-EukleÐdeiac pollaplìthtac E4
2 , tìte up�rqoun orjokanonik�   yeudo-

orjokanonik� plaÐsia wc proc ta opoÐa oi kanonikèc morfèc twn S kai G dÐnontai

apì touc pÐnakec

(I)

[S] =




λ1 0 0

0 λ2 0

0 0 λ3


 , [G] =




−1 0 0

0 +1 0

0 0 −1


 , λi ∈ R

(II)

[S] =




λ µ 0

0 λ 0

0 0 ν


 , [G] =




0 +1 0

+1 0 0

0 0 −1


 , λ, µ, ν ∈ R

(III)

[S] =




λ µ ν

0 λ 0

0 −ν λ


 , [G]=




0 +1 0

+1 0 0

0 0 −1


 , λ, µ, ν ∈ R
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(IV )

[S] =




µ ν 0

−ν µ 0

0 0 λ


 , ν 6= 0, [G] =




−1 0 0

0 +1 0

0 0 −1


 , λ, µ, ν ∈ R

Oi pÐnakec G, tou metrikoÔ tanust  gia tic peript¸seic (I), (IV) anafèrontai

se mia orjokanonik  b�sh tou Tp(M
3
2 ), en¸ gia tic peript¸seic (II), (III)

anafèrontai se mia yeÔdo-orjokanonik  b�sh.

Apìdeixh. H apìdeixh tou jewr matoc autoÔ eÐnai arket� ekten c. Gia

na gÐnei katanoht  thn kataneÐmame se tèssereic paragr�fouc, an�loga me

th fÔsh twn idiotim¸n tou telest  sq matoc, se k�je mia apo tic opoÐec

apodeiknÔoume kai mia perÐptwsh (Prìtash) tou jewr matoc.

4.2 PerÐptwsh I. Oi Idiotimèc tou S eÐnai Diafore-

tikèc MetaxÔ touc.

'Opwc anafèrame prohgoumènwc, an jewr soume tuqaÐa b�sh tou q¸rou

Tp(M
3
2 ), tìte oi idiotimèc tou telest  sq matoc S wc proc aut  th b�sh eÐnai

oi rÐzec thc exÐswshc (4.1.13).

Upojètoume ìti aut  h exÐswsh èqei treic pragmatikèc kai diakekrimènec

idiotimèc λi, i = 1, 2, 3 kai èstw vi, i = 1, 2, 3 ta antÐstoiqa idiodianÔsmata.

'Estw B = {vi}, i = 1, 2, 3 h b�sh h opoÐa sugkroteÐtai apì aut� ta

idiodianÔsmata. Tìte, wc gnwstìn, o pÐnakac [S] wc proc aut  th b�sh eÐnai

diagwnopoi simoc, afoÔ S(vi) = λivi, i = 1, 2, 3 dhlad 

[S]B = A =




λ1 0 0

0 λ2 0

0 0 λ3


 , λi ∈ R (4.2.1)
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'Epeita, lamb�noume ton pÐnaka G tou sunalloÐwtou tanustikoÔ pedÐou

<,>, o opoÐoc gi� k�je P ∈ M3
2 dÐnei to eswterikì ginìmeno <,>, to opoÐo

eÐnai mÐa digrammik  morf  p�nw ston q¸ro Tp(M
3
2 ), me tim 

< u, v >= −u1v1 + u2v2 − u3v3. (4.2.2)

Ta erwt mata t¸ra ta opoÐa tÐjentai eÐnai ta akìlouja:

(i) Poi� eÐnai h fÔsh twn dianusm�twn vi, i = 1, 2, 3.

(ii) Poiìc eÐnai o pÐnakac G wc proc aut  th b�sh.

Pr¸ton eÐnai fanerì ìti o pÐnakac G, exart�tai, genik¸c, apì th fÔsh twn

dianusm�twn vi, i = 1, 2, 3.

Epeid  o telest c S eÐnai autosuzug c, ja èqoume

< vi, S(vj) >=< S(vi), vj >, ∀ vi, vj

kai epeid  S(vi) = λivi, S(vj) = λjvj, èqoume

< vi, λjvj >=< λivi, vj >,

  λj < vi, vj >= λi < vi, vj >,

  akìmh (λj − λi) < vi, vj >= 0, i 6= j.

'Omwc, apì thn upìjesh λi 6= λj ìtan i 6= j, �ra

< vi, vj >= 0, i 6= j. (4.2.3)

DeÐxame loipìn pwc ta dianÔsmata vi, i = 1, 2, 3 eÐnai k�jeta metaxÔ touc. Sth

sunèqeia ja deÐxoume ìti kanèna apì aut� ta dianÔsmata den mporeÐ na eÐnai

fwtoeidèc.
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Pr�gmati, an p.q. to v2 eÐnai èna fwtoeidèc di�nusma, tìte apì th sqèsh

(4.2.3) gia i = 2 kai j = 1, 3 èqoume

< v1, v2 >= 0 kai < v2, v3 >= 0.

Kat� sunèpeia ta dianÔsmata v1, v3 an koun ston k�jeton q¸ro v⊥2 , tou

v2. 'Ara den ja  tan grammik¸c anex�rthta, pr�gma to opoÐo eÐnai �topo.

Epomènwc, oi mìnec dunatèc peript¸seic gia th fÔsh twn dianusm�twn vi,

dedomènhc thc sqèshc (4.2.2), eÐnai, èna ex' aut¸n na eÐnai qwroeidèc kai ta

upìloipa dÔo dianÔsmata, na eÐnai qronoeid .

Gi� par�deigma an to v2 eÐnai qwroeidèc kai ta v1, v3 qronoeid  dianÔsmata,

tìte

< v2, v2 >= +1, < v1, v1 >=< v3, v3 >= −1,

< v1, v2 >=< v2, v3 >=< v1, v3 >= 0 (4.2.4)

'Etsi, ta dianÔsmata {vi}, i = 1, 2, 3 sugkrotoÔn mÐa orjokanonik 

b�sh tou Tp(M
3
2 ) kai wc ek toÔtou, o pÐnakac G tou eswterikoÔ ginomènou

<,> wc proc aut  th b�sh eÐnai

[G]B =




−1 0 0

0 +1 0

0 0 −1


 (4.2.5)

Sunep¸c, apodeÐxame thn akìloujh prìtash.

Prìtash 4.1 An S eÐnai o telest c sq matoc thc uperepif�neiac M3
2 tou

E4
2 kai h exÐswsh (4.1.13) èqei treÐc pragmatikèc kai diakekrimènec idiotimèc,

tìte kanèna apì ta antÐstoiqa idiodianÔsmata den dÔnatai na eÐnai fwtoeidèc

kai wc ek toÔtou aut� ta idiodianÔsmata sugkrotoÔn mÐa orjokanonik  b�sh.

Epiplèon, oi kanonikèc morfèc tou S kai tou eswterikoÔ ginomènou <,>, wc

proc aut  th b�sh, dÐnontai apì touc pÐnakec (4.2.1) kai (4.2.5) antÐstoiqa.
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4.3 PerÐptwsh II. MÐa Idiotim  tou S eÐnai Pol-

laplìthtac DÔo

Upojètoume ìti o pÐnakac A tou telest  S èqei mÐa pragmatik  rÐza λ

pollaplìthtac dÔo, kai mia apl  pragmatik  rÐza λ3, (λ 6= λ3).

'Estw Eλ, Eλ3 oi idiìqwroi oi antÐstoiqoi twn idiotim¸n λ kai λ3.

Tìte h di�stash tou Eλ eÐnai 1,   2 kai h di�stash tou Eλ3 eÐnai 1.

UpoperÐptwsh 4.3.1: JewroÔme thn perÐptwsh sthn opoÐa èqoume

dimEλ = 1 kai dimEλ3 = 1.

'Estw v1, v2 dianÔsmata tou Tp(M
3
2 ) tètoia ¸ste Eλ = span{v1}, Eλ3 =

span{v2}. Ja prosdiorÐsoume pr¸ta th fÔsh twn dianusm�twn v1, v2. 'Epeita

prosjètontac èna trÐto kat�llhlo di�nusma, èstw v3 ja kataskeu�soume mÐa

b�sh {v1, v2, v3}, gia ton q¸ro Tp(M
3
2 ).

Pr¸ta, apodeiknÔoume ìti < v1, v2 >= 0. Pr�gmati, efarmìzontac th mè-

jodo thc prohgoÔmenhc paragr�fou kai dedomènou ìti λ 6= λ3, eÔkola sumpe-

raÐnoume ìti:

< v1, v2 >= 0.

A. 'Estw ìti to v1 eÐnai qronoeidèc (time-like) di�nusma kai ta v2, v3 eÐnai

fwtoeid  (light-like) dianÔsmata. Tìte

< v1, v1 >= −1, < v2, v3 >= +1,

< v1, v2 >=< v1, v3 >=< v2, v2 >=< v3, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U = {v1, v2, v3}.
Wc ek toÔtou, o pÐnakac anapar�stashc G = (gij)U , ìpou gij = g(vi, vj), tou
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metrikoÔ tanust  eÐnai

[G]U =




−1 0 0

0 0 +1

0 +1 0


 (4.3.1)

'Estw S : Tp(M
3
2 ) → Tp(M

3
2 ), o telest c sq matoc thc M3

2 kai ìti h kanonik 

tou morf  wc proc thn yeudo-orjokanonik  b�sh U pou kataskeu�same eÐnai

o pÐnakac

[S]U = A =




λ11 λ12 λ13

λ21 λ22 λ23

λ31 λ32 λ33




K�nontac qr sh tou gegonìtoc ìti o S eÐnai ènac autosuzug c endomorfismìc,

mporoÔme na efarmìsoume th sqèsh (4.1.12) kai tìte èqoume

[A]t[G] = [G][A]

  isodÔnama



λ11 λ21 λ31

λ12 λ22 λ32

λ13 λ23 λ33







−1 0 0

0 0 +1

0 +1 0


 =




−1 0 0

0 0 +1

0 +1 0







λ11 λ12 λ13

λ21 λ22 λ23

λ31 λ32 λ33




 



−λ11 λ31 λ21

−λ12 λ32 λ22

−λ13 λ33 λ23


 =




−λ11 −λ12 −λ13

λ31 λ32 λ33

λ21 λ22 λ23




Apì thn isìthta aut  twn pin�kwn èqoume:

λ31 = −λ12, λ13 = −λ21, λ33 = λ22.
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Sunep¸c o pÐnakac A lamb�nei thn aploÔsterh morf 

[S]U = A =




λ11 λ12 −λ21

λ21 λ22 λ23

−λ12 λ32 λ22




Apì thn �llh meri� to qarakthristikì polu¸numo tou pÐnaka A eÐnai:

f(t) = t3 − tr(A)t2 + (A11 + A22 + A33)t− det(A)

ìpou

tr(A) = λ11 + 2λ22

A11 =

∣∣∣∣∣∣
λ22 λ23

λ32 λ22

∣∣∣∣∣∣
= λ2

22 − λ23λ32

A22 =

∣∣∣∣∣∣
λ11 −λ21

−λ12 λ22

∣∣∣∣∣∣
= λ11λ22 − λ12λ21

A33 =

∣∣∣∣∣∣
λ11 λ12

λ21 λ22

∣∣∣∣∣∣
= λ11λ22 − λ12λ21

det(A) = λ11λ
2
22 − λ11λ23λ32 − 2λ12λ21λ22 − λ2

12λ23 − λ2
21λ32.

Telik�, to qarakthristikì polu¸numo tou A lamb�nei th morf 

f(t) = t3 − (λ11 + 2λ22)t
2 + (2λ11λ22 − 2λ12λ21 − λ23λ32 + λ2

22)t
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−(λ11λ
2
22 − λ11λ23λ32 − 2λ12λ21λ22 − λ2

12λ23 − λ2
21λ32). (4.3.2)

Efìson ìmwc apì thn upìjesh o A èqei mÐa pragmatik  rÐza λ pollaplìthtac

dÔo kai mÐa apl  pragmatik  rÐza λ3, tì f(t) gr�fetai kai sth morf :

f(t) = (t− λ)2 (t− λ3)

  isodÔnama:

f(t) = t3 − (2λ + λ3)t
2 + (λ2 + 2λλ3)t− λ2λ3. (4.3.3)

SugkrÐnontac t¸ra ta polu¸numa (4.3.2) kai (4.3.3), dhmiourgoÔme tic akìlou-

jec exis¸seic

λ11 + 2λ22 = 2λ + λ3 (4.3.4)

λ2
22 + 2λ11λ22 − 2λ12λ21 − λ23λ32 = λ2 + 2λλ3 (4.3.5)

λ11λ
2
22 − λ11λ23λ32 − 2λ12λ21λ22 − λ2

12λ23 − λ2
21λ32 = λ2λ3. (4.3.6)

QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti o idiìqwroc Eλ

par�getai apì to idiodi�nusma v1 = (1, 0, 0) (to opoÐo pr�gmati eÐnai qro-

noeidèc di�nusma) kai o Eλ3 par�getai apì to idiodi�nusma v2 = (0, 1, 0), (to

opoÐo pr�gmati eÐnai fwtoeidèc di�nusma). Ja èqoume loipìn tic akìloujec

exis¸seic:

(A− λI3)v1 = 0 , (A− λ3I3)v2 = 0

isodÔnama



λ11 − λ λ12 −λ21

λ21 λ22 − λ λ23

−λ12 λ32 λ22 − λ







+1

0

0


 =




0

0

0



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kai 


λ11 − λ3 λ12 −λ21

λ21 λ22 − λ3 λ23

−λ12 λ32 λ22 − λ3







0

+1

0


 =




0

0

0




tìte λ11 = λ, λ22 = λ3, λ12 = λ21 = λ32 = 0.

K�nontac qr sh thc sqèshc (4.3.4), katal goume se antÐfash giatÐ brÐskoume

λ = λ3, en¸ èqoume upojèsei ìti λ 6= λ3. Epomènwc, h upìjesh ìti to v1 eÐnai

qronoeidèc di�nusma kai ta v2, v3 fwtoeid  den eustajeÐ.

B. 'Estw ìti ta v1, v3 eÐnai fwtoeid  (light-like) dianÔsmata kai to v2

eÐnai èna qronoeidèc (time-like) di�nusma. Tìte

< v2, v2 >= −1, < v1, v3 >= +1

< v1, v2 >=< v2, v3 >=< v1, v1 >=< v3, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U . Opìte, o

pÐnakac anapar�stashc tou metrikoÔ tanust  wc proc aut  th b�sh eÐnai

[G]U =




0 0 +1

0 −1 0

+1 0 0


 (4.3.7)

Qrhsimopoi¸ntac to gegonìc ìti o S eÐnai ènac autosuzug c endomorfismìc

kai k�nontac qr sh thc sqèshc (4.1.12) eÔkola sumperaÐnoume ìti



λ11 λ21 λ31

λ12 λ22 λ32

λ13 λ23 λ33







0 0 +1

0 −1 0

+1 0 0


 =




0 0 +1

0 −1 0

+1 0 0







λ11 λ12 λ13

λ21 λ22 λ23

λ31 λ32 λ33




 



λ31 −λ21 λ11

λ32 −λ22 λ12

λ33 −λ23 λ13


 =




λ31 λ32 λ33

−λ21 −λ22 −λ23

λ11 λ12 λ13



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kai telik� sumperaÐnoume ìti:

λ32 = −λ21, λ11 = λ33, λ23 = −λ12.

O pÐnakac A loipìn lamb�nei thn aploÔsterh morf 

[S]U = A =




λ11 λ12 λ13

λ21 λ22 −λ12

λ31 −λ21 λ11


 .

To qarakthristikì polu¸numo tou pÐnaka A eÐnai:

f(t) = t3 − tr(A)t2 + (A11 + A22 + A33)t− det(A)

ìpou

tr(A) = 2λ11 + λ22

A11 =

∣∣∣∣∣∣
λ22 −λ12

−λ21 λ11

∣∣∣∣∣∣
= λ11λ22 − λ12λ21

A22 =

∣∣∣∣∣∣
λ11 λ13

λ31 λ11

∣∣∣∣∣∣
= λ2

11 − λ13λ31

A33 =

∣∣∣∣∣∣
λ11 λ12

λ21 λ22

∣∣∣∣∣∣
= λ11λ22 − λ12λ21

det(A) = λ2
11λ22 − 2λ11λ12λ21 − λ22λ13λ31 − λ2

12λ31 − λ2
21λ13
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Telik�

f(t) = t3 − (2λ11 + λ22)t
2 + (λ2

11 + 2λ11λ22 − 2λ12λ21 − λ13λ31)t

−(λ22λ
2
11 − 2λ11λ12λ21 − λ22λ13λ31 − λ2

12λ31 − λ2
21λ13). (4.3.8)

Sundu�zontac ta polu¸numa (4.3.3) kai (4.3.8) apoktoÔme

2λ11 + λ22 = 2λ + λ3 (4.3.9)

λ2
11 + 2λ11λ22 − 2λ12λ21 − λ13λ31 = λ2 + 2λλ3 (4.3.10)

λ2
11λ22 − 2λ11λ12λ21 − λ22λ13λ31 − λ2

12λ31 − λ2
21λ13 = λ2λ3. (4.3.11)

Efìson o idiìqwroc Eλ par�getai apì to idiodi�nusma v1 = (1, 0, 0) kai o Eλ3

par�getai apì to idiodi�nusma v2 = (0, 1, 0) èqoume ta akìlouja sust mata

(A− λI3)v1 = 0 , (A− λ3I3)v2 = 0

isodÔnama



λ11 − λ λ12 λ13

λ21 λ22 − λ −λ12

λ31 −λ21 λ11 − λ







+1

0

0


 =




0

0

0




kai 


λ11 − λ3 λ12 λ13

λ21 λ22 − λ3 −λ12

λ31 −λ21 λ11 − λ3







0

+1

0


 =




0

0

0




Opìte brÐskoume λ11 = λ, λ22 = λ3 kai λ12 = λ21 = λ31 = 0.

Oi sqèseic (4.3.9), (4.3.10) kai (4.3.11) isqÔoun tautotik�. Wc ek toÔtou o

pÐnakac A paÐrnei th morf 

[S]U = A =




λ 0 λ13

0 λ3 0

0 0 λ


 (4.3.12)
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C. 'Estw ìti v1, v3 eÐnai qronoeid  (time-like) dianÔsmata kai v2 eÐnai

èna qwroeidèc (space-like) di�nusma. Tìte,

< v2, v2 >= +1, < v1, v1 >=< v3, v3 >= −1,

< v1, v2 >=< v2, v3 >=< v3, v1 >= 0.

'Etsi èqoume kataskeu�sei mÐa orjokanonik  b�sh E . Opìte o pÐnakac

anapar�stashc G tou metrikoÔ tanust  dÐnetai apì thn (4.2.5). Ergazìmaste

ìpwc kai stic peript¸seic A, B. Qrhsimopoi¸ntac to gegonìc ìti o S eÐ-

nai ènac autosuzug c endomorfismìc kai k�nontac qr sh thc sqèshc (4.1.12)

eÔkola sumperaÐnoume ìti



λ11 λ21 λ31

λ12 λ22 λ32

λ13 λ23 λ33







−1 0 0

0 +1 0

0 0 −1


 =




−1 0 0

0 +1 0

0 0 −1







λ11 λ12 λ13

λ21 λ22 λ23

λ31 λ32 λ33




 



−λ11 λ21 −λ31

−λ12 λ22 −λ32

−λ13 λ23 −λ33


 =




−λ11 −λ12 −λ13

λ21 λ22 λ23

−λ31 −λ32 −λ33




kai telik� sumperaÐnoume ìti:

λ21 = −λ12, λ31 = λ13, λ32 = −λ23

kai brÐskoume ìti o pÐnakac A paÐrnei th morf 

[S]E = A =




λ11 λ12 λ13

−λ12 λ22 λ23

λ13 −λ23 λ33


 .

To qarakthristikì polu¸numo tou pÐnaka A eÐnai:

f(t) = t3 − tr(A)t2 + (A11 + A22 + A33)t− det(A)
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ìpou

tr(A) = λ11 + λ22 + λ33

A11 =

∣∣∣∣∣∣
λ22 λ23

−λ23 λ33

∣∣∣∣∣∣
= λ22λ33 + λ2

23

A22 =

∣∣∣∣∣∣
λ11 λ13

λ13 λ33

∣∣∣∣∣∣
= λ11λ33 − λ2

13

A33 =

∣∣∣∣∣∣
λ11 λ12

−λ12 λ22

∣∣∣∣∣∣
= λ11λ22 + λ2

12

det(A) = λ11λ22λ33 + λ11λ
2
23 + λ2

12λ33 − λ2
13λ22 + 2λ12λ13λ23.

