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Abstract

We review the model-theoretic approaches to Monadic Second-Order Logic (MSO 1) evalua-
tion, especially to model-checking on MSOL-inductive classes of structures. Starting our study
with finite strings and finite trees, we then focus on classes of structures of bounded treewidth. For
these classes we define the “model-theoretical automaton” which generalizes the corresponding
automaton defined by Ladner for strings. First we prove that the model-theoretical automaton
cannot be used as an MSO model-checking algorithm on any of these classes of structures. Then
we study its relationship with other classical model-theoretic methods as well as its relationship
with recent datalog-based approaches to the MSO model-checking problem.

Keywords: Monadic second-order logic (MSO) evaluation problem, MSO queries, model-checking,
classes of structures of bounded tree-width, MSOL-inductive classes of structures, tree automata,
parse trees, compositionality, Ehrenfeucht-Fräıssé games, datalog programs/queries.

1 Introduction

The main subject of the present work is the study of model-theoretic techniques for doing model-
checking of Monadic Second-Order Logic (MSO) on structures of bounded tree-width. The MSO-
evaluation problem and especially the MSO model-checking problem has attracted the attention not
only of logicians but also more recently that of computer scientists. Indeed MSO is a very expressive
logic, allowing to express complete problems for any level of the polynomial hierarchy; in particular
many NP-complete problems can be expressed in MSO. On the other hand tree-width is a concept
of great importance in computer science, since many NP-hard algorithmic problems become fixed-
parameter tractable when parameterized by the tree-width of the input structure (see [10, 13]). A
very powerful and general such result is the celebrated Courcelle’s theorem [6, 8] stating that boolean
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MSO queries are linear-time decidable on graphs of bounded tree-width (i.e., in other words, MSO
is fixed-parameter tractable in linear time on any such classes of structures). Courcelle’s theorem
is a metatheorem actually and in particular it concerns many graph properties having NP-complete
decision problems (e.g. 3-Colorability, Vertex-Cover etc). Courcelle’s original proof is model-theoretic
using reduction sequences [6]; then it evolved into an automata-theoretic proof where finite automata
are constructed from monadic second-order sentences which recognize (the parse trees of) terms
over fixed finite signatures that define graphs satisfying the given sentences [8]. Though Courcelle’s
theorem is a powerful metatheorem, a straightforward implementation of the algorithm in its proof
runs into space-explosion problems even for small values of tree-width.

We focus here on foundational work about the model-theoretic approaches to MSO evaluation;
this is necessary for having a good understanding of the existing model-theoretic solutions proposed
in the literature. We will make a distinction between constructive methods and non-constructive ones;
thus we find useful to remind the definition of the latter from The Oxford Dictionary of Philosophy:
In mathematics and the theory of computation, a proof is non constructive if it enables you to know
that some construction exists, but does not enable you to identify it. For example, it might be known
that a solution to a problem, or a method for winning at a game, exists, without it being thereby estab-
lished what the solution or method is. Non-constructive proofs are the particular target of intuitionist
criticisms of classical mathematics and logic. Constructive methods include algorithms that are non
implementable because of their extremely high complexity.

In the present paper we especially study and review the foundational model-theoretic approaches
to MSO evaluation w.r.t. their ability to provide model-checking algorithms. These approaches
concern MSOL-inductive classes of structures (strings, trees, structures of bounded tree-width etc).
We stress on the fact that there exist two model-theoretic approaches to model-checking, both based
on composition theorems i.e. theorems that relate the k-type of a structure to the respective k-
types of its “substructures”, but these approaches present a substantial difference since the one is
constructive while the other is not. Indeed, on the one hand there is the constructive approach
based on reduction sequences of formulas (where the output is the q-theory of the input structure,
or even better some part of this q-theory that is relevant to the input sentence) while on the other
hand there is the non-constructive approach based on Ehrenfeucht-Fräıssé games (where each q-type
is known from one of its representative structures and not from its corresponding q-theory); in the
latter approach no algorithm is given that produces q-types as sets of formulas. Courcelle’s theorem
has a constructive proof (it has been reproved several times actually); indeed its original proof by
Courcelle uses graph grammars and reduction sequences of formulas; more precisely Courcelle defines
replacement operations on graphs each of which satisfies a composition theorem; he proves that
the corresponding Hyperedge Replacement (HR) Grammar produces the graphs of bounded tree-
width. Thus each graph of tree-width at most k, has a parse tree describing its construction by
the HR graph grammar; this parse tree can be produced in linear time and it is used to check, via
reduction sequences, whether φ is true in G. The resulting algorithm is a linear-time model-checking
algorithm, which as stated in [23], section 1.6., “is not practical, as the constants involved coming
from the computation of all the possible reduction sequences for MSO formulas of quantifier rank q
are prohibitively large” 2. On the other hand the non constructive approach via Ehrenfeucht-Fräıssé
games, is based on the model-theoretic automaton introduced in [22] for strings; we study it and
exhibit the inherent problems that make its construction unfeasible even in the case of strings. We