Telik�,

f(t) = t3− (λ11 + λ22 + λ33)t
2 + (λ11λ22 + λ11λ33 + λ22λ33 + λ2

12− λ2
13 + λ2

23)t

−(λ11λ22λ33 + λ11λ
2
23 + λ2

12λ33 − λ2
13λ22 + 2λ12λ13λ23). (4.3.13)

Sundu�zontac t¸ra ta polu¸numa (4.3.3) kai (4.3.13) apoktoÔme

λ11 + λ22 + λ33 = 2λ + λ3 (4.3.14)

λ11λ22 + λ11λ33 + λ22λ33 + λ2
12 − λ2

13 + λ2
23 = λ2 + 2λλ3 (4.3.15)

λ11λ22λ33 + λ11λ
2
23 + λ2

12λ33 − λ2
13λ22 + 2λ12λ13λ23 = λ2λ3. (4.3.16)

Efìson o idiìqwroc Eλ par�getai apì to idiodi�nusma v1 = (1, 0, 0) kai o idiì-

qwroc Eλ3 apì to idiodi�nusma v2 = (0, 1, 0), èqoume ta akìlouja sust mata

(A− λI3)v1 = 0 , (A− λ3I3)v2 = 0.
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isodÔnama




λ11 − λ λ12 λ13

−λ12 λ22 − λ λ23

λ13 −λ23 λ33 − λ







+1

0

0


 =




0

0

0




kai




λ11 − λ3 λ12 λ13

−λ12 λ22 − λ3 λ23

λ13 −λ23 λ33 − λ3







0

+1

0


 =




0

0

0




Opìte èqoume λ11 = λ, λ22 = λ3 kai λ12 = λ13 = λ23 = 0.

H sqèsh (4.3.14) dÐnei ìti λ33 = λ kai oi sqèseic (4.3.15) kai (4.3.16) isqÔoun

tautotik�. Telik�, o pÐnakac A paÐrnei th morf 

[S]E = A =




λ 0 0

0 λ3 0

0 0 λ


 (4.3.17)

O pÐnakac autìc eÐnai eidik  perÐptwsh tou pÐnaka (II) gi� µ = 0.

D. Sthn par�grafo aut  upojètoume ìti ta dianÔsmata v1, v3 tou Tp(M
3
2 )

eÐnai tètoia ¸ste Eλ = span{v1}, Eλ3 = span{v3}. Epib�letai na pros-

diorÐsoume th fÔsh twn dianusm�twn v1, v3. AfoÔ gÐnei autì, sth sunè-

qeia, prosjètontac èna trÐto kat�llhlo di�nusma, èstw to v2, mporoÔme na

kataskeu�soume mÐa b�sh {v1, v2, v3} gia ton q¸ro Tp(M
3
2 ). Pr¸ta, apodeiknÔ-
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oume ìti < v1, v3 >= 0. Pr�gmati efarmìzontac th sqèsh (4.1.11) èqoume ìti

< v1, S(v3) >=< S(v1), v3 >,  

< v1, λ3v3 >=< λv1, v3 >,  

λ3 < v1, v3 >= λ < v1, v3 >, �ra

(λ3 − λ) < v1, v3 >= 0 kai efìson λ3 6= λ, ja eÐnai

< v1, v3 >= 0.

'Estw loipìn ìti to v3 eÐnai èna qronoeidèc (time-like) di�nusma kai ta

v1, v2 eÐnai fwtoeid  (light-like) dianÔsmata. Tìte ja èqoume,

< v3, v3 >= −1, < v1, v2 >= +1,

< v1, v3 >=< v2, v3 >=< v1, v1 >=< v2, v2 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U = {v1, v2, v3}.
Opìte, o pÐnakac anapar�stashc G = (gij)U ìpou gij = g(vi, vj) tou metrikoÔ

tanust  eÐnai

[G]U =




0 +1 0

+1 0 0

0 0 −1


 (4.3.18)

Qrhsimopoi¸ntac to gegonìc ìti o S eÐnai autosuzug c endomorfismìc eÔkola

sumperaÐnoume ìti



λ11 λ21 λ31

λ12 λ22 λ32

λ13 λ23 λ33







0 +1 0

+1 0 0

0 0 −1


 =




0 +1 0

+1 0 0

0 0 −1







λ11 λ12 λ13

λ21 λ22 λ23

λ31 λ32 λ33




 



λ21 λ11 −λ31

λ22 λ12 −λ32

λ23 λ13 −λ33


 =




λ21 λ22 λ23

λ11 λ12 λ13

−λ31 −λ32 λ33



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kai telik� sumperaÐnoume ìti:

λ11 = λ22, λ23 = −λ31, λ32 = −λ13,

opìte o pÐnakac A lamb�nei th morf 

[S]U = A =




λ11 λ12 λ13

λ21 λ11 −λ31

λ31 −λ13 λ33


 .

Apì thn �llh meri� to qarakthristikì polu¸numo tou pÐnaka A eÐnai:

f(t) = t3 − tr(A)t2 + (A11 + A22 + A33)t− det(A)

ìpou

tr(A) = 2λ11 + λ33

A11 =

∣∣∣∣∣∣
λ11 −λ31

−λ13 λ33

∣∣∣∣∣∣
= λ11λ33 − λ13λ31

A22 =

∣∣∣∣∣∣
λ11 λ13

λ31 λ33

∣∣∣∣∣∣
= λ11λ33 − λ13λ31

A33 =

∣∣∣∣∣∣
λ11 λ12

λ21 λ11

∣∣∣∣∣∣
= λ2

11 − λ12λ21

det(A) = λ2
11λ33 − λ12λ

2
31 − λ21λ

2
13 − 2λ11λ13λ31 − λ12λ21λ33.
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Telik�

f(t) = t3 − (2λ11 + λ33)t
2 + (λ2

11 + 2λ11λ33 − 2λ13λ31 − λ12λ21)t

−(λ33λ
2
11 − 2λ11λ13λ31 − λ33λ12λ21 − λ2

13λ21 − λ2
31λ12). (4.3.19)

SugkrÐnontac t¸ra ta polu¸numa (4.3.3) kai (4.3.19) apoktoÔme

2λ11 + λ33 = 2λ + λ3 (4.3.20)

λ2
11 + 2λ11λ33 − 2λ13λ31 − λ12λ21 = λ2 + 2λλ3 (4.3.21)

λ2
11λ33 − 2λ11λ13λ31 − λ33λ12λ21 − λ2

13λ21 − λ2
31λ12 = λ2λ3. (4.3.22)

Efìson o idiìqwroc Eλ par�getai apì to idiodi�nusma v1 = (1, 0, 0) kai o Eλ3

par�getai apì to idiodi�nusma v3 = (0, 0, 1) èqoume to akìloujo sÔsthma

(A− λI3)v1 = 0 , (A− λ3I3)v3 = 0

isodÔnama



λ11 − λ λ12 λ13

λ21 λ11 − λ −λ31

λ31 −λ13 λ33 − λ







+1

0

0


 =




0

0

0




kai 


λ11 − λ3 λ12 λ13

λ21 λ11 − λ3 −λ31

λ31 −λ13 λ33 − λ3







0

0

+1


 =




0

0

0




Apì autì to sÔsthma brÐskoume ìti:

λ11 = λ, λ33 = λ3, kai λ21 = λ13 = λ31 = 0.

Oi sqèseic (4.3.20), (4.3.21) kai (4.3.22) isqÔoun tautotik�. Wc ek toÔtou o

pÐnakac A lamb�nei th morf 

[S]U = A =




λ λ12 0

0 λ 0

0 0 λ3


 (4.3.23)
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Parat rhsh: Upojètontac ìti ta dianÔsmata v1, v2, v3 èqoun thn Ðdia

fÔsh all� Eλ = span{v2} kai Eλ3 = span{v3} tìte eÔkola sumperaÐnoume ìti

o S lamb�nei th morf 

[S]U = A =




λ 0 0

λ21 λ 0

0 0 λ3


 (4.3.24)

wc proc thn Ðdia yeudo-orjokanonik  b�sh U = {v1, v2, v3} kai o antÐ-

stoiqoc pÐnakac gia ta eswterik� ginìmena <,>, dÐnetai apì th sqèsh (4.3.18)

UpoperÐptwsh 4.3.2: JewroÔme ìti dimEλ = 2 kai dimEλ3 = 1.

Se aut  thn perÐptwsh ja deÐxoume ìti o telest c sq matoc eÐnai p�nta di-

ag¸nioc.

Pr�gmati, èstw v1, v2, v3 dianÔsmata tou Tp(M
3
2 ) tètoia ¸ste

Eλ = span{v1, v3}, Eλ3 = span{v2}.

Tìte eÔkola sumperaÐnoume ìti < v1, v2 >= 0, < v3, v2 >= 0.

A. 'Estw ìti ta v1, v3 eÐnai qronoeid  (time-like) dianÔsmata kai to v2

eÐnai èna qwroeidèc (space-like) di�nusma. Se aut  th perÐptwsh

< v2, v2 >= +1, < v1, v1 >=< v3, v3 >= −1,

kai < v1, v2 >=< v1, v3 >=< v2, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa orjokanonik  b�sh E . Wc ek toÔtou o pÐ-

nakac anapar�stashc tou metrikoÔ tanust  dÐnetai apì th sqèsh (4.2.5)

QwrÐc bl�bh thc genikìthtac, mporoÔme na upojèsoume ìti o idiìqwroc Eλ

par�getai apì ta idiodianÔsmata v1 = (1, 0, 0), v3 = (0, 0, 1) kai Eλ3 apì to

v2 = (0, 1, 0) opìte èqoume to akìloujo sÔsthma,

(A− λI3)(k1v1 + k3v3) = 0, (A− λ3I3)v2 = 0, ìpou k1, k3 ∈ R.
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Apì autì to sÔsthma brÐskoume ìti: λ11 = λ33 = λ, λ22 = λ3 kai

λ12 = λ13 = λ23 = 0.

EpÐshc oi sqèseic (4.3.14), (4.3.15) kai (4.3.16) isqÔoun tautotik�. 'Epeita

apì aut� o pÐnakac A lamb�nei th morf  (4.3.17)

B. 'Estw ìti v1, v3 eÐnai fwtoeid  (light-like) dianÔsmata kai v2 eÐnai

èna qronoeidèc (time-like) di�nusma. Se aut  thn perÐptwsh

< v2, v2 >= −1, < v1, v3 >= +1

kai < v1, v2 >=< v2, v3 >=< v1, v1 >=< v3, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U . Opìte

o pÐnakac anapar�stashc tou metrikoÔ tanust  dÐnetai apì th sqèsh (4.3.7).

Efìson o idiìqwroc Eλ par�getai apì ta idiodianÔsmata v1 = (1, 0, 0), v3 =

(0, 0, 1) kai o Eλ3 apì to v2 = (0, 1, 0) èqoume to akìloujo sÔsthma.

(A− λI3)(k1v1 + k3v3) = 0, (A− λ3I3)v2 = 0, ìpou k1, k3 ∈ R.
An ergasjoÔme me ìmoio trìpo eÔkola sumperaÐnoume ìti o pÐnakac A

lamb�nei th morf  (4.3.17). 'Epeita apì aut� èqoume apodeÐxei thn akìloujh

prìtash.

Prìtash 4.2. An oi idiotimèc tou telest  sq matoc S thc uperepif�neiac

M3
2 tou yeudo-EukleÐdeiou q¸rou E4

2 eÐnai pragmatikèc kai mÐa ex' aut¸n eÐnai

pollaplìthtac dÔo, tìte oi kanonikèc morfèc tou S dÐnontai apì touc pÐnakec

(II) kai oi antÐstoiqoi gi� to eswterikì ginìmeno <,>, dÐnontai apì touc pÐnakec

(4.2.5), (4.3.7) kai (4.3.18) wc proc kat�llhlec b�seic.

4.4 PerÐptwsh III. Treic 'Isec Idiotimèc tou S

Upojètoume ìti o pÐnakac A èqei mÐa pragmatik  rÐza λ pollaplìthtac

trÐa. Tìte dimEλ = 1, dimEλ = 2   dimEλ = 3.
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UpoperÐptwsh 4.4.1: 'Estw dimEλ = 1. Tìte up�rqei èna di�nusma,

èstw v1 tètoio ¸ste Eλ = span{v1}. Prèpei na prosdiorÐsoume th fÔsh autoÔ

tou dianÔsmatoc v1 kai èpeita prosjètontac dÔo kat�llhla dianÔsmata v2, v3

ja kataskeu�soume mÐa b�sh {v1, v2, v3} gia ton q¸ro Tp(M
3
2 ).

A. 'Estw ìti ta v1, v3 eÐnai qronoeid  (time-like) dianÔsmata kai to v2

eÐnai èna qwroeidèc (space-like) di�nusma. Tìte

< v2, v2 >= +1, < v1, v1 >=< v3, v3 >= −1,

kai < v1, v2 >=< v1, v3 >=< v2, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa orjokanonik  b�sh E . Tìte o sumplhrw-

matikìc q¸roc tou v1 ston E3
2 èqei tÔpo (+,−) kai o pÐnakac anapar�stashc

tou metrikoÔ tanust  G = (gij)E , ìpou gij = g(vi, vj) dÐnetai apì thn (4.2.5)

'Estw S : Tp(M
3
2 ) → Tp(M

3
2 ), eÐnai o telest c sq matoc tou Tp(M

3
2 ).

Tìte, S(vi) = λivi : i = 1, 2, 3 ìpou, λi ∈ R kai efarmìzontac th sqèsh

(4.1.12), brÐskoume ìti o pÐnakac A paÐrnei th morf 

[S]E = A =




λ11 λ12 λ13

−λ12 λ22 λ23

λ13 −λ23 λ33




Se aut  thn perÐptwsh, efìson o pÐnakac A èqei mÐa pragmatik  rÐza λ pol-

laplìthtac trÐa, èqoume ìti

f(t) = (t− λ)3 = t3 − 3λt2 + 3λ2t− λ3. (4.4.1)

Sundu�zontac ta polu¸numa apì tic sqèseic (4.3.13) kai (4.4.1) èqoume tic

sqèseic

λ11 + λ22 + λ33 = 3λ (4.4.2)

λ11λ22 + λ11λ33 + λ22λ33 + λ2
12 − λ2

13 + λ2
23 = 3λ2 (4.4.3)

λ11λ22λ33 + λ11λ
2
23 + λ2

12λ33 − λ2
13λ22 + 2λ12λ13λ23 = λ3. (4.4.4)
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Efìson o idiìqwroc Eλ par�getai apì to idiodi�nusma v1 = (1, 0, 0) èqoume

ìti

(A− λI3)v1 = 0

kai qrhsimopoi¸ntac tic sqèseic (4.4.2), (4.4.3) kai (4.4.4) o pÐnakac ana-

par�stashc tou S lamb�nei telik� th morf 

[S]E = A =




λ 0 0

0 λ± λ23 λ23

0 −λ23 λ∓ λ23


 (4.4.5)

B. 'Estw v2, v3 eÐnai fwtoeid  (light-like) dianÔsmata kai v1 eÐnai èna

qronoeidèc (time-like) di�nusma. Tìte

< v1, v1 >= −1, < v2, v3 >= +1,

kai < v1, v2 >=< v1, v3 >=< v2, v2 >=< v3, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U . Se aut 

thn perÐptwsh o sumplhrwmatikìc q¸roc tou v1 ston E3
2 èqei epÐshc ton Ðdio,

ìpwc kai sthn perÐptwsh A, tÔpo (+,−) kai o pÐnakac anapar�stashc tou

metrikoÔ tanust  G = (gij)U , ìpou gij = g(vi, vj) dÐnetai apì th sqèsh (4.3.1)

Akolouj¸ntac ìmoia an�lush eÔkola lamb�noume gia ton pÐnaka A thn akìlou-

jh morf 

[S]U = A =




λ11 λ12 −λ21

λ21 λ22 λ23

−λ12 λ32 λ22




Sundu�zontac ta polu¸numa (4.3.2) kai (4.4.1) èqoume tic sqèseic

λ11 + 2λ22 = 3λ (4.4.6)

λ2
22 + 2λ11λ22 − 2λ12λ21 − λ23λ32 = 3λ2 (4.4.7)

λ11λ
2
22 − λ11λ23λ32 − 2λ12λ21λ22 − λ2

12λ23 − λ2
21λ32 = λ3. (4.4.8)



100 KEFALAIO 4. Telest c Sq matoc twn Uperepifanei¸n M3
2 tou E4

2

Efìson o idiìqwroc Eλ par�getai apì to idiodi�nusma v1 = (1, 0, 0) tìte

èqoume to sÔsthma

(A− λI3)v1 = 0

apì to opoÐo paÐrnoume

λ11 = λ, λ12 = λ21 = 0

kai qrhsimopoi¸ntac tic sqèseic (4.4.6), (4.4.7) kai (4.4.8) sumperaÐnoume ìti:

λ22 = λ, λ23λ32 = 0.

'Etsi diakrÐnoume tic akìloujec peript¸seic:

(i) : An λ23 = 0, λ32 6= 0, tìte

[S]U = A1 =




λ 0 0

0 λ 0

0 λ32 λ


 (4.4.9)

(ii) : An λ23 6= 0, λ32 = 0, tìte

[S]U = A2 =




λ 0 0

0 λ λ23

0 0 λ


 (4.4.10)

(iii) : An λ23 = λ32 = 0, tìte

[S]U = A3 =




λ 0 0

0 λ 0

0 0 λ


 (4.4.11)
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Parat rhsh: Oi peript¸seic A kai B anafèrontai ousiwd¸c ston upo-

q¸ro tou E3
2 , pou eÐnai tÔpou (+,−) kai eÐte gr�fetai apì èna qwroeidèc

(space-like) kai èna qronoeidèc (time-like) di�nusma, eÐte apì dÔo fwtoeid 

(light-like) dianÔsmata. Wc ek toÔtou oi peript¸seic A kai B kalÔptoun thn

Ðdia kat�stash, mìno pou anafèrontai se diaforetikèc b�seic. Sunep¸c o

pÐnakac (4.4.5) anaparist� ton Ðdio endomorfismì wc proc mÐa b�sh h opoÐa

den odhgeÐ ston plèon kat�llhlo pÐnaka anapar�stashc. Me �lla lìgia, o

pÐnakac (4.4.5) ekfr�zetai apì touc pÐnakec thc perÐptwshc B, ìpou h epilog 

thc b�shc eÐnai h plèon kat�llhlh.

C. 'Estw v1, v2 eÐnai fwtoeid  (light-like) dianÔsmata kai v3 eÐnai èna

qronoeidèc (time-like) di�nusma. Tìte

< v3, v3 >= −1, < v1, v2 >= +1,

kai < v1, v1 >=< v2, v2 >=< v1, v3 >=< v2, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U . Opìte o

pÐnakac anapar�stashc tou metrikoÔ tanust  G = (gij)U , dÐnetai apì th sqèsh

(4.3.18).

Me mÐa ìmoia an�lush, apodeiknÔoume ìti o pÐnakac anapar�stashc tou S,

lamb�nei telik� th morf 

[S]U = A =




λ λ12 λ13

0 λ 0

0 −λ13 λ


 (4.4.12)

UpoperÐptwsh 4.4.2: 'Estw dimEλ = 2. Sunep¸c up�rqoun dÔo

grammik¸c anex�rthta dianÔsmata, èstw v1, v2 tètoia ¸ste Eλ = span{v1, v2}.
Qrei�zetai na prosdiorÐsoume tic dunatèc peript¸seic wc proc th fÔsh aut¸n

twn dianusm�twn v1, v2 kai sth sunèqeia prosjètontac èna kat�llhlo di�nu-
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sma v3, ja kataskeu�soume mÐa b�sh {v1, v2, v3} gi� ton q¸ro Tp(M
3
2 ).

Akolouj¸ntac t¸ra ìmoia an�lush, ìpwc sthn prohgoÔmenh upoperÐptwsh,

mporoÔme na kataskeu�soume eÐte mÐa orjokanonik  b�sh E jewr¸ntac

ìti ta dianÔsmata v1, v3 eÐnai qronoeid  (time-like) kai to trÐto v2 eÐnai

qwroeidèc (space-like) eÐte mÐa yeudo-orjokanonik  b�sh U epilè-

gontac amfìtera ta dianÔsmata v1, v2 na eÐnai fwtoeid  (light-like) kai to

trÐto apì aut� to v3 na eÐnai qronoeidèc (time-like)   to v1 na eÐnai qro-

noeidèc (time-like) kai ta dianÔsmata v2, v3 fwtoeid  (light-like).

Tìte apodeiknÔoume ìti gia k�je mÐa apì autèc tic treic peript¸seic, o

pÐnakac G twn eswterik¸n ginomènwn dÐnetai, eÐte apì thn (4.2.5) eÐte apì thn

(4.3.18) eÐte apì thn (4.3.1) kai oi antÐstoiqoi pÐnakec gia ton S, dÐnontai apì

thn morf  tou pÐnaka (III).

UpoperÐptwsh 4.4.3: 'Estw dimEλ = 3. Efìson h idiotim  λ èqei

pollaplìthta trÐa, eÐnai gnwstì ìti k�je di�nusma v ∈ Tp(M
3
2 ), eÐnai èna

idiodi�nusma tou S me thn Ðdia idiotim . Wc ek toÔtou, o pÐnakac anapar�-

stashc tou telest  sq matoc S, wc proc mÐa orjokanonik ,   mÐa yeudo-

orjokanonik  b�sh dÐnetai apì ton (4.4.11). Sunep¸c èqoume apodeÐxei thn

akìloujh prìtash.

Prìtash 4.3 An o telest c sq matoc S thc uperepif�neiac M3
2 tou yeudo-

EukleÐdeiou q¸rou E4
2 èqei mÐa pragmatik  idiotim  pollaplìthtac trÐa, tìte

oi kanonikèc morfèc tou dÐnontai apì touc pÐnakec (III) kai oi antÐstoiqoi gia

to eswterikì ginìmeno <,>, apì touc pÐnakec (4.2.5), (4.3.1) kai (4.3.18), wc

proc kat�llhlec k�je for� b�seic.

4.5 PerÐptwsh IV. Migadikèc Idiotimèc tou S

Upojètoume ìti o pÐnakac A tou telest  sq matoc S èqei dÔo rÐzec mi-

gadikèc suzugeÐc λ1 = µ+ iν, λ2 = µ− iν, ν 6= 0, µ ∈ R kai mÐa pragmatik 
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rÐza λ = λ3. Tìte dimEλ3 = 1.

'Estw v3 eÐnai èna di�nusma to opoÐo par�gei ton Eλ3 , dhlad  Eλ3 =

span{v3}. 'Opwc kai prohgoumènwc, qrei�zetai na prosdiorÐsoume ton qara-

kt ra tou v3. 'Epeita prosjètoume dÔo kat�llhla dianÔsmata, èstw v1, v2

tètoia ¸ste aut� na mporoÔn na sugkrotoÔn mÐa b�sh {v1, v2, v3} gia ton

q¸ro Tp(M
3
2 ). DiakrÐnoume loipìn tic akìloujec peript¸seic:

A. 'Estw ìti v1, v3 eÐnai qronoeid  (time-like) dianÔsmata kai v2 eÐnai

èna qwroeidèc (space-like) di�nusma. S' aut  thn perÐptwsh

< v2, v2 >= +1, < v1, v1 >=< v3, v3 >= −1,

kai < v1, v2 >=< v1, v3 >=< v2, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa orjokanonik  b�sh E . Wc ek toÔtou, o

pÐnakac anapar�stashc tou metrikoÔ tanust  G = (gij)E , ìpou gij = g(vi, vj)

dÐnetai apì th sqèsh (4.2.5), dhlad 

[G]E =




−1 0 0

0 +1 0

0 0 −1




Efarmìzontac th sqèsh (4.1.12), brÐskoume ìti o pÐnakac A lamb�nei aploÔste-

rh morf 

[S]E = A =




λ11 λ12 λ13

−λ12 λ22 λ23

λ13 −λ23 λ33




Efìson o pÐnakac A, èqei mÐa pragmatik  rÐza λ3 kai dÔo rÐzec migadikèc

suzugeÐc λ1 = µ + iν, λ2 = µ− iν, ν 6= 0, µ ∈ R ja èqoume,

f(t) = t3 − (2µ + λ3)t
2 + (µ2 + ν2 + 2λ3µ)t− λ3(µ

2 + ν2). (4.5.1)
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Sundu�zontac ta polu¸numa (4.3.13) kai (4.5.1) èqoume ìti

λ11 + λ22 + λ33 = λ3 + 2µ (4.5.2)

λ11λ22 + λ11λ33 + λ22λ33 + λ2
12 − λ2

13 + λ2
23 = µ2 + ν2 + 2λ3µ (4.5.3)

λ11λ22λ33 + λ11λ
2
23 + λ2

12λ33 − λ2
13λ22 + 2λ12λ13λ23 = λ3(µ

2 + ν2). (4.5.4)

Efìson o idiìqwroc Eλ3 par�getai apì to idiodi�nusma v3 = (0, 0, 1), ja

èqoume

(A− λ3I3)v3 = 0.

Epomènwc, λ13 = λ23 = 0 kai λ33 = λ3. 'Etsi oi sqèseic (4.5.2), (4.5.3) kai

(4.5.4) dÐnoun ìti λ11 = λ22 = µ, λ12 = ν. Sunep¸c, o pÐnakac anapar�stashc

tou S paÐrnei th morf 

[S]E = A =




µ ν 0

−ν µ 0

0 0 λ3


 , ν 6= 0, µ ∈ R (4.5.5)

B. 'Estw ìti ta v1, v2 eÐnai fwtoeid  (light-like) dianÔsmata kai to v3

eÐnai èna qronoeidèc (time-like) di�nusma. S' aut  thn perÐptwsh

< v1, v2 >= +1, < v3, v3 >= −1,

kai < v1, v1 >=< v2, v2 >=< v1, v3 >=< v2, v3 > 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U . Epomènwc o

pÐnakac anapar�stashc tou metrikoÔ tanust  G = (gij)U , ìpou gij = g(vi, vj)

dÐnetai apì th sqèsh (4.3.18)

Efarmìzontac th sqèsh (4.1.12), brÐskoume ìti o pÐnakac A paÐrnei th morf 

[S]U = A =




λ11 λ12 λ13

λ21 λ11 −λ31

λ31 −λ13 λ33



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Sundu�zontac ta polu¸numa (4.3.19), kai (4.5.1) apoktoÔme ìti

2λ11 + λ33 = λ3 + 2µ (4.5.6)

λ2
11 + 2λ11λ33 − 2λ13λ31 − λ12λ21 = µ2 + ν2 + 2λ3µ (4.5.7)

λ2
11λ33 − 2λ11λ13λ31 − λ33λ12λ21 − λ2

13λ21 − λ2
31λ12 = λ3(µ

2 + ν2). (4.5.8)

Efìson o idiìqwroc Eλ3 par�getai apì to idiodi�nusma v3 = (0, 0, 1), ja

èqoume

(A− λ3I3)v3 = 0.

Epomènwc, λ13 = λ31 = 0 kai λ33 = λ3. Kat� sunèpeia apì tic sqèseic (4.5.6)

kai (4.5.7) èqoume ìti λ11 = µ, λ12 = ν kai λ21 = −ν, en¸ h sqèsh (4.5.8)

isqÔei tautotik�. Met� apì aut�, o pÐnakac anapar�stashc tou S lamb�nei

epÐshc th morf  (4.5.5)

Parat rhsh: An upojèsoume ìti to v1 eÐnai èna qronoeidèc (time-like)

di�nusma kai v2, v3 eÐnai fwtoeid  (light-like) dianÔsmata  , v1, v3 eÐnai fw-

toeid  (light-like) dianÔsmata kai v2 èna qronoeidèc (time-like) di�nusma  ,

v1, v2 eÐnai qronoeid  (time-like) dianÔsmata kai v3 èna qwroeidèc (space-like)

di�nusma, tìte, odhgoÔmeja se antÐfash giatÐ brÐskoume ν = 0, en¸ èqoume

upojèsei ìti ν 6= 0.

Pr�gmati, èqoume epiplèon tic akìloujec peript¸seic.

C. 'Estw v1 eÐnai èna qronoeidèc (time-like) di�nusma kai v2, v3 eÐnai

fwtoeid  (light-like) dianÔsmata. Tìte s' aut  thn perÐptwsh èqoume

< v1, v1 >= −1, < v2, v3 >= +1

kai < v1, v2 >=< v1, v3 >=< v2, v2 >=< v3, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U = {v1, v2, v3}.
Epomènwc, o pÐnakac anapar�stashc tou metrikoÔ tanust  G = (gij)U , ìpou

gij = g(vi, vj) dÐnetai apì th sqèsh (4.3.1).
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Wc sun jwc, efarmìzontac th sqèsh (4.1.12) o pÐnakac anapar�stashc A

paÐrnei th morf 

[S]U = A =




λ11 λ12 −λ21

λ21 λ22 λ23

−λ12 λ32 λ22




Sundu�zontac ta polu¸numa (4.3.2) kai (4.5.1) èqoume,

λ11 + 2λ22 = λ3 + 2µ, (4.5.9)

λ2
22 + 2λ11λ22 − 2λ12λ21 − λ23λ32 = µ2 + ν2 + 2λ3µ, (4.5.10)

λ11λ
2
22 − λ11λ23λ32 − 2λ12λ21λ22 − λ2

12λ23 − λ2
21λ32 = λ3(µ

2 + ν2). (4.5.11)

Efìson o idiìqwroc Eλ3 par�getai apì to idiodi�nusma v3 = (0, 0, 1), èqoume

(A− λ3I3)v3 = 0,

opìte

λ21 = λ23 = 0 kai λ22 = λ3.

H sqèsh (4.5.9) dÐnei

λ11 = 2µ− λ3. (4.5.12)

H (4.5.10) mèsw thc (4.5.12) gÐnetai

ν2 + (µ− λ3)
2 = 0.

Apì thn exÐswsh aut  ìmwc sumperaÐnetai �mesa ìti ν = 0, pr�gma to opoÐo

eÐnai �topo, afoÔ upojèsame ìti ν 6= 0.

D. 'Estw v1, v3 eÐnai fwtoeid  (light-like) dianÔsmata kai v2 èna qro-

noeidèc (time-like) di�nusma. Tìte

< v2, v2 >= −1, < v1, v3 >= +1
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kai < v1, v2 >=< v2, v3 >=< v1, v1 >=< v3, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa yeudo-orjokanonik  b�sh U . Epomè-

nwc o pÐnakac anapar�stashc tou metrikoÔ tanust  G = (gij)U , ìpou gij =

g(vi, vj) dÐnetai apì th sqèsh (4.3.7) kai o pÐnakac anapar�stashc A paÐrnei

th morf 

[S]U = A =




λ11 λ12 λ13

λ21 λ22 −λ12

λ31 −λ21 λ11




Sundu�zontac ta polu¸numa (4.3.8) kai (4.5.1) èqoume,

2λ11 + λ22 = λ3 + 2µ, (4.5.13)

λ2
11 + 2λ11λ22 − 2λ12λ21 − λ13λ31 = µ2 + ν2 + 2λ3µ, (4.5.14)

λ2
11λ22 − 2λ11λ12λ21 − λ22λ13λ31 − λ2

12λ31 − λ2
21λ13 = λ3(µ

2 + ν2).(4.5.15)

Efìson o idiìqwroc Eλ3 par�getai apì to idiodi�nusma v3 = (0, 0, 1), ja

èqoume

(A− λ3I3)v3 = 0,

opìte

λ12 = λ13 = 0 kai λ11 = λ3.

Apì th sqèsh (4.5.13) eÔkola èqoume

λ22 = 2µ− λ3. (4.5.16)

H (4.5.14) mèsw thc (4.5.16) dÐnei thn exÐswsh

ν2 + (µ− λ3)
2 = 0.

'Ara ν = 0, to opoÐo eÐnai �topo.
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E. 'Estw ìti v1, v2 eÐnai qronoeid  (time-like) dianÔsmata kai v3 eÐnai

èna qwroeidèc (space-like) di�nusma. Tìte,

< v3, v3 >= +1, < v1, v1 >=< v2, v2 >= −1

kai < v1, v2 >=< v1, v3 >=< v2, v3 >= 0.

'Etsi èqoume kataskeu�sei mÐa orjokanonik  b�sh E = {v1, v2, v3}. E-

pomènwc o pÐnakac anapar�stashc tou metrikoÔ tanust  G = (gij)E , ìpou

gij = g(vi, vj) dÐnetai apì th sqèsh,

[G]E =




−1 0 0

0 −1 0

0 0 +1


 (4.5.17)

'Opwc kai sta prohgoÔmena, k�noume qr sh thc sqèshc (4.1.12) kai telik� o

pÐnakac anapar�stashc tou S lamb�nei th morf 

[S]E = A =




λ11 λ12 λ13

λ12 λ22 λ23

−λ13 −λ23 λ33




Apì thn �llh meri� to qarakthristikì polu¸numo tou pÐnaka A eÐnai:

f(t) = t3− (λ11 + λ22 + λ33)t
2 + (λ11λ22 + λ11λ33 + λ22λ33− λ2

12 + λ2
13 + λ2

23)t

−(λ11λ22λ33 + λ11λ
2
23 − λ2

12λ33 + λ2
13λ22 − 2λ12λ13λ23). (4.5.18)

Apì ton sunduasmì twn poluwnÔmwn (4.5.1) kai (4.5.18) èqoume

λ11 + λ22 + λ33 = λ3 + 2µ, (4.5.19)

λ11λ22 + λ11λ33 + λ22λ33 − λ2
12 + λ2

13 + λ2
23 = µ2 + ν2 + 2λ3µ, (4.5.20)

λ11λ22λ33 + λ11λ
2
23 − λ2

12λ33 + λ2
13λ22 − 2λ12λ13λ23 = λ3(µ

2 + ν2). (4.5.21)

Efìson o idiìqwroc Eλ3 par�getai apì to idiodi�nusma v3 = (0, 0, 1), èqoume

thn akìloujh exÐswsh

(A− λ3I3)v3 = 0.
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Epomènwc

λ13 = λ23 = 0 kai λ33 = λ3.

Apì th sqèsh(4.5.19) èqoume eÔkola ìti

λ22 = 2µ− λ11. (4.5.22)

H (4.5.20) mèsw thc (4.5.22) dÐnei thn exÐswsh

ν2 + λ2
12 + (λ11 − µ)2 = 0,

apì thn opoÐa èqoume ν = 0, dhlad  katal goume kai p�li se �topo.

H parap�nw loipìn an�lush apoteleÐ thn apìdeixh thc akìloujhc prìtashc.

Prìtash 4.4 An o telest c sq matoc S, thc uperepif�neiac M3
2 tou

yeudo-EukleÐdeiou q¸rou E4
2 , èqei mÐa pragmatik  kai dÔo migadikèc suzugeÐc

idiotimèc, tìte h kanonik  morf  tou S dÐnetai apì ton pÐnaka (4.5.5) kai oi

antÐstoiqoi gia to eswterikì ginìmeno <,> apì touc pÐnakec (4.2.5),   (4.3.18)

wc proc kat�llhlec b�seic.

Sundu�zontac t¸ra tic Prot�seic (4.1), (4.2), (4.3) kai (4.4) èqoume thn

apìdeixh tou Jewr matoc 4.1
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Kef�laio 5

Melèth twn Uperepifanei¸n M3
2 tou

Q¸rou E4
2 me th bo jeia tou

Telest  Sq matoc aut¸n.

5.1 Diarmonikèc Uperepif�neiec

'Estw M3
2 mÐa diarmonik  uperepif�neia tou yeudo-EukleÐdeiou q¸rou E4

2 .

Tìte isqÔoun oi akìloujec sunj kec (4.1.8) kai (4.1.9) tou KefalaÐou 4,

dhlad  oi

S(∇H) = −ε
3H

2
(∇H)

∆H + εHtrS2 = 0.

Sto kef�laio autì apodeiknÔoume to akìloujo je¸rhma.

Je¸rhma 5.1. K�je mh ekfulismènh diarmonik  uperepif�neia M3
2 , tou 4-

di�statou yeudo-EukleÐdeiou q¸rou E4
2 , o telest c sq matoc thc opoÐac eÐnai

mh diagwnopoi simoc, eÐnai elaqistik  (minimal).

H apìdeixh tou jewr matoc autoÔ exart�tai se meg�lo bajmì apì thn morf 

tou telest  sq matoc thc uperepif�neiac, sÔmfwna me ìsa anafèrontai sto

111
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Je¸rhma 4.1. 'Etsi loipìn exet�zoume qwrist� to je¸rhma gia k�je mia apì

tic peript¸seic (II), (III) kai (IV), tou telest  sq matoc, pou anafèrontai

sto Je¸rhma 4.1. DiakrÐnoume tic akìloujec peript¸seic.

5.2 I. O Telest c Sq matoc S èqei thn Kanonik 

morf  (II)

Ac upojèsoume ìti h mèsh kampulìthta H thc uperepif�neiac M3
2 eÐnai sta-

jer�. Tìte h exÐswsh (4.1.9) sunep�gei ìti

HtrS2 = 0,

dedomènou ìti ε = g(ξ, ξ) = +1. An h H eÐnai mhdèn, tìte to apotèlesma

èpetai �mesa, dhlad  h M3
2 eÐnai elaqistik . An ìmwc h H den eÐnai mhdèn

tìte, ja eÐnai trS2 = 0. 'Omwc, eÔkola èqoume ìti trS2 = 2λ2 + ν2. Kat�

sunèpeia ja eÐnai λ = ν = 0. All� trS = 2λ + ν, opìte trS = 0. EÐnai

gnwstì ìmwc ìti H = 1
εm

trS, ìpou en prokeimènw eÐnai ε = +1 kai m = 3.

'Ara H = 0 kai epomènwc kai s' aut  thn perÐptwsh h M3
2 eÐnai elaqistik 

(minimal).

An h H den eÐnai stajer�, tìte h ∇H eÐnai di�forh apì to mhdèn kai apì thn

exÐswsh (4.1.8) sunep�getai ìti h ∇H eÐnai èna idiodi�nusma tou telest  S.

'Omwc, ìpwc faÐnetai apì ton pÐnaka [G] pou antistoiqeÐ sthn kanonik  morf 

(II) ta idiodianÔsmata tou S eÐnai eÐte qronoeid  (time-like) eÐte fwtoei-

d  (light-like). Kat� sunèpeia, to ∇H prèpei na eÐnai eÐte wc prìc thn

dieÔjunsh tou u3, eÐte wc proc thn dieÔjunsh tou u2. Exet�zoume autèc tic

dÔo peript¸seic xeqwrist� stic Prot�seic 5.1 kai 5.2 antÐstoiqa.

Prìtash 5.1 'Estw [M3
2 , (−, +,−)] mia diarmonik  uperepif�neia thc yeudo-

EukleÐdeiac pollaplìthtac E4
2 , o telest c sq matoc thc opoÐac wc proc mÐa
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yeudo-orjokanonik  b�sh eÐnai

[S]B =




λ µ 0

0 λ 0

0 0 ν


 ,

dhlad  tÔpou (II). Upojètoume ìti to ∇H eÐnai èna qronoeidèc (time-like)

di�nusma. Tìte, h uperepif�neia M3
2 eÐnai elaqistik  (minimal), dhlad  èqei

mhdenik  mèsh kampulìthta, H = 0.

Apìdeixh. Upojètoume ìti H 6= 0 kai ìqi stajer�. Wc ek toÔtou,∇H 6= −→
0 .

Ja deÐxoume ìti, aut  h upìjesh odhgeÐ se antÐfash. Kaj¸c o telest c

sq matoc èqei thn kanonik  morf  (II), wc proc mia yeudo-orjokanonik  b�sh

B = {u1, u2, u3} tou efaptìmenou q¸rou Tp(M
3
2 ), ja èqoume,

S(u1) = λu1 + µu2, S(u2) = λu2, S(u3) = νu3.

Apì thn exÐswsh (4.1.8), ìpwc parathr same kai prohgoumènwc, sumperaÐ-

noume ìti, to ∇H eÐnai èna idiodi�nusma tou S antÐstoiqo proc thn idiotim 

−3H
2
, dedomènou ìti, ìpwc anafèrjhke epÐshc, prohgoumènwc ε = +1.

Efìson ìmwc apì thn upìjesh to ∇H eÐnai èna qronoeidèc idiodi�nusma, an

l�boume upìyh mac ton pÐnaka [G] thc metrik c pou antistoiqeÐ sth morf 

(II), tìte mporoÔme na to epilèxoume na èqei th dieÔjunsh tou u3, opìte tìte

eÔkola sumperaÐnoume ìti ja eÐnai ν = −3H
2
.