2The algorithm can be improved by computing each time the reduction sequence for specific formula φ only, but the
complexity remains extremely high.
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then define the model-theoretic automaton for tree-decomposed structures of bounded width and
give its translation into datalog; we show that the construction of this model-theoretic automaton
is implicit in the approach of [20, 25] and this causes insuperable problems to the MSO-to-datalog
connection that they wish to establish on structures of bounded tree-width.

A particular case that will be studied is that of unary MSO queries, i.e. queries defined by MSO
formulas φ(x) with exactly one free variable x s.t. x is a first-order one. The queries defined by such
formulas are called unary MSO queries and they constitute a (very small) fragment of MSO queries.
This small class of unary MSO queries has attracted considerable attention since it is adequate for
specifying XML queries on trees. Moreover many interesting problems from various areas (graph
theory, database theory, artificial intelligence etc.) are defined either by boolean MSO queries or
unary MSO queries. However unary queries are not only syntactically simpler than general ones
but also computationally simpler. Indeed, using automata-theoretic techniques, we already proved in
[15] that on trees there is a great difference between solving general MSO queries and solving unary
MSO queries. The same holds for structures of bounded tree-width as we proved in [16]. In both
cases it holds that, for general MSO formulas, three traversals of the tree are needed instead for two
in the case of unary queries (and instead of one for sentences); the third traversal is necessary for
properly combining the portions of satisfying assignments obtained (during the second phase) locally
at each node/bag for the corresponding subtree/induced substructure. The papers [19] and [20] deal
with unary MSO queries exclusively and use model-theoretic tools. Also in [17] there is a particular
section devoted to unary MSO queries (namely section 2.2 “Courcelle’s result and a simple extension”)
where model-theoretic tools are used; it is worth noticing that section 2.3 “Evaluation on tree-like
structures” in [17] (see also [14]) solves the evaluation problem for general MSO queries using purely
automata-theoretic tools, and not the model-theoretic approach adopted for unary MSO queries in
the aforementioned section 2.2. of [17]. This suggests that it is not straightforward to generalize the
existing model-theoretic approach for unary MSO queries to general MSO queries. Indeed it is stated
in [23] that “Flum et al. [66,75] have studied the construction and listing versions of model checking.
But the exact analogy to the techniques coming from the Feferman-Vaught Theorem have not yet been
worked out. This should not be too difficult, but it will need some work” 3.

The present paper is organized as follows. Some basic preliminaries are given in section 1 while
all other necessary notions are defined in the body of the text when they are used for the first time
(preliminaries about datalog are given in the Appendix). In sections 2 and 3 we study the construction
of the model-theoretic automaton defined by Ladner for strings and we give its translation in datalog.
More precisely in section 2 we study the construction of all the ingredients of this automaton excepting
its final states (this is the so-called q-preautomaton). In section 3 we report on the non feasibility of
effectively constructing the q-preautomaton; then, in that same section, after having recalled how final
states are computed, we prove that the model-theoretic automaton (as well as the datalog program
that mimics it) cannot be used as a model-checking algorithm. In section 4 we generalize the results
of previous sections to trees and to structures of bounded tree-width and also show how they can be
generalized to any MSOL-inductive class of structures. In section 5 we describe the classical model-
theoretical way to do model-checking with reduction sequences; this leads to an algorithm of very
high complexity that has not been implemented, as far as we know. The approach for evaluating
unary MSO queries of [20] (and also its generalization in [25]) and the approach for evaluating unary

3The listing version of model-checking for MSO mentioned in [23] page 203, is what we call the evaluation problem

for MSO i.e. the problem, for given MSO formula φ( ~X) and structure A, of finding the satisfying assignments of φ( ~X)
in A; the reference [66] is our reference [14].
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MSO queries of [17] are discussed in sections 5 and 6 respectively.