Apì thn �llh pleur� ìmwc, efìson h b�sh eÐnai yeudo-orjokanonik  ja è-

qoume ∇H = αu1 + βu2 + γu3, ìpou,

< ∇H, u1 >=< αu1 + βu2 + γu3, u1 >= β = u1(H),

< ∇H, u2 >=< αu1 + βu2 + γu3, u2 >= α = u2(H),

< ∇H, u3 >=< αu1 + βu2 + γu3, u3 >= −γ = u3(H),
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�ra ∇H = u2(H)u1 + u1(H)u2 − u3(H)u3. Wc ek toÔtou, kai dedomènou ìti

∇H èqei thn dieÔjunsh tou u3, ja eÐnai: u1(H) = u2(H) = 0 kai u3(H) 6= 0.

GnwrÐzoume ìmwc ìti

∇ui
uj =

3∑

k=1

ωk
ijuk ; i, j, k = 1, 2, 3. (5.1.1)

BHMA 1: S' autì to b ma ja prospaj soume na upologÐsoume tic morfèc

ωk
ij, ètsi ¸ste na aplopoihjoÔn, ìso gÐnetai, oi ekfr�seic twn ∇ui

uj.

Apì th sqèsh trS = 3H = 2λ+ν, lambanomènou upìyh ìti ν = −3H
2
, èqoume

λ = 9H
4
. Kat� sunèpeia eÔkola èqoume ìti trS2 =

99H2

8
. 'Omwc, dedomènou

ìti ta eswterik� ginìmena < ui, uj > eÐnai stajer�, gia i, j = 1, 2, 3 ja èqoume:

∇up < u1, u1 >= ∇up < u2, u2 >= ∇up < u3, u3 >= 0, p=1, 2, 3. (5.1.2)

Apì thn exÐswsh ∇up < u1, u1 >= 0 lambanomènhc upìyh thc (5.1.1) èqoume

diadoqik�

< ∇upu1, u1 > + < u1,∇upu1 >= 0,

  isodÔnama

< ω2
p1u2, u1 > + < u1, ω

2
p1u2 >= 0,

  isodÔnama 2ω2
p1 < u1, u2 >= 0, kai �ra ω2

p1 = 0, gia k�je p=1, 2, 3. EpÐshc,

apì thn exÐswsh ∇up < u2, u2 >= 0, eÔkola èqoume ìti ω1
p2 = 0, p=1, 2, 3,

kai tèloc apì thn ∇up < u3, u3 >= 0, èqoume ω3
p3 = 0, gia k�je p=1, 2, 3.

Telik� sugkentr¸nontac ta parap�nw apotelèsmata èqoume

ω2
p1 = ω1

p2 = ω3
p3 = 0, p=1, 2, 3

  isodÔnama

ω2
11 = ω2

21 = ω2
31 = ω1

12 = ω1
22 = ω1

32 = ω3
13 = ω3

23 = ω3
33 = 0. (5.1.3)
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Entel¸c an�loga qrhsimopoi¸ntac tic sqèseic

∇up < u1, u2 >= ∇up < u1, u3 >= ∇up < u2, u3 >= 0 (5.1.4)

èqoume, antÐstoiqa

ω1
p1 = −ω2

p2, p=1, 2, 3. (5.1.5)

EpÐshc

ω3
p1 = ω2

p3, p=1, 2, 3 (5.1.6)

kai

ω3
p2 = ω1

p3, p=1, 2, 3. (5.1.7)

Apì thn �llh meri� efarmìzontac thn exÐswsh Codazzi gia uperepif�neiec

èqoume

< (∇u1S)u2, u1 >=< (∇u2S)u1, u1 >

To pr¸to mèloc aut c thc exÐswshc, lambanomènwn upìyh twn idiot twn twn

sunalloi¸twn parag¸gwn, thc sqèshc (5.1.1) kai twn idiot twn thc yeudo-

orjokanonik c b�shc, gÐnetai diadoqik�

< (∇u1S)u2, u1 > = < ∇u1(Su2)− S(∇u1u2), u1 >

= < ∇u1(Su2), u1 > − < S(∇u1u2), u1 >

= < ∇u1(λu2), u1 > − < S(ω1
12u1 + ω2

12u2 + ω3
12u3), u1 >

= < λ∇u1u2 + u1(λ)u2, u1 >

− < S(ω2
12u2), u1 > − < S(ω3

12u3), u1 >

= λ < ∇u1u2, u1 > +u1(λ) < u2, u1 >

−ω2
12 < Su2, u1 > −ω3

12 < Su3, u1 >

= λ < ω2
12u2, u1 > −ω2

12 < λu2, u1 > −ω3
12 < νu3, u1 >

= λω2
12 − λω2

12 = 0.



116 KEFALAIO 5. Melèth twn Uperepifanei¸n M3
2 tou Q¸rou E4

2

'Ara

< (∇u1S)u2, u1 >= 0.

Entel¸c an�loga to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇u2S)u1, u1 > = < ∇u2(Su1)− S(∇u2u1), u1 >

= < ∇u2(Su1), u1 > − < S(∇u2u1), u1 >

= < ∇u2(λu1 + µu2), u1 >

− < S(ω1
21u1 + ω2

21u2 + ω3
21u3), u1 >

= < ∇u2λu1, u1 > + < ∇u2µu2, u1 >

− < S(ω1
21u1), u1 > − < S(ω3

21u3), u1 >

= < λ∇u2u1 + u2(λ)u1, u1 >

+ < µ∇u2u2 + u2(µ)u2, u1 > −ω1
21 < Su1, u1 >

−ω3
21 < Su3, u1 >

= λ < ∇u2u1, u1 > +u2(λ) < u1, u1 >

+µ < ∇u2u2, u1 > +u2(µ) < u2, u1 >

−ω1
21 < λu1 + µu2, u1 > −ω3

21 < νu3, u1 >

= λ < ω2
21u2, u1 > +µ < ω2

22u2, u1 >

−λω1
21 < u1, u1 > −µω1

21 < u2, u1 >

−νω3
21 < u3, u1 >

= λω2
21 + µω2

22 − µω1
21

= µ(ω2
22 − ω1

21).

Kat� sunèpeia ja èqoume

µ(ω2
22 − ω1

21) = 0. (5.1.8)

Efarmìzontac t¸ra thn exÐswsh tou Codazzi sth morf 

< (∇u1S)u3, u2 >=< (∇u3S)u1, u2 >,
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me an�logo logismì gia to pr¸to mèloc èqoume

< (∇u1S)u3, u2 > = < ∇u1(Su3)− S(∇u1u3), u2 >

= < ∇u1(νu3), u2 > − < S(∇u1u3), u2 >

= < ν∇u1u3 + u1(ν)u3, u2 > − < S(ω1
13u1 + ω2

13u2 + ω3
13u3), u2 >

= ν < ∇u1u3, u2 > +u1(ν) < u3, u2 > − < S(ω1
13u1), u2 >

− < S(ω2
13u2), u2 >

= ν < ω1
13u1, u2 > −ω1

13 < Su1, u2 > −ω2
13 < Su2, u2 >

= νω1
13 < u1, u2 > −ω1

13 < λu1 + µu2, u2 > −ω2
13 < λu2, u2 >

= νω1
13 < u1, u2 > −λω1

13 < u1, u2 > −µω1
13 < u2, u2 >

−λω2
13 < u2, u2 >

= νω1
13 − λω1

13 = (ν − λ)ω1
13.

AntÐstoiqa gia to deÔtero mèloc èqoume

< (∇u3S)u1, u2 > = < ∇u3(Su1)− S(∇u3u1), u2 >

= < ∇u3(Su1), u2 > − < S(∇u3u1), u2 >

= < ∇u3(λu1 + µu2), u2 > − < S(ω1
31u1 + ω2

31u2 + ω3
31u3), u2 >

= < ∇u3(λu1), u2 > + < ∇u3(µu2), u2 > − < S(ω1
31u1), u2 >

− < S(ω3
31u3), u2 >

= < λ∇u3u1 + u3(λ)u1, u2 > + < µ∇u3u2 + u3(µ)u2, u2 >

−ω1
31 < Su1, u2 > −ω3

31 < Su3, u2 >

= λ < ∇u3u1, u2 > +u3(λ) < u1, u2 > +µ < ∇u3u2, u2 >

+u3(µ) < u2, u2 > −ω1
31 < λu1 + µu2, u2 > −ω3

31 < νu3, u2 >

= λ < ω1
31u1, u2 > +u3(λ) + µ < ω1

32u1, u2 > −λω1
31

= u3(λ).
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Opìte

u3(λ) = (ν − λ)ω1
13. (5.1.9)

An�loga, jewroÔme thn exÐswsh tou Codazzi sthn akìloujh morf ,

< (∇u2S)u3, u1 >=< (∇u3S)u2, u1 >, opìte

< (∇u2S)u3, u1 > = < ∇u2(Su3)− S(∇u2u3), u1 >

= (ν − λ)ω2
23 − µω1

23,

en¸ to deÔtero mèloc aut c gÐnetai

< (∇u3S)u2, u1 > = < ∇u3(Su2)− S(∇u3u2), u1 >

= u3(λ),

kai kat� sunèpeia

u3(λ) = (ν − λ)ω2
23 − µω1

23. (5.1.10)

Tèloc, jewroÔme thn exÐswsh tou Codazzi sth morf 

< (∇u2S)u3, u2 >=< (∇u3S)u2, u2 >,

opìte

< (∇u2S)u3, u2 > = < ∇u2(Su3)− S(∇u2u3), u2 >

= < ∇u2(Su3), u2 > − < S(∇u2u3), u2 >

= < ∇u2(νu3), u2 > − < S(ω1
23u1 + ω2

23u2 + ω3
23u3), u2 >

= < ν∇u2u3 + u2(ν)u3, u2 > − < S(ω1
23u1), u2 >

− < S(ω2
23u2), u2 >

= ν < ∇u2u3, u2 > +u2(ν) < u3, u2 > −ω1
23 < Su1, u2 >

−ω2
23 < Su2, u2 >

= ν < ω1
23u1, u2 > −ω1

23 < λu1 + µu2, u2 >

−ω2
23 < λu2, u2 >

= νω1
23 − λω1

23 = (ν − λ)ω1
23.
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Gia to deÔtero mèloc èqoume

< (∇u3S)u2, u2 > = < ∇u3(Su2)− S(∇u3u2), u2 >

= < ∇u3(Su2), u2 > − < S(∇u3u2), u2 >

= < ∇u3(λu2), u2 > − < S(ω1
32u1 + ω2

32u2 + ω3
32u3), u2 >

= < λ∇u3u2 + u3(λ)u2, u2 > − < S(ω2
32u2), u2 >

− < S(ω3
32u3), u2 >

= λ < ∇u3u2, u2 > +u3(λ) < u2, u2 > − < S(ω2
32u2), u2 >

− < S(ω3
32u3), u2 >

= λ < ∇u3u2, u2 > +u3(λ) < u2, u2 > −ω2
32 < Su2, u2 >

−ω3
32 < Su3, u2 >

= λ < ω1
32u1, u2 > −ω2

32 < λu2, u2 > −ω3
32 < νu3, u2 >

= λω1
32 < u1, u2 > −λω2

32 < u2, u2 >

−νω3
32 < u3, u2 >= 0.

Exis¸nontac ta dÔo mèlh èqoume

(ν − λ)ω1
23 = 0. (5.1.11)

DiakrÐnoume tic akìloujec peript¸seic:

(1) An µ 6= 0, kai dedomènou ìti ν = −3H
2
6= 9H

4
= λ apì thn exÐswsh

(5.1.8) èqoume ω2
22 = ω1

21. Epiplèon h exÐswsh (5.1.5) gi� p=2 dÐnei ω2
22 =

−ω1
21. Sunep¸c,

ω2
22 = ω1

21 = 0. (5.1.12)

EpÐshc, apì thn exÐswsh (5.1.11) sumperaÐnoume ìti

ω1
23 = 0. (5.1.13)

Sundu�zontac t¸ra tic exis¸seic (5.1.9) kai (5.1.10) eÔkola èqoume ìti

ω2
23 = ω1

13 6= 0. (5.1.14)
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EpÐshc apì tic exis¸seic (5.1.7) kai (5.1.13) èqoume

ω3
22 = 0. (5.1.15)

Epomènwc, oi exis¸seic (5.1.9) kai (5.1.10) gÐnontai

u3(λ) = (ν − λ)ω1
13 = (ν − λ)ω2

23. (5.1.16)

Parat rhsh: Oi morfèc ω1
13, ω2

23 thc sqèshc (5.1.14) eÐnai di�forec tou

mhdenìc, giatÐ an upotejeÐ ìti ω1
13 = ω2

23 = 0, tìte fj�noume se antÐfash.

Pr�gmati, apì th sqèsh trS = 3H, mèsw thc (5.1.16) odhgoÔmaste sth

sqèsh u3(λ) = 0, isodÔnama u3(
9H
4

) = 0, dhlad  u3(H) = 0, pr�gma to opoÐo

eÐnai �topo, afoÔ apì thn upìjes  mac u3(H) 6= 0.

Efarmìzontac kai p�li thn exÐswsh Codazzi stic akìloujec dÔo morfèc

< (∇u2S)u3, u3 >=< (∇u3S)u2, u3 >,

< (∇u1S)u3, u3 >=< (∇u3S)u1, u3 >,

brÐskoume ìti,

ω3
32 = ω3

31 = 0. (5.1.17)

An epiplèon l�boume upìyh tic prohgoÔmenec sunj kec (5.1.6), (5.1.7), (5.1.13)

kai (5.1.17) brÐskoume epÐshc

ω1
33 = ω2

33 = ω3
22 = 0. (5.1.18)

Tèloc apì thn exÐswsh

< (∇u1S)u2, u3 >=< (∇u2S)u1, u3 >

brÐskoume,

ω3
12 = ω3

21. (5.1.19)
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Apì thn parap�nw an�lush loipìn, odhgoÔmaste sto sumpèrasma ìti, oi

sunalloÐwtoi par�gwgoi∇ui
uj; i, j, k = 1, 2, 3 aplopoioÔntai stic akìloujec

morfèc:

∇u1u1 = ω1
11u1 + ω3

11u3, ∇u1u2 = ω2
12u2 + ω3

12u3, ∇u1u3 = ω1
13u1 + ω2

13u2

∇u2u1 = ω3
21u3, ∇u2u2 = 0, ∇u2u3 = ω2

23u2 (5.1.20)

∇u3u1 = ω1
31u1, ∇u3u2 = ω2

32u2, ∇u3u3 = 0.

BHMA 2: Stìqoc tou b matoc autoÔ, eÐnai o upologismìc thc parag ģou

u3(H). Pr¸ta, brÐskoume thn èkfrash tou S wc proc mia orjokanonik  b�sh

kai sth sunèqeia efarmìzoume thn exÐswsh (4.1.9), sthn opoÐa to 4H eÐnai

ekpefrasmèno me th bo jeia orjokanonik c b�shc.

Kat� èna fusikì trìpo, mporeÐ eÔkola na kataskeuasjeÐ mia orjokanonik 

b�sh E = {e1, e2, e3}, apì thn yeudo-orjokanonik  b�sh B = {u1, u2, u3},
pou  dh èqoume jewr sei. Pr�gmati, ta dianÔsmata ta opoÐa dÐnontai apì tic

sqèseic

e1 =
u1 − u2√

2
, e2 =

u1 + u2√
2

, e3 = u3 (5.1.21)

eÔkola apodeiknÔetai ìti, sunistoÔn mÐa orjokanonik  b�sh tou Tp(M
3
2 ). Ikano-

poioÔn dhlad  tic akìloujec sunj kec:

< e1, e1 >=< e3, e3 >= −1, < e2, e2 >= +1,

< e1, e2 >=< e1, e3 >=< e2, e3 >= 0. (5.1.22)

Ta dianÔsmata dhlad  e1, e3 eÐnai qronoeid  (time-like) dianÔsmata, en¸ to e2

eÐnai qwroeidèc (space-like) di�nusma. Apì (5.1.21) eÔkola èqoume

u1 =
2(e1 + e2)√

2
, u2 =

2(−e1 + e2)√
2

, u3 = e3. (5.1.23)

All� lìgw thc morf c tou S, ìpwc èqoume anafèrei kai sthn arq  thc

apìdeixhc

S(u1) = λu1 + µu2.
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H sqèsh aut  lìgw twn sqèsewn (5.1.23) gÐnetai

S[
2(e1 + e2)√

2
] = λ

2(e1 + e2)√
2

+ µ
2(−e1 + e2)√

2
,

  isodÔnama

S(e1) + S(e2) = (λ− µ)e1 + (λ + µ)e2. (5.1.24)

'Omwc,

S(u2) = λu2,

�ra

−S(e1) + S(e2) = −λe1 + λe2. (5.1.25)

Tèloc apì th sqèsh

S(u3) = νu3,

èqoume

S(e3) = −3H

2
e3. (5.1.26)

Apì to sÔsthma t¸ra twn exis¸sewn (5.1.24), (5.1.25) kai (5.1.26) eÔkola

èqoume,

S(e1) = (λ− µ

2
)e1 +

µ

2
e2 + 0e3

S(e2) = −µ

2
e1 + (λ +

µ

2
)e2 + 0e3, (5.1.27)

S(e3) = 0e1 + 0e2 − 3H

2
e3. (5.1.28)

Epomènwc, h par�stash tou telest  sq matoc S, wc proc thn orjokanonik 

b�sh E ja eÐnai:

[S]E =




λ− µ
2

µ
2

0

−µ
2

λ + µ
2

0

0 0 −3H
2



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Shmei¸noume ìti to ∇H èqei thn dieÔjunsh tou e3 kai ìti ν = −3H
2
. H sqèsh

(5.1.1) mèsw twn sqèsewn (5.1.23) metasqhmatÐzetai sthn

∇H =
(−e1 + e2)√

2
(H)

(e1 + e2)√
2

+
(e1 + e2)√

2
(H)

(−e1 + e2)√
2

− e3(H)e3

= −e1(H)e1 + e2(H)e2 − e3(H)e3

telik�,

∇H = −e1(H)e1 + e2(H)e2 − e3(H)e3. (5.1.29)

Dedomènou ìmwc ìti to ∇H èqei thn dieÔjunsh tou e3, �mesa sun�getai ìti,

e1(H) = e2(H) = 0 kai e3(H) 6= 0.

Qrhsimopoi¸ntac ton telest  Laplace (4.1.10) ìpou < ei, ei >= εi = ±1, h

exÐswsh

4H + HtrS2 = 0 (4.1.9)

metasqhmatÐzetai sthn exÐswsh,

−ε1[e1e1(H)−∇e1e1(H)]−ε2[e2e2(H)−∇e2e2(H)]−ε3[e3e3(H)−∇e3e3(H)]+

+HtrS2 = 0.

'Wmwc ε1 = −1, ε2 = +1, ε3 = −1 kai epomènwc h parap�nw sqèsh,

an lhfjeÐ upìyh h tim  tou trS2 apì th sqèsh

trS2 =
99

8
H2. (5.1.30)

gÐnetai

∇e1e1(H)−∇e2e2(H)− e3e3(H)− 99H3

8
= 0. (5.1.31)

Sth sunèqeia, ja upologÐsoume tic posìthtec ∇e1e1(H) kai ∇e2e2(H).
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Me th bo jeia twn (5.1.20) kai (5.1.21) èqoume diadoqik�,

∇e1e1 = ∇ (u1−u2)√
2

(
u1 − u2√

2
)

=
1√
2
∇u1(

u1 − u2√
2

)− 1√
2
∇u2(

u1 − u2√
2

)

=
1√
2
[∇u1(

u1√
2
)−∇u1(

u2√
2
)]− 1√

2
[∇u2(

u1√
2
)−∇u2(

u2√
2
)]

=
1√
2
[

1√
2
∇u1u1 − 1√

2
∇u1u2]− 1√

2
[

1√
2
∇u2u1 − 1√

2
∇u2u2]

=
1

2
(∇u1u1 −∇u1u2 −∇u2u1 +∇u2u2)

=
1

2
(ω1

11u1 + ω3
11u3 − ω2

12u2 − ω3
12u3 − ω3

21u3),

�ra

∇e1e1(H) =
1

2
(ω3

11 − ω3
12 − ω3

21)u3(H)

kai an lhfjeÐ upìyh (5.1.19) èqoume

∇e1e1(H) =
1

2
(ω3

11 − 2ω3
12)u3(H). (5.1.32)

'Omoia ergazìmenoi èqoume

∇e2e2 = ∇ (u1+u2)√
2

(
u1 + u2√

2
)

=
1√
2
∇u1(

u1 + u2√
2

) +
1√
2
∇u2(

u1 + u2√
2

)

=
1√
2
[∇u1(

u1√
2
) +∇u1(

u2√
2
)] +

1√
2
[∇u2(

u1√
2
) +∇u2(

u2√
2
)]

=
1√
2
[

1√
2
∇u1u1 +

1√
2
∇u1u2] +

1√
2
[

1√
2
∇u2u1 +

1√
2
∇u2u2]

=
1

2
(∇u1u1 +∇u1u2 +∇u2u1 +∇u2u2)

=
1

2
(ω1

11u1 + ω3
11u3 + ω2

12u2 + ω3
12u3 + ω3

21u3),

�ra

∇e2e2(H) =
1

2
(ω3

11 + ω3
12 + ω3

21)u3(H),
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kai an lhfjeÐ upìyh h (5.1.19) èqoume

∇e2e2(H) =
1

2
(ω3

11 + 2ω3
12)u3(H). (5.1.33)

H sqèsh (5.1.31) mèsw twn sqèsewn, (5.1.32) kai (5.1.33) gÐnetai

u3u3(H) + 2ω3
12u3(H) +

99H3

8
= 0. (5.1.34)

Sth sunèqeia ja upologÐsoume thn èkfrash u3(H). H sqèsh,

u3(λ) = (ν − λ)ω1
13 (5.1.16)

an l�boume upìyh mac ìti λ = 9H
4
, ν = −3H

2
kai th sqèsh (5.1.7) gÐnetai

9

4
u3(H) = −15

4
Hω1

13

apì thn opoÐa eÔkola èqoume,

u3(H) = −5

3
Hω1

13 = −5

3
Hω3

12. (5.1.35)

BHMA 3: Sto b ma autì ja upologÐsoume pr¸ta thn èkfrash u3u3(H).

Autì epitugq�netai me thn efarmog  thc exÐswshc tou Gauss. Sth sunèqeia

qrhsimopoi¸ntac ta apotelèsmata twn bhm�twn 1 kai 2 fj�noume se �topo.

Pr�gmati, qrhsimopoi¸ntac thn exÐswsh Gauss (4.1.4) gia uperepif�neiec tou

q¸rou E4
2 èqoume:

R(X, Y )Z = S(X) < S(Y ), Z > −S(Y ) < S(X), Z > .

All� eÐnai epÐshc gnwstì ìti

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

Efarmìzontac tic sqèseic autèc gia X = u3, Y = u1, Z = u2, brÐskoume

to R(u3, u1)u2 me dÔo diaforetikoÔc trìpouc. Sth sunèqeia paÐrnoume to

eswterikì ginìmeno me to u3 kai èqoume.

R(u3, u1)u2 = ∇u3∇u1u2 −∇u1∇u3u2 −∇[u3,u1]u2.
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All�

[u3, u1] = ∇u3u1 −∇u1u3 = ω1
31u1 − ω1

13u1 − ω2
13u2,

tìte

R(u3, u1)u2 = ∇u3(ω
2
12u2 + ω3

12u3)−∇u1(ω
2
32u2)−∇ω1

31u1−ω1
13u1−ω2

13u2
u2

= ∇u3(ω
2
12u2) +∇u3(ω

3
12u3)−∇u1(ω

2
32u2)

−ω1
31∇u1u2 + ω1

13∇u1u2 + ω2
13∇u2u2

= ω2
12∇u3u2 + u3(ω

2
12)u2 + ω3

12∇u3u3 + u3(ω
3
12)u3

−ω2
32∇u1u2 − u1(ω

2
32)u2 − ω1

31(ω
2
12u2 + ω3

12u3)

+ω1
13(ω

2
12u2 + ω3

12u3)

= ω2
12ω

2
32u2 + u3(ω

2
12)u2 + u3(ω

3
12)u3 − ω2

32(ω
2
12u2 + ω3

12u3)

−u1(ω
2
32)u2 − ω1

31ω
2
12u2 − ω1

31ω
3
12u3 + ω1

13ω
2
12u2 + ω1

13ω
3
12u3.

PaÐrnoume t¸ra ta eswterik� ginìmena me to u3 kai twn dÔo mel¸n kai èqoume:

< R(u3, u1)u2, u3 > = −u3(ω
3
12) + ω2

32ω
3
12 + ω1

31ω
3
12 − ω1

13ω
3
12

= −u3(ω
3
12)− ω1

31ω
3
12 + ω1

31ω
3
12 − (ω3

12)
2

= −u3(ω
3
12)− (ω3

12)
2,

  telik�

< R(u3, u1)u2, u3 >= −u3(ω
3
12)− (ω3

12)
2. (5.1.36)

K�name qr sh twn tÔpwn (5.1.5) kai (5.1.7) dhlad  ω2
32 = −ω1

31 kai ω3
12 = ω1

13.

Apì thn �llh meri� èqoume.

R(u3, u1)u2 = S(u3) < S(u1), u2 > −S(u1) < S(u3), u2 >,
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opìte paÐrnontac ta eswterik� ginìmena me to u3 kai twn duo mel¸n èqoume

< R(u3, u1)u2, u3 > = < S(u3), u3 >< S(u1), u2 >

− < S(u1), u3 >< S(u3), u2 >

= < νu3, u3 >< λu1 + µu2, u2 >

− < S(u1), u3 >< νu3, u2 >

= −ν < λu1 + µu2, u2 >

= −ν < λu1, u2 > −ν < µu2, u2 >

= −νλ =
27

8
H2.

Telik�

< R(u3, u1)u2, u3 >=
27

8
H2. (5.1.37)

Apì tic sqèseic (5.1.36) kai (5.1.37) èqoume,

u3(ω
3
12) = −(ω3

12)
2 − 27H2

8
. (5.1.38)

ParagwgÐzoume t¸ra kai ta duo mèlh thc (5.1.35) wc proc u3 kai qrhsi-

mopoi¸ntac thn (5.1.38) èqoume diadoqik�:

u3u3(H) = −5

3
u3(H)ω3

12 −
5

3
Hu3(ω

3
12)

= −5

3
[−5

3
Hω3

12]ω
3
12 −

5

3
H[−(ω3

12)
2 − 27

8
H2]

=
25

9
H(ω3

12)
2 +

5

3
H(ω3

12)
2 +

135

24
H3.

'Ara,

u3u3(H) =
40H

9
(ω3

12)
2 +

45H3

8
. (5.1.39)

Antikajist¸ntac tic sqèseic (5.1.35) kai (5.1.39) sth sqèsh (5.1.34) èqoume:

40H

9
(ω3

12)
2 +

45H3

8
+ 2ω3

12(−
5

3
Hω3

12) +
99

8
H3 = 0
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5

9
H(ω3

12)
2 +

72

8
H3 = 0,

kai efìson apì thn upìjesh H 6= 0, èqoume

5

9
(ω3

12)
2 + 9H2 = 0. (5.1.40)

Aut  h sunj kh ìmwc ikanopoieÐtai an kai mìno an ω3
12 = 0 kai H = 0, pr�gma

to opoÐo eÐnai �topo.

(2) An µ = 0, kai dedomènou ìti ν 6= λ ergazìmaste me ìmoio trìpo opìte oi

exis¸seic (5.1.20) paramènoun Ðdiec, kai diaforopoioÔntai mìno oi akìloujec:

∇u2u1 = ω1
21u1 + ω3

21u3, ∇u2u2 = ω2
22u2.

EpÐshc oi exis¸seic (5.1.32), (5.1.33), (5.1.38), (5.1.39) kai (5.1.40) paramè-

noun Ðdiec. Ergazìmenoi t¸ra ìpwc kai prohgoumènwc, eÔkola sun�goume p�li

ìti H = 0, pr�gma to opoÐo antÐkeitai sthn upìjes  mac.

(3) An µ = 0, ν = λ tìte, trS = 2λ + ν = 3H   λ = H. Apì th sqèsh

(5.1.9) èqoume u3(λ) = 0   isodÔnama u3(H) = 0, to opoÐo eÐnai mÐa antÐfash,

epeid  èqoume upojèsei ìti u3(H) 6= 0. Sunep¸c H = 0 kai h uperepif�neia

eÐnai elaqistik .

(4) An µ 6= 0, ν = λ eÔkola prokÔptei kai p�li ìti λ = H kai epomènwc

u3(H) = 0, to opoÐo eÐnai mÐa antÐfash kai sunep¸c H = 0.

ApodeÐqjhke loipìn se k�je perÐptwsh, pwc h uperepif�neia M3
2 eÐnai elaqi-

stik .

Sth sunèqeia melet�me to Ðdio prìblhma, me thn upìjesh ìti to idiodi�nusma

∇H eÐnai èna fwtoeidèc di�nusma. Eidikìtera, èqoume, thn akìloujh prìtash.

Prìtash 5.2 'Estw [M3
2 , (−, +,−)] mÐa diarmonik  uperepif�neia thc yeudo-

EukleÐdeiac pollaplìthtac E4
2 , o telest c sq matoc thc opoÐac wc proc mÐa
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yeudo-orjokanonik  b�sh eÐnai

[S]B =




λ µ 0

0 λ 0

0 0 ν


 ,

dhlad  tÔpou (II). Upojètoume ìti to ∇H eÐnai èna fwtoeidèc (light-like)

di�nusma. Tìte, h uperepif�neia M3
2 eÐnai elaqistik  (minimal), dhlad  èqei

mhdenik  mèsh kampulìthta, H = 0.

Apìdeixh. Upojètoume ìti H den eÐnai stajer� kai ìti H 6= 0. Ja

apodeixoume ìti, aut  h upìjesh odhgeÐ se antÐfash. Efìson h H den eÐ-

nai stajer� ja eÐnai ∇H 6= −→
0 , opìte h dianusmatik  exÐswsh (4.1.8), dhlad 

h

S(∇H) = −3H

2
(∇H)

mac lèei ìti to ∇H eÐnai èna idiodi�nusma tou telest  S antÐstoiqo thc idio-

tim c −3H
2
.

Efìson o telest c sq matoc S èqei thn kanonik  morf  (II), wc proc mia

yeudo-orjokanonik  b�sh B = {u1, u2, u3} tou efaptìmenou q¸rou Tp(M
3
2 ),

ja èqoume,

S(u1) = λu1 + µu2, S(u2) = λu2, S(u3) = νu3. (1)

Wc gnwstìn s' aut  thn perÐptwsh, o pÐnakac anapar�stashc G = (gij), ìpou

gij = gij(ui, uj), tou metrikoÔ tanust  eÐnai

[G]B =




0 +1 0

+1 0 0

0 0 −1


 .

Efìson to ∇H eÐnai èna fwtoeidèc (light-like) idiodi�nusma tou S, lambanomè-

nou upìyh twn sqèsewn (1) mporoÔme na jewr soume to di�nusma autì sthn



130 KEFALAIO 5. Melèth twn Uperepifanei¸n M3
2 tou Q¸rou E4

2

dieÔjunsh tou u2. Epomènwc ja eÐnai λ = −3H
2
. Epeid  h b�sh eÐnai yeudo-

orjokanonik  ìpwc kai prohgoumènwc ja èqoume

∇H = u2(H)u1 + u1(H)u2 − u3(H)u3.

Wc ek toÔtou

u2(H) = u3(H) = 0 kai u1(H) 6= 0.

Wc gnwstìn

∇ui
uj =

∑
ωk

ijuk ; i, j, k = 1, 2, 3.

Ja prospaj soume na aplopoi soume autèc tic ekfr�seic, upologÐzontac ta

ωk
ij. Apì th sqèsh 1

εm
trS = H, gi� ε = +1 kai m = 3 èqoume 1

3
(2λ+ ν) = H,

�ra 2λ + ν = 3H, telik� ν = 6H.

ParathroÔme ìti oi exis¸seic (5.1.2), (5.1.3), (5.1.4), (5.1.5), (5.1.6) kai

(5.1.7) thc prohgoÔmenhc Prìtashc 5.1 isqÔoun epÐshc kai se aut  thn perÐptwsh.

Sth sunèqeia efarmìzontac thn exÐswsh Codazzi gi� uperepif�neiec, èqoume

< (∇u1S)u3, u2 >=< (∇u3S)u1, u2 > .

To pr¸to mèloc aut c thc exÐswshc, lambanomènou upìyh twn idiot twn twn

sunalloi¸twn parag¸gwn thc sqèshc (5.1.1) kai twn idiot twn thc yeudo-

orjokanonik c b�shc, gr�fetai diadoqik� wc ex c:

< (∇u1S)u3, u2 > = < ∇u1(Su3)− S(∇u1u3), u2 >

= (ν − λ)ω1
13.

Entel¸c an�loga to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇u3S)u1, u2 > = < ∇u3(Su1)− S(∇u3u1), u2 >

= u3(λ).
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Kat� sunèpeia ja èqoume

u3(λ) = (ν − λ)ω1
13 = 0. (5.1.41)

Parat rhsh: To ìti u3(λ) = 0, sunep�getai �mesa, dedomènou ìti

u3(λ) = u3(−3H
2

) = −3
2
u3(H) = 0.

Efarmìzontac kai p�li thn exÐswsh Codazzi gi� uperepif�neiec èqoume

< (∇u2S)u3, u3 >=< (∇u3S)u2, u3 > .

To pr¸to mèloc aut c thc exÐswshc gr�fetai diadoqik�

< (∇u2S)u3, u3 > = < ∇u2(Su3)− S(∇u2u3), u3 >

= < ∇u2(Su3), u3 > − < S(∇u2u3), u3 >

= < ∇u2(νu3), u3 > − < S(ω1
23u1 + ω2

23u2 + ω3
23u3), u3 >

= < ν∇u2u3 + u2(ν)u3, u3 > − < S(ω1
23u1), u3 >

− < S(ω3
23u2), u3 >

= ν < ∇u2u3, u3 > +u2(ν) < u3, u3 > −ω1
23 < Su1, u3 >

−ω3
23 < Su2, u3 >

= ν < ω3
23u3, u3 > −u2(ν)− ω1

23 < λu1 + µu2, u3 >

−ω2
23 < λu2, u3 >

= −νω3
23 − u2(ν)− λω1

23 < u1, u3 > −µω1
23 < u2, u3 >

−λω2
23 < u2, u3 >

= −u2(ν).

Entel¸c an�loga to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇u3S)u2, u3 > = (ν − λ)ω3
32.

Kat� sunèpeia ja èqoume

u2(ν) = (λ− ν)ω3
32 = 0. (5.1.42)
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Parat rhsh: u2(ν) = u2(6H) = 6u2(H) = 0.

Efarmìzontac kai p�li thn exÐswsh tou Codazzi sth morf 

< (∇u2S)u3, u2 >=< (∇u3S)u2, u2 >,

me an�logo logismì gia to pr¸to mèloc èqoume

< (∇u2S)u3, u2 > = < ∇u2(Su3)− S(∇u2u3), u2 >

= < ∇u2(Su3), u2 > − < S(∇u2u3), u2 >

= < ∇u2(νu3), u2 > − < S(ω1
23u1 + ω2

23u2 + ω3
23u3), u2 >

= ν < ω1
23u1, u2 > −ω1

23 < λu1 + µu2, u2 >

−ω2
23 < λu2, u2 >

= ν < ω1
23u1, u2 > −λω1

23 < u1, u2 > −µω1
23 < u2, u2 >

−λω2
23 < u2, u2 >

= νω1
23 − λω1

23

= (ν − λ)ω1
23.

AntÐstoiqa gia to deÔtero mèloc èqoume

< (∇u3S)u2, u2 > = < ∇u3(Su2)− S(∇u3u2), u2 >

= λω1
32 = 0.

Opìte,

(ν − λ)ω1
23 = 0. (5.1.43)

JewroÔme kai p�li thn morf  tou Codazzi pou akoloujeÐ gia uperepif�neiec

kai èqoume

< (∇u1S)u2, u3 >=< (∇u2S)u1, u3 >

opìte apì to pr¸to mèloc aut c thc exÐswshc èqoume

< (∇u1S)u2, u3 > = < ∇u1(Su2)− S(∇u1u2), u3 >

= (ν − λ)ω3
12,
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en¸ to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇u2S)u1, u3 > = < ∇u2(Su1)− S(∇u2u1), u3 >

= < ∇u2(Su1), u3 > − < S(∇u2u1), u3 >

= < ∇u2(λu1 + µu2), u3 >

− < S(ω1
21u1 + ω2

21u2 + ω3
21u3), u3 >

= < ∇u2(λu1), u3 > + < ∇u2(µu2), u3 >

− < S(ω1
21u1), u3 > − < S(ω3

21u3), u3 >

= < λ∇u2u1 + u2(λ)u1, u3 >

+ < µ∇u2u2 + u2(µ)u2, u3 > −ω1
21 < Su1, u3 >

−ω3
21 < Su3, u3 >

= λ < ∇u2u1, u3 > +u2(λ) < u1, u3 > +µ < ∇u2u2, u3 >

+u2(µ) < u2, u3 >

−ω1
21 < λu1 + µu2, u3 >

−ω3
21 < νu3, u3 >

= λ < ω3
21u3, u3 > +µ < ω3

22u3, u3 > +νω3
21

= −λω3
21 − µω3

22 + νω3
21

= (ν − λ)ω3
21 − µω3

22.

Kat� sunèpeia

(ν − λ)ω3
12 = (ν − λ)ω3

21 − µω3
22. (5.1.44)

DiakrÐnoume tic akìloujec peript¸seic:

(1) Epeid  ν 6= λ, tìte apì th sqèsh (5.1.41) èqoume ω1
13 = 0 kai mèsw

thc sqèshc (5.1.7)

ω1
13 = ω3

12 = 0. (5.1.45)
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Apì th sqèsh (5.1.42) èqoume ω3
32 = 0 kai mèsw thc (5.1.7)

ω3
32 = ω1

33 = 0. (5.1.46)

EpÐshc apì th (5.1.43) èqoume ω1
23 = 0 kai mèsw thc (5.1.7)

ω1
23 = ω3

22 = 0. (5.1.47)

Tèloc apì th sqèsh (5.1.44) èqoume mèsw twn sqèsewn (5.1.45) kai (5.1.47)

ìti ω3
21 = 0, kai mèsw thc sqèshc (5.1.6) sun�goume ìti

ω3
21 = ω2

23 = 0. (5.1.48)

Sundu�zontac t¸ra tic sqèseic (5.1.45), (5.1.46), (5.1.47) kai (5.1.48) èqoume

ω1
13 = ω3

12 = ω3
32 = ω1

33 = ω1
23 = ω3

22 = ω3
21 = ω2

23 = 0. (5.1.49)

Qrhsimopoi¸ntac tic sqèseic (5.1.3) kai (5.1.49) èqoume tic akìloujec aplopoih-

mènec ekfr�seic twn sunalloi¸twn parag¸gwn ∇ui
uj:

∇u1u1 = ω1
11u1 + ω3

11u3, ∇u1u2 = ω2
12u2, ∇u1u3 = ω2

13u2

∇u2u1 = ω1
21u1, ∇u2u2 = ω2

22u2, ∇u2u3 = 0

∇u3u1 = ω1
31u1 + ω3

31u3, ∇u3u2 = ω2
32u2, ∇u3u3 = ω2

33u2

Qrhsimopoi¸ntac thn exÐswsh Gauss (4.1.4) gia uperepif�neiec tou q¸rou E4
2

èqoume,

R(X,Y )Z = S(X) < S(Y ), Z > −S(Y ) < S(X), Z > .

All� eÐnai epÐshc gnwstì ìti,

R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
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Efarmìzontac tic sqèseic autèc gia X = u1, Y = u3, Z = u2, brÐskoume

thn posìthta R(u1, u3)u2, me dÔo diaforetikoÔc trìpouc. Sth sunèqeia efar-

mìzoume to eswterikì ginìmeno me to u3.

Pr�gmati apì ton tÔpo tou tanust  kampulìthtac èqoume

R(u1, u3)u2 = ∇u1∇u3u2 −∇u3∇u1u2 −∇[u1,u3]u2

all�,

[u1, u3] = ∇u1u3 −∇u3u1 = ω2
13u2 − ω1

31u1 − ω3
31u3.