2 Preliminaries

Structures, MSO A (relational) signature τ is a finite set of predicate symbols R1, . . . , R`; every
predicate symbol Ri, i ∈ 1, . . . , `, is equipped with a natural number ri ≥ 0 called its arity. A
τ -structure A is a pair (A, (RAi )i∈{1,...,`}), where A is a nonempty set called domain, and RAi is a
relation of arity ri on A. A structure A is finite if A is a finite set. In the present work we deal with
finite structures only.

Monadic second-order logic (or in short MSO) is an extension of first-order logic (FO) with set
variables on which quantification is allowed. In this work we deal with the class MSO[τ ] of all MSO-
formulas of vocabulary (i.e. signature) τ 4.

Strings, MSO-automata connection on strings Let Σ be a finite set of symbols called alphabet
of colors. Finite Σ-labelled strings (equivalently finite words on the alphabet Σ) can be modelled as
finite structures. Indeed it will be convenient to represent each Σ-string of length n as a finite τ -
structure of domain {0, 1, ..., n}, where τ = {init, tail, succ, (Pσ)σ∈Σ∪{ε}} s.t. init(0) and tail(n) hold,
succ(i, i + 1) holds for i = 0, ..., n − 1, Pε(0) holds (i.e. element 0 is the unique element of label ε,
ε 6∈ Σ) and, for i = 1, ..., n, Pσ(i) holds iff element i has label σ ∈ Σ. According to our previous
conventions, each string σ1...σn is viewed as ε.(σ1...σn) where ε denotes the empty string. This means
that the empty string ε is represented as a one-element structure of label ε, ε 6∈ Σ.

A non deterministic bottom-up Σ-automaton A is a tuple (Σ, Q, I,∆, F ), where Σ is a finite
alphabet of colors, Q is a finite set of states, I = {q0} ⊆ Q is the set consisting of the initial state q0,
F ⊆ Q is the set of final states and ∆0, ∆ are relations: ∆0 ⊆ {ε} × I, ∆ ⊆ Q × Σ × Q. Relation
∆0 defines the mapping δ0 : {ε} → I. Such a Σ-automaton is called Σ-string automaton or string
automaton for short. Automaton A is deterministic if ∆ defines a mapping δ : Q × Σ → Q. A run
ρ of an (either deterministic or not) automaton A on a Σ-string S, is a mapping, assigning states
to elements m of the domain s.t. i) if m = 0 then ρ(m) = q0 (indeed 0 is the only element with
color ε and there exists a transition (ε, q0) ∈ ∆0, and ii) if m = n + 1 where m has color σ then the
value ρ(m) is such that (ρ(n), σ, ρ(m)) ∈ ∆. A run is successful if it maps the tail to a final state.
A Σ-string S is recognized by a Σ-automaton A if there exists a successful run of A on S. A class C
of strings is recognizable if there exists a string automaton that recognizes exactly those strings that
belong to C. A class C of strings is MSO-definable if there exists an MSO[τ ]-sentence φ such that, for
every string S (viewed as a τ -structure S), φ is true on S iff S is in C. Recognizable classes of strings
are equivalent to MSO-definable classes of strings as stated by Büchi’s theorem given below.

Theorem 2.1 (Büchi [5]) A set of strings is recognizable by some finite automaton iff it is definable
by an MSO-sentence φ. Furthermore, the correspondence between automata and MSO-sentences is
computable.

Trees, tree-automata, MSO-automata connection on trees Let Γ be a finite set of symbols
called the alphabet of colors and let τΓ be the signature τΓ = {S1, S2, (Pγ)γ∈Γ} where S1, S2 are

4In the present work, τ either denotes the signature of strings when we deal with strings, either the signature of
trees when we deal with trees or it denotes some unspecified relational signature when we deal with τ -structures. In
every case the value of τ will be clear from context.
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binary predicate symbols and (Pγ)γ∈Γ are unary predicate symbols. A Γ-colored tree (or Γ-tree) T
is a finite relational τΓ-structure (T, ST1 , S

T
2 , (P

T
γ )γ∈Γ) such that (n, ni) ∈ STi iff ni is the ith child

of n, i = 1, 2, and n ∈ P Tγ iff γ is the color of n. The elements of T are called nodes of tree T . We
can equivalently represent T as a pair (t, c), where t = (T, s1, s2) is the underlying tree of T (s1, s2

are the left and right child functions respectively) and where c : T → Γ is a coloring function for t
satisfying c(n) = γ iff n ∈ P Tγ . A subtree T ′ of T is a connected subgraph of T (with set of nodes

T ′ ⊆ T ): T ′ = (T ′, ST1 ∩ T ′2, ST2 ∩ T ′2, (P Tγ ∩ T ′)γ∈Γ). We denote Tn the subtree of T rooted at n
with domain Tn containing all the leaves reachable from n; such subtrees are called full.