Kat� sunèpeia, lambanomènwn upìyh kai twn tim¸n twn sunalloi¸twn parag¸-

gwn pou anafèrame, èqoume diadoqik�:

R(u1, u3)u2 = ∇u1(ω
2
32u2)−∇u3(ω

2
12u2)

−∇ω2
13u2−ω1

31u1−ω3
31u3

u2

= ω2
32∇u1u2 + u1(ω

2
32)u2 − ω2

12∇u3u2

−u3(ω
2
12)u2 − ω2

13∇u2u2 + ω1
31∇u1u2 + ω3

31∇u3u2

= ω2
32(ω

2
12u2) + u1(ω

2
32)u2 − ω2

12(ω
2
32u2)

−u3(ω
2
12)u2 − ω2

13(ω
2
22u2) + ω1

31(ω
2
12u2) + ω3

31(ω
2
32u2).

'Ara

< R(u1, u3)u2, u3 >= 0. (5.1.50)

Apì thn exÐswsh Gauss èqoume

R(u1, u3)u2 = S(u1) < S(u3), u2 > −S(u3) < S(u1), u2 >,
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opìte, lambanomènwn upìyh kai twn sqèsewn (1) èqoume diadoqik�:

< R(u1, u3)u2, u3 > = < S(u1), u3 >< S(u3), u2 >

− < S(u3), u3 >< S(u1), u2 >

= < λu1 + µu2, u3 >< νu3, u2 >

− < νu3, u3 >< λu1 + µu2, u2 >

= νλ = 6H(−3

2
H) = −9H2.

'Ara

< R(u1, u3)u2, u3 >= −9H2. (5.1.51)

SugkrÐnontac tic sqèseic (5.1.50) kai (5.1.51) sumperaÐnoume amèswc ìti:

H = 0.

To sumpèrasma autì ìmwc eÐnai mÐa antÐfash, giatÐ èqoume upojèsei ìti H 6= 0.

(2) An  tan ν = λ, tìte ja eÐqame −3H
2

= 6H, opìte profan¸c H = 0 kai h

uperepif�neia eÐnai elaqistik  (minimal).

ApodeÐqjhke loipìn kai p�li ìti se k�je perÐptwsh h uperepif�neia M3
2

eÐnai elaqistik .

5.3 II. O Telest c Sq matoc S èqei thn Kanonik 

morf  (III)

Upojètoume ìti h H eÐnai mÐa stajer�. Tìte h exÐswsh (4.1.9) sunep�gei ìti

HtrS2 = 0. An eÐnai H = 0, tìte to apotèlesma eÐnai profanèc. An ìmwc eÐnai

H 6= 0 tìte ja èqoume trS2 = 3λ2 = 0, opìte λ = 0. 'Omwc, trS = 3λ = 0

kai epeid  trS = 3H ja eÐnai 3H = 0, opìte H = 0 kai h uperepif�neia M3
2

ja eÐnai elaqistik .

'Estw ìti h H den eÐnai stajer�. Upojètoume ìti H 6= 0, tìte∇H 6= −→
0 , kai h
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dianusmatik  exÐswsh (4.1.8) mac plhroforeÐ ìti to ∇H eÐnai èna idiodi�nusma

tou S.

Prìtash 5.3 'Estw [M3
2 , (−, +,−)] mÐa diarmonik  uperepif�neia thc yeudo-

EukleÐdeiac pollaplìthtac E4
2 , o telest c sq matoc thc opoÐac wc proc mÐa

yeudo-orjokanonik  b�sh eÐnai

[S]B =




λ µ ν

0 λ 0

0 −ν λ


 ,

dhlad  tÔpou (III). Upojètoume ìti to ∇H eÐnai èna fwtoeidèc (light-like)

di�nusma. Tìte h uperepif�neia M3
2 eÐnai elaqistik  (minimal), dhlad  èqei

mhdenik  mèsh kampulìthta, H = 0.

Apìdeixh. 'Estw ìti h H den eÐnai stajer� kai ìti H 6= 0. Tìte ∇H 6= −→
0 ,

kai ìpwc anafèrjhke prohgoumènwc, to ∇H eÐnai èna idiodi�nusma tou S me

antÐstoiqh idiotim  −3H
2
. Epeid  ìmwc, o telest c sq matoc, wc proc mÐa

yeudo-orjokanonik  b�sh B = {u1, u2, u3} tou efaptìmenou q¸rou Tp(M
3
2 ),

èqei thn kanonik  morf  (III), ja èqoume

S(u1) = λu1 + µu2 + νu3, (5.1.52)

S(u2) = λu2, (5.1.53)

S(u3) = −νu2 + λu3. (5.1.54)

Efìson to ∇H eÐnai èna fwtoeidèc (light-like) idiodi�nusma, lambanomènou

upìyh kai tou antÐstoiqou pÐnaka [G] mporoÔme na to jewr soume, sth dieÔ-

junsh tou u2. Tìte ìmwc ja eÐnai λ = −3H
2
. Efìson h b�sh eÐnai yeudo-

orjokanonik  èqoume, wc gnwstìn

∇H = u2(H)u1 + u1(H)u2 − u3(H)u3,
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kai lìgw thc parap�nw upìjeshc ja prèpei,

u2(H) = u3(H) = 0, u1(H) 6= 0.

EÐnai gnwstì ìti, mporoÔme p�ntote na kataskeu�soume mÐa orjokanonik 

b�sh E = {e1, e2, e3}, apì thn yeudo-orjokanonik  b�sh B = {u1, u2, u3}.
Tìte, ta dianÔsmata twn dÔo b�sewn sundèontai me tic sqèseic (5.1.21), dhlad 

e1 =
u1 − u2√

2
, e2 =

u1 + u2√
2

, e3 = u3,

ìpou ta {ei} i = 1, 2, 3 apoteloÔn mÐa orjokanonik  b�sh tou Tp(M
3
2 ) q¸rou,

ta stoiqeÐa thc opoÐac ikanopoioÔn tic sqèseic (5.1.22), dhlad 

< e1, e1 >=< e3, e3 >= −1, < e2, e2 >= +1,

< e1, e2 >=< e1, e3 >=< e2, e3 >= 0.

O telest c sq matoc S, wc proc aut  thn orjokanonik  b�sh, paÐrnei mÐa nèa

morf . Pr�gmati, apì tic parap�nw sqèseic eÔkola èqoume

u1 =
(e1 + e2)√

2
, u2 =

(−e1 + e2)√
2

, u3 = e3.

Tìte h sqèsh (5.1.52) paÐrnei th morf ,

S[
(e1 + e2)√

2
] = λ

(e1 + e2)√
2

+ µ
(−e1 + e2)√

2
+ νe3,

opìte,

S(e1) + S(e2) = (λ− µ)e1 + (λ + µ)e2 + ν
√

2e3. (5.1.55)

Apì th sqèsh (5.1.53) èqoume,

−S(e1) + S(e2) = −λe1 + λe2 + 0e3. (5.1.56)

Tèloc, apì th sqèsh (5.1.54) èqoume,

S(e3) =
ν√
2
e1 − ν√

2
e2 + λe3. (5.1.57)
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Afair¸ntac kat� mèlh tic sqèseic (5.1.55) kai (5.1.56) èqoume,

S(e1) = (λ− µ

2
)e1 +

µ

2
e2 +

ν√
2
e3. (5.1.58)

Prosjètontac kat� mèlh tic sqèseic (5.1.55) kai (5.1.56) èqoume,

S(e2) = −µ

2
e1 + (λ +

µ

2
)e2 +

ν√
2
e3. (5.1.59)

Telik�, apì tic sqèseic (5.1.57), (5.1.58) kai (5.1.59) o telest c sq matoc S

wc proc aut  thn orjokanonik  b�sh paÐrnei th morf ,

[S]E =




λ− µ
2

µ
2

ν√
2

−µ
2

λ + µ
2

ν√
2

ν√
2

− ν√
2

λ




Efìson trS = 3H = 3λ, sunep�getai ìti λ = H  −3H
2

= H kai telik� èqoume

H = 0. Autì eÐnai mÐa antÐfash, epeid  upojèsame ìti H 6= 0. Sunep¸c h

uperepif�neia M3
2 eÐnai elaqistik  (minimal).

5.4 III. O Telest c Sq matoc S èqei thn Kanonik 

morf  (IV)

Upojètoume ìti h H eÐnai mÐa stajer�. Tìte h exÐswsh (4.1.9) gÐnetai

HtrS2 = 0. (5.1.60)

An H = 0, tìte to apotèlesma èpetai �mesa, dhlad  h M3
2 eÐnai elaqistik .

An H 6= 0, tìte apì thn (5.1.60) èqoume,

trS2 = 2µ2 − 2ν2 + λ2 = 0. (5.1.61)

EpÐshc

trS = 2µ + λ = 3H 6= 0, (5.1.62)
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efìson se aut  thn perÐptwsh ε = +1. Sthn perÐptwsh aut  ja èqoume:

S(e1) = µe1 + νe2,

S(e2) = −νe1 + µe2, (5.1.63)

S(e3) = λe3.

EpÐshc èqoume

∇ei
ej =

3∑

k=1

ωk
ijek ; i, j, k = 1, 2, 3 (5.1.64)

Efarmìzontac thn exÐswsh Codazzi (4.1.3) gia uperepif�neiec, dhlad  thn

< (∇ei
S)ej, ek >=< (∇ej

S)ei, ek >

gia k�je tri�da (i, j, k) tou sunìlou

{(1, 2, 1), (1, 2, 2), (1, 3, 1), (2, 3, 2), (1, 3, 3), (2, 3, 3), (1, 2, 3), (1, 3, 2), (2, 3, 1)}
dhmiourgoÔme èna sÔsthma ennèa diaforik¸n exis¸sewn, apì th melèth tou

opoÐou se sunduasmì me thn exÐswsh tou Gauss kai me tic sqèseic (5.1.61) kai

(5.1.62) prokÔptei to �topo thc upìjes c mac.

Pr�gmati, h wc �nw exÐswsh Codazzi gia uperepif�neiec gia thn pr¸th tri�da

gÐnetai

< (∇e1S)e2, e1 >=< (∇e2S)e1, e1 > . (A)

To pr¸to mèloc aut c thc exÐswshc lambanomènou upìyh kai twn (5.1.63) kai

(5.1.64) gr�fetai diadoqik�

< (∇e1S)e2, e1 > = < ∇e1(Se2)− S(∇e1e2), e1 >

= < ∇e1(Se2), e1 > − < S(∇e1e2), e1 >

= −ε1e1(ν) + ε1µω1
12 − ε1µω1

12.

'Ara

< (∇e1S)e2, e1 >= −ε1e1(ν). (A-1)
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AntÐstoiqa to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇e2S)e1, e1 > = < ∇e2(Se1)− S(∇e2e1), e1 >

= µ < ω1
21e1, e1 > +ε1e2(µ) + ν < ω1

22e1, e1 > +νω2
21ε1.

'Ara

< (∇e2S)e1, e1 >= ε1e2(µ) + ε1νω1
22 + ε1νω2

21. (A-2)

Exis¸nontac ta dÔo mèlh twn (A-1) kai (A-2) èqoume

−e1(ν) = e2(µ) + ν(1− ε1ε2)ω
2
21. (5.1.65)

'Omoia h exÐswsh Codazzi, gia thn tri�da (1, 2, 2) gÐnetai,

< (∇e1S)e2, e2 >=< (∇e2S)e1, e2 > . (B)

To pr¸to mèloc aut c thc exÐswshc metasqhmatÐzetai diadoqik� wc ex c

< (∇e1S)e2, e2 > = < ∇e1(Se2)− S(∇e1e2), e2 >

= < ∇e1(Se2), e2 > − < S(∇e1e2), e2 >

= < ∇e1(−νe1 + µe2), e2 > − < S(ω1
12e1 + ω2

12e2 + ω3
12e3), e2 >

= < ∇e1(−νe1), e2 > + < ∇e1(µe2), e2 >

− < S(ω1
12e1), e2 > − < S(ω3

12e3), e2 >

= < −ν∇e1e1 + e1(−ν)e1, e2 > + < µ∇e1e2 + e1(µ)e2, e2 >

−ω1
12 < Se1, e2 > −ω3

12 < Se3, e2 >

= −ν < ∇e1e1, e2 > −e1(ν) < e1, e2 > +µ < ∇e1e2, e2 >

+e1(µ) < e2, e2 > −ω1
12 < µe1 + νe2, e2 > −ω3

12 < λe3, e2 >

= −ν < ω2
11e2, e2 > +µ < ω2

12e2, e2 > +e1(µ)ε2 − νω1
12ε2

= ε2e1(µ)− ε2ν(−ε1ε2ω
1
12)− νε2ω

1
12

= ε2e1(µ) + ε2ν(ε1ε2ω
1
12)− ε2νω1

12

= ε2e1(µ) + ε2ν(ε1ε2 − 1)ω1
12.
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'Ara

< (∇e1S)e2, e2 >= ε2e1(µ) + ε2ν(ε1ε2 − 1)ω1
12. (B-1)

AntÐstoiqa to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇e2S)e1, e2 > = < ∇e2(Se1)− S(∇e2e1), e2 >

= < ∇e2(Se1), e2 > − < S(∇e2e1), e2 >

= < ∇e2(µe1 + νe2), e2 > − < S(ω1
21e1 + ω2

21e2 + ω3
21e3), e2 >

= < ∇e2(µe1), e2) > + < ∇e2(νe2), e2 >

− < S(ω2
21e2), e2 > − < S(ω3

21e3), e2 >

= < µ∇e2e1 + e2(µ)e1, e2 > + < ν∇e2e2 + e2(ν)e2, e2 >

−ω2
21 < Se2, e2 > −ω3

21 < Se3, e2 >

= µ < ∇e2e1, e2 > +ν < ∇e2e2, e2 > +ε2e2(ν)

−ω2
21 < −νe1 + µe2, e2 > −ω3

21 < λe3, e2 >

= µ < ω2
21e2, e2 > +ν < ω2

22e2, e2 > +ε2e2(ν)− ε2µω2
21

= ε2e2(ν)− ε2µω2
21 + ε2µω2

21.

'Ara

< (∇e2S)e1, e2 >= ε2e2(ν). (B-2)

Exis¸noume ta dÔo mèlh twn (B-1), (B-2) kai èqoume

e2(ν) = e1(µ) + ν(ε1ε2 − 1)ω1
12. (5.1.66)

An�loga gia thn tri�da (1, 3, 1) h exÐswsh Codazzi, paÐrnei th morf ,

< (∇e1S)e3, e1 >=< (∇e3S)e1, e1 > . (C)

To pr¸to mèloc aut c thc exÐswshc gÐnetai

< (∇e1S)e3, e1 > = < ∇e1(Se3)− S(∇e1e3), e1 >

= ε1λω1
13 − ε1µω1

13 + ε1νω2
13.
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'Ara,

< (∇e1S)e3, e1 >= ε1(λ− µ)ω1
13 + ε1νω2

13. (C-1)

AntÐstoiqa to deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇e3S)e1, e1 > = < ∇e3(Se1)− S(∇e3e1), e1 >

= ε1µω1
31 + ε1e3(µ) + ε1νω1

32 + ε1νω2
31.

'Ara

< (∇e3S)e1, e1 >= ε1e3(µ) + ε1νω1
32 + ε1νω2

31. (C-2)

Exis¸noume ta dÔo mèlh twn (C-1), (C-2) kai èqoume

(λ− µ)ω1
13 + νω2

13 = e3(µ) + ν(1− ε1ε2)ω
1
32. (5.1.67)

An�loga gia thn tri�da (2, 3, 2) èqoume

< (∇e2S)e3, e2 >=< (∇e3S)e2, e2 >, (D)

opìte,

< (∇e2S)e3, e2 > = < ∇e2(Se3)− S(∇e2e3), e2 >

= < ∇e2(Se3), e2 > − < S(∇e2e3), e2 >

= < ∇e2(λe3), e2 > − < S(ω1
23e1 + ω2

23e2 + ω3
23e3), e2 >

= < ∇e2(λe3), e2 > − < S(ω1
23e1), e2 > − < S(ω2

23e2), e2 >

= < λ∇e2e3, e2 > +e2(λ) < e3, e2 > −ω1
23 < Se1, e2 >

−ω2
23 < Se2, e2 >

= λ < ∇e2e3, e2 > −ω1
23 < µe1 + νe2, e2 >

−ω2
23 < −νe1 + µe2, e2 >

= λ < ω2
23e2, e2 > −ε2νω1

23 − ε2µω2
23

= ε2λω2
23 − ε2νω1

23 − ε2µω2
23.



144 KEFALAIO 5. Melèth twn Uperepifanei¸n M3
2 tou Q¸rou E4

2

'Ara,

< (∇e2S)e3, e2 >= ε2(λ− µ)ω2
23 − ε2νω1

23, (D-1)

kai

< (∇e3S)e2, e2 > = < ∇e3(Se2)− S(∇e3e2), e2 >

= < ∇e3(Se3), e2 > − < S(∇e3e2), e2 >

= < ∇e3(−νe1 + µe2), e2 >

− < S(ω1
32e1 + ω2

32e2 + ω3
32e3), e2 >

= < ∇e3(−νe1, e2) > + < ∇e3(µe2), e2 >

− < S(ω1
32e1), e2 > − < S(ω3

32e3), e2 >

= < −ν∇e3e1 + e3(−ν)e1, e2 > + < µ∇e3e2 + e3(µ)e2, e2 >

−ω1
32 < Se1, e2 > −ω3

32 < Se3, e2 >

= −ν < ∇e3e1, e2 > −e3(ν) < e1, e2 > +µ < ∇e3e2, e2 >

+e3(µ) < e2, e2 > −ω1
32 < µe1 + νe2, e2 > −ω3

32 < λe3, e2 >

= −ν < ω2
31e2, e2 > +µ < ω2

32e2, e2 > +ε2e3(µ)− ε2νω1
32

= −ε2νω2
31 + ε2e3(µ)− ε2νω1

32.

'Ara,

< (∇e3S)e2, e2 >= −ε2νω2
31 − ε2νω1

32 + ε2e3(µ). (D-2)

Exis¸noume ta dÔo mèlh twn (D-1), (D-2) kai èqoume

(λ− µ)ω2
23 − νω1

23 = e3(µ)− ν(1− ε1ε2)ω
2
31. (5.1.68)

Gia thn tri�da (1, 3, 3) èqoume

< (∇e1S)e3, e3 >=< (∇e3S)e1, e3 >, (E)
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opìte

< (∇e1S)e3, e3 > = < ∇e1(Se3)− S(∇e1e3), e3 >

= < ∇e1(Se3), e3 > − < S(∇e1e3), e3 >

= < ∇e1(λe3), e3 > − < S(ω1
13e1 + ω2

13e2 + ω3
13e3), e3 >

= < ∇e1(λe3), e3 > − < S(ω1
13e1), e3 > − < S(ω2

13e2), e3 >

= < λ∇e1e3 + e1(λ)e3, e3 > − < S(ω1
13e1), e3 >

− < S(ω2
13e2), e3 >

= λ < ∇e1e3, e3 > +e1(λ) < e3, e3 > −ω1
13 < Se1, e3 >

−ω2
13 < Se2, e3 >

= λ < ω3
13e3, e3 > +ε3e1(λ)− ω1

13 < µe1 + νe2, e3 >

−ω2
13 < −νe1 + µe2, e3 > .

'Ara,

< (∇e1S)e3, e3 >= ε3e1(λ), (E-1)

kai gia to deÔtero mèloc,

< (∇e3S)e1, e3 > = < ∇e3(Se1)− S(∇e3e1), e3 >

= < ∇e3(Se1), e3 > − < S(∇e3e1), e3 >

= < ∇e3(µe1 + νe2), e3 > − < S(ω1
31e1 + ω2

31e2 + ω3
31e3), e3 >

= < ∇e3(µe1), e3 > + < ∇e3(νe2), e3 >

− < S(ω2
31e2), e3 > − < S(ω3

31e3), e3 >

= < µ∇e3e1 + e3(µ)e1, e3 > + < ν∇e3e2 + e3(ν)e2, e3 >

−ω2
31 < Se2, e3 > −ω3

31 < Se3, e3 >

= µ < ∇e3e1, e3 > +e3(µ) < e1, e3 > +ν < ∇e3e2, e3 >

+e3(ν) < e2, e3 > −ω2
31 < −νe1 + µe2, e3 > −ω3

31 < λe3, e3 >

= µ < ω3
31e3, e3 > +ν < ω3

32e3, e3 > −ε3λω3
31.
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'Ara

< (∇e3S)e1, e3 >= ε3µω3
31 + ε3νω3

32 − ε3λω3
31. (E-2)

Exis¸noume ta dÔo mèlh twn (E-1), (E-2) kai èqoume

e1(λ) = (µ− λ)ω3
31 + νω3

32. (5.1.69)

Gia thn tri�da (2, 3, 3) èqoume

< (∇e2S)e3, e3 >=< (∇e3S)e2, e3 >, (F)

opìte,

< (∇e2S)e3, e3 > = < ∇e2(Se3)− S(∇e2e3), e3 >

= ε3e2(λ).

'Ara,

< (∇e2S)e3, e3 >= ε3e2(λ), (F-1)

kai gia to deÔtero mèloc

< (∇e3S)e2, e3 > = < ∇e3(Se2)− S(∇e3e2), e3 >

= −ε3νω3
31 + ε3µω3

32 − ε3λω3
32.

'Ara

< (∇e3S)e2, e3 >= −ε3νω3
31 + ε3(µ− λ)ω3

32. (F-2)

Exis¸noume ta dÔo mèlh twn (F-1), (F-2) kai èqoume

e2(λ) = −νω3
31 + (µ− λ)ω3

32. (5.1.70)

EpÐshc gia thn tri�da (1, 2, 3) èqoume

< (∇e1S)e2, e3 >=< (∇e2S)e1, e3 >, (G)
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opìte,

< (∇e1S)e2, e3 > = < ∇e1(Se2)− S(∇e1e2), e3 >

= −ε3νω3
11 + ε3µω3

12 − ε3λω3
12.

'Ara,

< (∇e1S)e2, e3 >= −ε3νω3
11 + ε3(µ− λ)ω3

12, (G-1)

kai gia to deÔtero mèloc èqoume

< (∇e2S)e1, e3 > = < ∇e2(Se1)− S(∇e2e1), e3 >

= ε3µω3
21 + ε3νω3

22 − ε3λω3
21.

'Ara

< (∇e2S)e1, e3 >= ε3νω3
22 + ε3(µ− λ)ω3

21. (G-2)

Exis¸nontac ta dÔo mèlh twn (G-1) kai (G-2) èqoume

−νω3
11 + (µ− λ)ω3

12 = νω3
22 + (µ− λ)ω3

21. (5.1.71)

Gia thn tri�da (1, 3, 2) h exÐswsh Codazzi gÐnetai

< (∇e1S)e3, e2 >=< (∇e3S)e1, e2 > . (H)

To pr¸to mèloc aut c thc exÐswshc gÐnetai

< (∇e1S)e3, e2 > = < ∇e1(Se3)− S(∇e1e3), e2 >

= ε2λω2
13 − ε2νω1

13 − ε2µω2
13.

Dhlad ,

< (∇e1S)e3, e2 >= −ε2νω1
13 + ε2(λ− µ)ω2

13. (H-1)
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To deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇e3S)e1, e2 > = < ∇e3(Se1)− S(∇e3e1), e2 >

= < ∇e3(Se1), e2 > − < S(∇e3e1), e2 >

= ε2µω2
31 − ε2µω2

31 + ε2e3(ν).

Dhlad 

< (∇e3S)e1, e2 >= ε2e3(ν). (H-2)

Exis¸nontac ta dÔo mèlh twn (H-1) kai (H-2) èqoume

e3(ν) = (λ− µ)ω2
13 − νω1

13. (5.1.72)

Tèloc gia thn tri�da (2, 3, 1) h exÐswsh Codazzi gÐnetai

< (∇e2S)e3, e1 >=< (∇e3S)e2, e1 > . (I)

To pr¸to mèloc aut c thc exÐswshc gÐnetai

< (∇e2S)e3, e1 > = < ∇e2(Se3)− S(∇e2e3), e1 >

= < ∇e2(Se3), e1 > − < S(∇e2e3), e1 >

= < ∇e2(λe3), e1 > − < S(ω1
23e1 + ω2

23e2 + ω3
23e3), e1 >

= < λ∇e2e3 + e2(λ)e3, e1 > − < S(ω1
23e1), e1 >

− < S(ω2
23e2), e1 >

= λ < ∇e2e3, e1 > +e2(λ) < e3, e1 > −ω1
23 < Se1, e1 >

−ω2
23 < Se2, e1 >

= λ < ω1
23e1, e1 > −ω1

23 < µe1 + νe2, e1 >

−ω2
23 < −νe1 + µe2, e1 >

= ε1λω1
23 − ε1µω1

23 + ε1νω2
23.
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Dhlad ,

< (∇e2S)e3, e1 >= ε1νω2
23 + ε1(λ− µ)ω1

23. (I-1)

To deÔtero mèloc aut c thc exÐswshc gÐnetai

< (∇e3S)e2, e1 > = < ∇e3(Se2)− S(∇e3e2), e1 >

= < ∇e3(Se2), e1 > − < S(∇e3e2), e1 >

= < ∇e3(−νe1 + µe2), e1 >

− < S(ω1
32e1 + ω2

32e2 + ω3
32e3), e1 >

= < ∇e3(−νe1), e1 > + < ∇e3(µe2), e1 >

− < S(ω1
32e1), e1 > − < S(ω3

32e3), e1 >

= < −ν∇e3e1 + e3(−ν)e1, e1 > + < µ∇e3e2 + e3(µ)e2, e1 >

−ω1
32 < Se1, e1 > −ω3

32 < Se3, e1 >

= −ν < ∇e3e1, e1 > −e3(ν) < e1, e1 > +µ < ∇e3e2, e1 >

+e3(µ) < e2, e1 > −ω1
32 < µe1 + νe2, e1 > −ω3

32 < λe3, e1 >

= −ν < ω1
31e1, e1 > −ε1e3(ν) + µ < ω1

32e1, e1 > −ε1µω1
32.

'Ara

< (∇e3S)e2, e1 >= −ε1e3(ν). (I-2)

Exis¸nontac ta dÔo mèlh twn (I-1), (I-2) èqoume

−e3(ν) = (λ− µ)ω1
23 + νω2

23. (5.1.73)

Oi sqèseic (5.1.65), (5.1.66), (5.1.67), (5.1.68), (5.1.69), (5.1.70), (5.1.71),

(5.1.72) kai (5.1.73), pou dhmiourg same sunistoÔn to akìloujo sÔsthma twn
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ennèa diaforik¸n exis¸sewn

−e1(ν) = e2(µ) + ν(1− ε1ε2)ω
2
21,

e2(ν) = e1(µ) + ν(ε1ε2 − 1)ω1
12,

(λ− µ)ω1
13 + νω2

13 = e3(µ) + ν(1− ε1ε2)ω
1
32,

(λ− µ)ω2
23 − νω1

23 = e3(µ)− ν(1− ε1ε2)ω
2
31,

e1(λ) = (µ− λ)ω3
31 + νω3

32,

e2(λ) = −νω3
31 + (µ− λ)ω3

32,

−νω3
11 + (µ− λ)ω3

12 = νω3
22 + (µ− λ)ω3

21,

e3(ν) = (λ− µ)ω2
13 − νω1

13,

−e3(ν) = (λ− µ)ω1
23 + νω2

23.

EÐnai ìmwc ε1ε2 = −1, opìte qwrÐc bl�bh thc genikìthtac, mporoÔme na upo-

jèsoume ìti ε1 = ε3 = −1 kai ε2 = +1. Lamb�nontac sth sunèqeia upìyh kai

tic sqèseic

ωk
ij = −εjεkω

j
ik; i, j, k = 1, 2, 3, (5.1.74)

to prohgoÔmeno sÔsthma an�getai sto akìloujo sÔsthma:

2νω2
21 = −e1(ν)− e2(µ),

−2νω1
12 = e2(ν)− e1(µ),

(λ− µ)ω1
13 + νω2

13 − 2νω1
32 = e3(µ),

(λ− µ)ω2
23 − νω1

23 + 2νω1
32 = e3(µ),

(µ− λ)ω3
31 + νω3

32 = e1(λ),

−νω3
31 + (µ− λ)ω3

32 = e2(λ),

νω1
13 + (µ− λ)ω2

13 − νω2
23 + (µ− λ)ω1

23 = 0,

(λ− µ)ω2
13 − νω1

13 = e3(ν),

(λ− µ)ω1
23 + νω2

23 = −e3(ν).
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To prìblhm� mac loipìn, sthn perÐptwsh pou eÐnai H 6= 0, an�getai sth

melèth tou sust matoc twn èndeka exis¸sewn, pou sunapoteloÔn oi wc �nw

ennèa kai oi exis¸seic (5.1.61) kai (5.1.62).

DiakrÐnoume tic akìloujec peript¸seic:

(1) An µ = λ, oi sunj kec (5.1.61) kai (5.1.62), mac plhroforoÔn ìti ta

λ, µ, ν eÐnai stajerèc, eidik¸tera µ = λ = H kai ν = ±
√

3
2
H. Epomènwc,

ei(µ) = ei(ν) = ei(λ) = 0; i = 1, 2, 3.

Sunep¸c, to wc �nw sÔsthma metatrèpetai se èna omogenèc sÔsthma h lÔsh

tou opoÐou eÐnai

ω2
21 = ω1

12 = ω3
32 = ω3

31 = ω1
13 = ω2

23 = 0,

kai

ω2
13 = ω1

23 = 2ω1
32.

(1a) An ω1
32 = 0, tìte, eÔkola sumperaÐnoume ìti

ω2
21 = ω1

12 = ω3
32 = ω3

31 = ω1
13 = ω2

23 = ω2
13 = ω1

23 = ω1
32 = 0.

(1b) An ω1
32 6= 0, tìte efarmìzontac thn exÐswsh Gauss (4.1.4) kai th sqèsh

(4.1.5) gia X = e1, Y = Z = e2, upologÐzoume thn posìthta R(e1, e2)e2 me

dÔo diaforetikoÔc trìpouc. Pr�gmati eÔkola èqoume

R(e1, e2)e2 = S(e1) < S(e2), e2 > −S(e2) < S(e1), e2 >

kai

R(e1, e2)e2 = −ω3
12ω

1
23e1 − e2(ω

3
12)e3 − 4(ω1

32)
2e1 − 4ω1

32ω
3
32e3

antÐstoiqa. PaÐrnontac t¸ra ta eswterik� ginìmena me e1, ìpwc sun jwc

k�noume, èqoume

8(ω1
32)

2 + µ2 + ν2 = 0,
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apì thn opoÐa sumperaÐnoume ìti ω1
32 = 0. To sumpèrasma autì ìmwc eÐnai mÐa

antÐfash, epeid  èqoume upojèsei ìti ω1
32 6= 0.

(2) An µ 6= λ kai µ, λ ∈ R tìte oi lÔseic tou sust matoc eÐnai

ω2
21 = ω1

12 = ω3
31 = ω3

32 = 0

kai

ω1
23 = ω2

13 =
2ν2

(λ− µ)2 + ν2
ω1

32, ω2
23 = − 2(λ− µ)ν

(λ− µ)2 + ν2
ω1

32, ω1
13 =

2(λ− µ)ν

(λ− µ)2 + ν2
ω1

32.

(2a) An ω1
32 = 0, tìte, eÔkola sumperaÐnoume ìti

ω2
21 = ω1

12 = ω3
32 = ω3

31 = ω1
13 = ω2

23 = ω2
13 = ω1

23 = ω1
32 = 0.

(2b) An ω1
32 6= 0, tìte ergazìmaste me ìmoio trìpo kai èqoume th sqèsh

8ν2

(λ− µ)2 + ν2
(ω1

32)
2 + µ2 + ν2 = 0,

apì thn opoÐa èqoume ìti ω1
32 = 0. To apotèlesma autì eÐnai epÐshc mÐa antÐ-

fash, epeid  èqoume upojèsei ìti ω1
32 6= 0.

Apì thn parap�nw an�lush loipìn, odhgoÔmaste sto sumpèrasma, ìti h upì-

jesh H = C 6= 0 den eustajeÐ. Kat� sunèpeia ja prèpei na eÐnai H = 0,

dhlad  h uperepif�neia na eÐnai elaqistik .

An h H den eÐnai stajer�(H 6= 0), tìte to ∇H ja eÐnai di�foro apì to mh-

denikì di�nusma kai apì thn exÐswsh (4.1.8) sunep�getai ìti to ∇H eÐnai èna

idiodi�nusma tou S.

Efìson h kanonik  morf  (IV), epitrèpei mìno qronoeid  (time-like) idio-

di�nusmata, to ∇H prèpei na eÐnai sthn dieÔjunsh tou e3.
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Prìtash 5.4 'Estw [M3
2 , (−, +,−)] mÐa diarmonik  uperepif�neia sthn yeudo-

EukleÐdeia pollaplìthta E4
2 o telest c sq matoc thc opoÐac wc proc mia

orjokanonik  b�sh eÐnai

[S]E =




µ ν 0

−ν µ 0

0 0 λ


 , ν 6= 0

dhlad  tÔpou (IV). Upojètoume ìti to ∇H eÐnai èna qronoeidèc (time-like)

di�nusma. Tìte h uperepif�neia M3
2 eÐnai elaqistik , (H = 0).

Apìdeixh. Efìson h H eÐnai mh stajer� (H 6= 0) ja eÐnai, ∇H 6= −→
0 .

Kaj¸c o telest c sq matoc èqei thn kanonik  morf  (IV), wc proc mia or-

jokanonik  b�sh {e1, e2, e3} tou Tp(M
3
2 ), eÔkola èqoume

S(e1) = µe1 + νe2,

S(e2) = −νe1 + µe2, (5.1.63)

S(e3) = λe3.

Wc ek toÔtou, qrhsimopoi¸ntac thn (4.1.8) sumperaÐnoume ìti ∇H eÐnai èna

idiodi�nusma tou S, antÐstoiqo thc idiotim c −3H
2

kai ìti to ∇H mporeÐ na

epilegeÐ proc thn dieÔjunsh tou e3, efìson autì eÐnai èna qronoeidèc (time-

like) di�nusma, opìte λ = −3H
2

. 'Epeita apì autì, qrhsimopoi¸ntac th sqèsh

∇H = −e1(H)e1 + e2(H)e2 − e3(H)e3,

sumperaÐnoume ìti

e1(H) = e2(H) = 0 kai e3(H) 6= 0.

Apì thn exÐswsh trS = 2µ+λ = 3H 6= 0 (5.1.62) kai dedomènou ìti λ = −3H
2

èqoume µ = 9H
4
. GnwrÐzoume ìti:

∇ei
ej =

3∑

k=1

ωk
ijek ; i, j, k = 1, 2, 3 (5.1.64)
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ìpou ωk
ij = −εjεkω

j
ik (5.1.74), me εj =< ej, ej > (dhlad  ε1 = −1, ε2 =

+1, ε3 = −1).

Efarmìzoume thn exÐswsh Codazzi (4.1.3) gia tic tri�dec (1, 3, 1), (2, 3, 2),

(1, 3, 2), (1, 3, 3) kai (2, 3, 3) opìte èqoume

15H

4
ω1

13 − νω2
13 = −e3(µ)− 2νω1

32 (5.1.75)

15H

4
ω2

23 + νω1
23 = −e3(µ) + 2νω2

31 (5.1.76)

e3(ν) = −νω1
13 −

15H

4
ω2

13 (5.1.77)

15H

4
ω3

31 + νω3
32 = 0 (5.1.78)

−νω3
31 +

15H

4
ω3

32 = 0 (5.1.79)

antÐstoiqa.

Apì th sqèsh (5.1.74) eÔkola èqoume ìti

ω1
32 = ω2

31, (5.1.80)

ω3
12 = ω2

13, (5.1.81)

ω3
21 = −ω1

23, (5.1.82)

ω3
11 = −ω1

13, (5.1.83)

ω3
22 = ω2

23. (5.1.84)

Epeid  t¸ra, e1(H) = e2(H) = 0, ja eÐnai kai [e1, e2](H) = 0. 'Omwc, an

l�boume upìyh mac kai thn (5.1.64), tìte èqoume diadoqik�

[e1, e2](H) = ∇e1e2(H)−∇e2e1(H) = (ω3
12 − ω3

21)e3(H) = 0.

Kat� sunèpeia,

ω3
12 = ω3

21. (5.1.85)
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Epomènwc

ω2
13 = −ω1

23. (5.1.86)

Apì thn �llh meri� qrhsimopoi¸ntac thn exÐswsh Codazzi gia thn tri�da

(1, 2, 3)

< (∇e1S)e2, e3 >=< (∇e2S)e1, e3 >

kai th sqèsh (5.1.85) èqoume

ω3
11 = −ω3

22. (5.1.87)

Tèloc, apì ton sunduasmì twn (5.1.83), (5.1.84) kai (5.1.87) èqoume kai

ω1
13 = ω2

23. (5.1.88)

To sÔsthma twn exis¸sewn (5.1.75) kai (5.1.76) mèsw twn sqèsewn (5.1.80),

(5.1.86) kai (5.1.88) gÐnetai

15H

4
ω1

13 − νω2
13 = −e3(µ)− 2νω1

32

15H

4
ω1

13 − νω2
13 = −e3(µ) + 2νω1

32.

Afair¸ntac kat� mèlh tic parap�nw sqèseic èqoume 0 = −4νω1
32, me ν 6= 0.

Opìte ω1
32 = 0, kai h sqèsh (5.1.80) dÐnei

ω1
32 = ω2

31 = 0. (5.1.89)

H sqèsh (5.1.75) lambanomènou upìyh ìti µ = 9H
4

gÐnetai

e3(H) = −5H

3
ω1

13 +
4ν

9
ω2

13. (5.1.90)

Apì tic exis¸seic (5.1.78) kai (5.1.79) eÔkola èqoume ìti

ω3
31 = ω3

32 = 0, (5.1.91)
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afoÔ autì eÐnai èna omogenèc grammikì sÔsthma me orÐzousa,

D = (
15H

4
)2 + ν2 6= 0.

Qrhsimopoi¸ntac tic sqèseic (5.1.74) kai (5.1.91) èqoume epÐshc ìti

ω1
33 = ω2

33 = 0. (5.1.92)

Efarmìzontac t¸ra thn exÐswsh Gauss (4.1.4) kai th sqèsh (4.1.5) gia X =

e1, Y = e3, Z = e1, upologÐzoume thn posìthta R(e1, e3)e1 me dÔo diafore-

tikoÔc trìpouc. PaÐrnoume èpeita ta eswterik� ginìmena me to e3 kai èqoume

thn posìthta < R(e1, e3)e1, e3 > me duo diaforetikèc ekfr�seic. Pr�gmati,

èqoume:

< R(e1, e3)e1, e3 > = < S(e1), e3 >< S(e3), e1 >

− < S(e3), e3 >< S(e1), e1 >

= − < λe3, e3 >< µe1 + νe2, e1 >

= λ(−µ) =
27

8
H2.

All� kai

R(e1, e3)e1 = ∇e1∇e3e1 −∇e3∇e1e1 −∇[e1,e3]e1

= −∇e3(ω
2
11e2)−∇e3(ω

3
11e3)− ω1

13∇e1e1 − ω2
13∇e2e1

= −ω2
11∇e3e2 − e3(ω

2
11)e2 − ω3

11∇e3e3

−e3(ω
3
11)e3 − ω1

13∇e1e1 − ω2
13∇e2e1

= −e3(ω
2
11)e2 − e3(ω

3
11)e3 − ω1

13(ω
2
11e2 + ω3

11e3)

−ω2
13(ω

2
21e2 + ω3

21e3).

'Ara

< R(e1, e3)e1, e3 > = e3(ω
3
11) + ω1

13ω
3
11 + ω2

13ω
3
21

= −e3(ω
1
13)− (ω1

13)
2 + (ω2

13)
2.
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Exis¸noume t¸ra ta deÔtera mèlh kai èqoume,

e3(ω
1
13) = −(ω1

13)
2 + (ω2

13)
2 − 27H2

8
. (5.1.93)

H exÐswsh

4H + HtrS2 = 0

me th bo jeia twn (4.1.10), (5.1.83), (5.1.84) kai (5.1.88) gÐnetai,

−ε1[e1e1(H)−∇e1e1(H)]− ε2[e2e2(H)−∇e2e2(H)]

−ε3[e3e3(H)−∇e3e3(H)] + H

(
99

8
H2 − 2ν2

)
= 0.

Dedomènou ìmwc ìti, ε1 = −1, ε2 = +1, ε3 = −1, h sqèsh aut  paÐrnei

th morf 

−ω3
11e3(H) + ω3

22e3(H) + e3e3(H) + H

(
99

8
H2 − 2ν2

)
= 0,

kai telik�

2ω1
13e3(H) + e3e3(H) +

99

8
H3 − 2Hν2 = 0. (5.1.94)

Efarmìzoume t¸ra p�li, thn exÐswsh Gauss (4.1.4) kai th sqèsh (4.1.5) gia

X = e1, Y = e3, Z = e2 kai ergazìmenoi ìpwc prohgoumènwc èqoume telik�

ìti

e3(ω
2
13) = −2ω1

13ω
2
13 −

3Hν

2
. (5.1.95)

To prìblhma loipìn sthn prokeimènh perÐptwsh, an�getai sth melèth tou

sust matoc twn pènte diaforik¸n exis¸sewn me merikèc parag¸gouc (5.1.77),

(5.1.90), (5.1.93), (5.1.94) kai (5.1.95).

DiakrÐnoume tic akìloujec peript¸seic:

(1) An ω1
13 = ω2

13 = 0, tìte apì th sqèsh (5.1.90) èqoume e3(H) = 0, to

opoÐo eÐnai �topo, kajìson apì thn upìjesh eÐnai e3(H) 6= 0.

(2) An ω1
13 6= 0 kai ω2

13 = 0, tìte apì th sqèsh (5.1.95) èqoume ìti

−3Hν
2

= 0 kai dedomènou ìti ν 6= 0, ja prèpei H = 0, to opoÐo epÐshc eÐnai

antÐfash, afoÔ apì thn upìjesh H 6= 0.
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(3) An ω1
13 = 0 kai ω2

13 6= 0, tìte h exÐswsh (5.1.93) metatrèpetai sthn

ω2
13 = ±3

√
6H
4

kai oi upìloipec twn exis¸sewn (5.1.77), (5.1.90), (5.1.94) kai

(5.1.95) paÐrnoun tic akìloujec morfèc:

e3(ν) = −15H

4
ω2

13 (5.1.96)

e3(H) =
4ν

9
ω2

13 (5.1.97)

e3e3(H) +
99H3

8
− 2Hν2 = 0 (5.1.98)

e3(ω
2
13) = −3Hν

2
(5.1.99)

antÐstoiqa. 'Epeita upologÐzoume thn èkfrash e3e3(H). Gia autì to lìgo

paragwgÐzontac wc proc e3 amfìtera ta mèlh thc (5.1.97) èqoume

e3e3(H) =
4

9
ω2

13e3(ν) +
4ν

9
e3(ω

2
13)

kai qrhsimopoi¸ntac tic sqèseic (5.1.96) kai (5.1.99) èqoume telik�

e3e3(H) = −5H

3
(ω2

13)
2 − 2Hν2

3
. (5.1.100)

H sqèsh loipìn (5.1.98) mèsw thc sqèshc (5.1.100) lamb�nontac upìyh kai

ìti H 6= 0, gÐnetai

−5

3
(ω2

13)
2 +

99H2

8
− 8ν2

3
= 0. (5.1.101)

ParagwgÐzontac kai p�li thn sqèsh aut  wc proc th dieÔjunsh tou e3 kai

qrhsimopoi¸ntac tic sqèseic (5.1.96), (5.1.97) kai (5.1.99) èqoume

−5

3
2(ω2

13)e3(ω
2
13) +

99

8
2He3(H)− 8

3
2νe3(ν) = 0,

opìte telik�, 36Hν = 0, me ν 6= 0. Kat� sunèpeia kai p�li odhgoÔmaste sto

ìti H = 0, to opoÐo eÐnai �topo.
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(4) An ω1
13 = ω2

13 6= 0, tìte to sÔsthma twn pènte exis¸sewn (5.1.77),

(5.1.90), (5.1.93), (5.1.94) kai (5.1.95) an�getai isodÔnama sto akìloujo

sÔsthma:

e3(ν) = −(ν +
15H

4
)ω1

13 (5.1.102)

e3(H) = (−5H

3
+

4ν

9
)ω1

13 (5.1.103)

e3(ω
1
13) = −27H2

8
(5.1.104)

2ω1
13e3(H) + e3e3(H) +

99H3

8
− 2Hν2 = 0 (5.1.94)

e3(ω
1
13) = −2(ω1

13)
2 − 3Hν

2
(5.1.105)

antÐstoiqa.

Apì tic sqèseic (5.1.104) kai (5.1.105) eÔkola èqoume ìti

(ω1
13)

2 =
27H2

16
− 3Hν

4
. (5.1.106)

ParagwgÐzontac sth sunèqeia wc proc th dieÔjunsh tou e3 amfìtera ta mèlh

thc (5.1.103) kai qrhsimopoi¸ntac tic sqèseic (5.1.102) kai (5.1.104), èqoume

e3e3(H) = (
10H

9
− 32ν

27
)(ω1

13)
2 +

45H3

8
− 3H2ν

2
. (5.1.107)

Sunep¸c h sqèsh (5.1.94) mèsw twn sqèsewn (5.1.103) kai (5.1.107) gÐnetai,

(−20H

9
− 8ν

27
)(ω1

13)
2 + 18H3 − 3H2ν

2
− 2Hν2 = 0. (5.1.108)

An antikatast soume th sqèsh (5.1.106) sth sqèsh (5.1.108) èqoume

−57

4
H2 +

1

3
Hν +

16

9
ν2 = 0. (5.1.109)

ParagwgÐzontac kai p�li wc proc th dieÔjunsh tou e3 thn exÐswsh aut  kai

qrhsimopoi¸ntac tic sqèseic (5.1.102) kai (5.1.103) èqoume epÐshc

−555

968
H2 +

1

3
Hν +

46

1089
ν2 = 0. (5.1.110)
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AfairoÔme kat� mèlh tic exis¸seic (5.1.109) kai (5.1.110) opìte prokÔptei h

exÐswsh

−13239

968
H2 +

1890

1089
ν2 = 0. (5.1.111)

ParagwgÐzontac t¸ra wc proc th dieÔjunsh tou e3 amfìtera ta mèlh thc

(5.1.106) kai qrhsimopoi¸ntac tic sqèseic (5.1.102), (5.1.103) kai (5.1.104)

èqoume th sqèsh
3

8
H2 +

1

3
Hν − 2

63
ν2 = 0. (5.1.112)

AfairoÔme kat� mèlh tic exis¸seic (5.1.109) kai (5.1.112) kai èqoume telik�

thn exÐswsh

−117

8
H2 +

38

21
ν2 = 0. (5.1.113)

Sunep¸c to arqikì sÔsthma twn pènte exis¸sewn (5.1.94), (5.1.102), (5.1.103),

(5.1.104) kai (5.1.105) èqei anaqjeÐ isodÔnama sto sÔsthma twn exis¸sewn

(5.1.111) kai (5.1.113) me dÔo agn¸stouc H2 kai ν2. Autì to sÔsthma eÐnai

èna omogenèc sÔsthma me orÐzousa twn suntelest¸n twn agn¸stwn

D =
537

847
6= 0.

Wc ek toÔtou, autì to sÔsthma dèqetai wc monadik  lÔsh th mhdenik . Dhlad ,

H2 = ν2 = 0 kai sunep¸c, H = ν = 0, to opoÐo eÐnai �topo, epeid  èqoume

upojèsei ìti H 6= 0. Sunep¸c kai s' aut  thn perÐptwsh h epif�neia eÐnai

elaqistik .

(5) An ω1
13 6= 0, ω2

13 6= 0 kai ω1
13 6= ω2

13. Efarmìzoume thn exÐswsh

Gauss (4.1.4), gia uperepif�neiec tou q¸rou E4
2 , gia tic tri�dec (e1, e2, e1),

(e1, e2, e2), (e2, e3, e1) kai (e3, e1, e1) kai paÐrnoume ta eswterik� ginìmena me

to e3, e2, opìte èqoume:

< R(e1, e2)e1, e3 >= 0, < R(e1, e2)e2, e3 >= 0, < R(e2, e3)e1, e2 >= 0, kai

< R(e3, e1)e1, e2 >= 0. antÐstoiqa.
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Sth sunèqeia efarmìzoume th sqèsh (4.1.5) gia tic Ðdiec tri�dec twn dianu-

sm�twn kai èqoume.

R(e1, e2)e1 = ∇e1∇e2e1 −∇e2∇e1e1 −∇[e1,e2]e1

ìpou,

[e1, e2] = ∇e1e2 −∇e2e1 = ω1
12e1 + ω3

12e3 − ω2
21e2 − ω3

21e3.

'Ara

R(e1, e2)e1 = ∇e1(ω
2
21e2 + ω3

21e3)−∇e2(ω
2
11e2 + ω3

11e3)

−∇ω1
12e1+ω3

12e3−ω2
21e2−ω3

21e3
e1

= ∇e1(ω
2
21e2) +∇e1(ω

3
21e3)−∇e2(ω

2
11e2)−∇e2(ω

3
11e3)

−ω1
12∇e1e1 − ω3

12∇e3e1 + ω2
21∇e2e1 + ω3

21∇e3e1

= ω2
21∇e1e2 + e1(ω

2
21)e2 + ω3

21∇e1e3 + e1(ω
3
21)e3

−ω2
11∇e2e2 − e2(ω

2
11)e2 − ω3

11∇e2e3 − e2(ω
3
11)e3

−ω1
12∇e1e1 − ω3

12∇e3e1 + ω2
21∇e2e1 + ω3

21∇e3e1

= ω2
21(ω

1
12e1 + ω3

12e3) + e1(ω
2
21)e2 + ω3

21(ω
1
13e1 + ω2

13e2) + e1(ω
3
21)e3

−ω2
11(ω

1
22e1 + ω3

22e3)− e2(ω
2
11)e2 − ω3

11(ω
1
23e1 + ω2

23e2)− e2(ω
3
11)e3

−ω1
12(ω

2
11e2 + ω3

11e3)− ω3
12.0 + ω2

21(ω
2
21e2 + ω3

21e3) + ω3
21.0.

Epomènwc,

< R(e1, e2)e1, e3 > = −ω2
21ω

3
12 − e1(ω

3
21) + ω2

11ω
3
22 + e2(ω

3
11) + ω1

12ω
3
11 − ω2

21ω
3
21

= −ω2
21ω

2
13 − e1(ω

2
13) + ω1

12ω
2
23 − e2(ω

1
13)− ω1

12ω
1
13 − ω2

21ω
3
21

= −ω2
21ω

2
13 − e1(ω

2
13) + ω1

12ω
1
13 − e2(ω

1
13)− ω1

12ω
1
13 − ω2

21ω
2
13

= −e1(ω
2
13)− e2(ω

1
13)− 2ω2

21ω
2
13.

Telik� eÐnai,

< R(e1, e2)e1, e3 >= −e1(ω
2
13)− e2(ω

1
13)− 2ω2

21ω
2
13.
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'Omoia, an ergasjoÔme kai gia tic upìloipec tri�dec èqoume antÐstoiqa:

< R(e1, e2)e2, e3 >= −e1(ω
1
13) + e2(ω

2
13) + 2ω1

12ω
2
13.

< R(e2, e3)e1, e2 >= −e3(ω
2
21) + ω2

13ω
1
12 − ω1

13ω
2
21.

< R(e3, e1)e1, e2 >= e3(ω
1
12) + ω1

13ω
1
12 + ω2

13ω
2
21.

Dedomènou ìmwc, ìti ta pr¸ta mèlh aut¸n twn sqèsewn, ìpwc apodeÐxame,

eÐnai mhdèn, ja èqoume:

e1(ω
2
13) + e2(ω

1
13) = −2ω2

13ω
2
21 (5.1.114)

e1(ω
1
13)− e2(ω

2
13) = 2ω2

13ω
1
12 (5.1.115)

e3(ω
2
21) = ω2

13ω
1
12 − ω1

13ω
2
21 (5.1.116)

e3(ω
1
12) = −ω1

13ω
1
12 − ω2

13ω
2
21 (5.1.117)

antÐstoiqa.

DiakrÐnoume t¸ra tic akìloujec peript¸seic:

(5a) 'Estw ìti ω1
12ω

2
21 6= 0. Efarmìzoume thn exÐswsh Codazzi gia thn du�da

(e1, e2) kai paÐrnoume eswterik� ginìmena me to e1:

< (∇e1S)e2, e1 >=< (∇e2S)e1, e1 > (K)

To pr¸to mèloc aut c thc exÐswshc gr�fetai diadoqik�

< (∇e1S)e2, e1 > = < ∇e1(Se2)− S(∇e1e2), e1 >

= < ∇e1(Se2), e1 > − < S(∇e1e2), e1 >

= e1(ν)− µω1
12 + µω1

12

= e1(ν).
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'Ara

< (∇e1S)e2, e1 >= e1(ν). (K-1)

To deÔtero mèloc thc exÐswshc (K) gÐnetai

< (∇e2S)e1, e1 > = < ∇e2(Se1)− S(∇e2e1), e1 >

= < ∇e2(Se1), e1 > − < S(∇e2e1), e1 >

= < ∇e2(µe1 + νe2), e1 > − < S(∇e2e1), e1 >

= < ∇e2(µe1), e1 > + < ∇e2(νe2), e1 >

− < S(ω1
21e1 + ω2

21e2 + ω3
21e3), e1 >

= < µ∇e2e1 + e2(µ)e1, e1 > + < ν∇e2e2 + e2(ν)e2, e1 >

− < S(ω2
21e2), e1 > − < S(ω3

21e3), e1 >

= µ < ∇e2e1, e1 > +e2(µ) < e1, e1 > +ν < ∇e2e2, e1 >

+e2(ν) < e2, e1 > −ω2
21 < Se2, e1 > −ω3

21 < Se3, e1 >

= µ < ω1
21e1, e1 > +ν < ω1

22e1, e1 >

−ω2
21 < −νe1 + µe2, e1 > −ω3

21 < λe3, e1 >

= −νω1
22 − νω2

21

= −νω2
21 − νω2

21

= −2νω2
21.

'Ara

< (∇e2S)e1, e1 >= −2νω2
21. (K-2)

Exis¸noume ta dÔo mèlh twn (K-1), (K-2) kai èqoume

e1(ν) = −2νω2
21. (5.1.118)

'Omoia an ergasjoÔme, apì thn exÐswsh

< (∇e1S)e2, e2 >=< (∇e2S)e1, e2 >
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èqoume,

e2(ν) = −2νω1
12 (5.1.119)

antÐstoiqa. Efìson oi exis¸seic autèc isqÔoun gia k�je ν 6= 0, ja isqÔoun

kai an antikatast soume th mh mhdenik  sun�rthsh ν me thn sun�rthsh H, h

opoÐa eÐnai epÐshc di�forh tou mhdenìc. Sunep¸c, apì tic exis¸seic (5.1.118)

kai (5.1.119) kai dedomènou ìti e1(H) = e2(H) = 0, èqoume

e1(H) = −2Hω2
21 = 0 (5.1.120)

kai

e2(H) = −2Hω1
12 = 0 (5.1.121)

antÐstoiqa.

All� apì thn upìjesh ω1
12ω

2
21 6= 0, kat� sunèpeia apì tic exis¸seic (5.1.120)

kai (5.1.121) sumperaÐnoume ìti H = 0, to opoÐo eÐnai mÐa antÐfash.

(5b) 'Estw ìti

ω1
12 = 0, (5.1.122)

tìte, apì th sqèsh (5.1.117) eÔkola sumperaÐnoume ìti

ω2
21 = 0. (5.1.123)

Qrhsimopoi¸ntac t¸ra thn parènjesh Lie [e1, e3] me dÔo diaforetikoÔc trìpouc

èqoume:

[e1, e3](H) = e1(e3(H))− e3(e1(H)) = e1(e3(H))

kai

[e1, e3](H) = (∇e1e3 −∇e3e1)(H) = (ω3
13 − ω3

31)e3(H).

'Omwc eÐnai, ω3
13 = ω3

31 = 0. 'Ara [e1, e3](H) = 0. Epomènwc,

e1(e3(H)) = 0. (5.1.124)
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'Omoia brÐskoume:

[e2, e3](H) = e2(e3(H))− e3(e2(H)) = e2(e3(H))

kai

[e2, e3](H) = (∇e2e3 −∇e3e2)(H) = 0.

Telik�,

e2(e3(H)) = 0. (5.1.125)

H sqèsh (5.1.124), mèsw twn sqèsewn (5.1.90), (5.1.118) kai (5.1.123) gÐnetai

5H

3
e1(ω

1
13)−

4ν

9
e1(ω

2
13) = 0 (5.1.126)

An�loga h sqèsh (5.1.125), mèsw twn sqèsewn (5.1.90), (5.1.119) kai (5.1.122)

gÐnetai
5H

3
e2(ω

1
13)−

4ν

9
e2(ω

2
13) = 0 (5.1.127)

'Etsi, sqhmatÐsame èna sÔsthma èxi exis¸sewn (5.1.114), (5.1.115), (5.1.116),

(5.1.117), (5.1.126) kai (5.1.127) me èxi agn¸stouc ω1
13, ω2

13, ω2
21, ω1

12, ν kai

H. Sth sunèqeia melet�me autì to sÔsthma.

Oi sqèseic (5.1.126) kai (5.1.127), me qr sh twn sqèsewn (5.1.123) kai (5.1.122)

antÐstoiqa, metasqhmatÐzontai stic,

e1(ω
1
13) =

4ν

15H
e1(ω

2
13) (5.1.128)

kai

e2(ω
1
13) =

4ν

15H
e2(ω

2
13) (5.1.129)

antÐstoiqa. H sqèsh (5.1.115) mèsw thc sqèshc (5.1.122) gÐnetai

e1(ω
1
13) = e2(ω

2
13). (5.1.130)

H sqèsh (5.1.114) mèsw thc sqèshc (5.1.123) gÐnetai

e1(ω
2
13) = −e2(ω

1
13). (5.1.131)
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Sunep¸c to sÔsthma twn exis¸sewn èqei anaqjeÐ proc to isodÔnamo sÔsth-

ma twn èxi exis¸sewn (5.1.123), (5.1.116), (5.1.128), (5.1.129), (5.1.130) kai

(5.1.131).

H sqèsh (5.1.129) mèsw twn sqèsewn (5.1.128) kai (5.1.130) gÐnetai

e2(ω
1
13) =

(
4ν

15H

)2

e1(ω
2
13). (5.1.132)

H sqèsh (5.1.116) kajÐstatai tautìthta. Telik�, sundu�zontac tic sqèseic

(5.1.131) kai (5.1.132) èqoume
(

4ν

15H

)2

= −1

to opoÐo eÐnai mÐa antÐfash. H antÐfash proèkuye apì thn upìjesh ìti H 6= 0.

Ja eÐnai loipìn anagkastik�, H = 0 kai epomènwc h uperepif�neia M3
2 eÐnai

elaqistik .

Parat rhsh: Apì ta prohgoÔmena kajÐstatai amèswc fanerì ìti

an ω1
12 = 0, tìte kai ω2

21 = 0 kai antÐstrofa.

ApodeÐxame loipìn, ìti se kajemi� apì tic peript¸seic (II), (III) kai (IV) h

uperepif�neia M3
2 , tou yeudo-EukleÐdeiou q¸rou E4

2 eÐnai elaqistik  kai kat�

sunèpeia h apìdeixh tou Jewr matoc 5.1 èqei oloklhrwjeÐ.



Kef�laio 6

6.1 SUMMARY

In the present Ph.D. Thesis we study three problems referred in the

pseudo-Euclidean geometry. In the first two chapters, Chapter 1 and Chap-

ter 2 we review known results and describe the basic notions of the Rie-

mannian and pseudo-Riemannian geometry. In Chapter 3 we study surfaces

of revolution of the 3-dimensional Lorentz-Minkowski space satisfying given

geometric condition. In Chapter 4 we find all the canonical forms of the

shape operator of the 3-dimensional hypersurfaces of signature (-, +, -) of

the 4-dimensional pseudo-Euclidean space of signature (-, +, -, +). Finally

in Chapter 5 we study the relation which exists between the biharmonic and

minimal hypersurfaces referred in Chapter 4, by using their shape operator.

More precisely we prove that every such biharmonic hypersurface is minimal.

The main results of this Ph.D thesis are published (or has been accepted for

publication) in the papers of Petoumenos et al (Surfaces of Revolution in

the 3-dimensional Lorentz-Minkowski space E3
1 satisfying ∆III~r = A~r, Bull.

Greek Math. Soc., 2005), Petoumenos et al (On the shape operator of the

hypersurfaces M3
2 of E4

2 , Bull. Greek Math. Soc., 2007) and Petoumenos et

al (Biharmonic hypersurfaces of type M3
2 in E4

2 , Houston J. Math., 2009).
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