A non deterministic bottom-up Γ-colored tree automaton (Γ-automaton)A is a tuple (Γ, Q,∆0,∆, F ),
where Γ is a finite alphabet of colors, Q is a finite set of states, F ⊆ Q is the set of final states and
∆0, ∆ are relations: ∆0 ⊆ Γ×Q and ∆ ⊆ Q×Q×Γ×Q. Automaton A is deterministic if relations
∆0, ∆ define mappings δ0 : Γ → Q, δ : Q×Q× Γ → Q. A run ρ of an (either deterministic or not)
automaton A on a Γ-tree T , is a mapping, assigning states to nodes s.t. i) if n is a leaf with color a,
then ρ(n) = q if there exists a transition (a, q) ∈ ∆0, and ii) if n is a node of color a, having children
n1, n2, then the value ρ(n) is such that (ρ(n1), ρ(n2), a, ρ(n)) ∈ ∆. A run is successful if it maps the
root to a final state. A Γ-tree T is recognized by a Γ-automaton A if there exists a successful run of
A on T . A class C of Γ-trees is recognizable if there exists an automaton that recognizes exactly those
Γ-trees that belong to C. A class C of trees is MSO-definable if there exists an MSO[τΓ]-sentence φ
such that, for every Γ-tree T (viewed as a τΓ-structure T ), φ is true on T iff T is in C. Recognizable
classes of trees are equivalent to MSO-definable classes of trees as stated by Doner/ Thatcher &
Wright’s theorem given below.

Theorem 2.2 (Doner [9], Thatcher & Wright [27]) A class of Γ-trees is recognizable if and only
if is MSO[τΓ]-definable. Furthermore, the correspondence between automata and MSO sentences is
computable.

Tree-decompositions and structures of bounded tree-width A tree-decomposition of a τ -
structure A is a pair (T , (An)n∈T ) where T is a tree with domain T and each An, called bag of the
decomposition, is a subset of the domain A of A such that

i) for every a ∈ A, the set Ta = {n ∈ | a ∈ An} is nonempty and connected in T ;

ii) for every (a1, . . . , ari) ∈ RAi , 1 ≤ i ≤ `, there is an n ∈ T such that {a1, . . . , ari} ⊆ An.

The width of a tree decomposition (T , (An)n∈T ) is the number max{|An| | n ∈ T} − 1. The
tree-width tw(A) of structure A is the minimum of the widths of the tree decompositions of A.

It is more convenient in our framework to have representations of the bags of the tree decom-
positions is the form of tuples instead of sets. Thus, we consider a slightly different form of tree-
decomposition, called special tree-decomposition of a structure A with tree-width w, which is an
ordered tree-decomposition defined by pair I = (T , (an)n∈T ) where T is a binary tree, each an is
a u-tuple (a1

n, . . . , a
u
n), 1 ≤ u ≤ w + 1, of elements of A and (T , (an)n∈T ), an = {a1

n, . . . , a
u
n}, is a

tree decomposition of A of width w. The transformation of a given tree-decomposition to a special
tree-decomposition of the same width can be performed in linear time.

Example 2.1 Let G be an E-structure corresponding to an undirected graph with vertex set V =
{a, b, c, d, e, f, g, h} (E is a binary predicate interpreted as the symmetric edge relation) and EG =
{(a, b), (a, c), (a, g), (b, c), (c, d), (c, e), (c, f), (d, e), (f, g), (g, h), (b, a), . . . , (h, g)}. The tree-decomposition
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Figure 1: Graph G and a special tree-decomposition I for G.

I given in Figure 1 is a special tree-decomposition of width 2 of G (the elements of the blocks are
consider ordered according to the way they are listed).

We say that a class C of structures is of bounded tree-width if there exists a w ≥ 1 such that
for every structure A ∈ C the tree-width tw(A) of A is at most w. In this work, we consider classes
of finite τ -structures of bounded tree-width. Notice that, as stated in the following theorem, tree-
decompositions for structures of bounded tree-width can be computed efficiently. Indeed Bodlaender’s
theorem states that there is a polynomial p(x) and an algorithm that, given a structure A, computes
a tree-decomposition of A of width w = tw(A) in time 2p(w) · |A|.

MSO-definable queries - The MSO evaluation problem & the MSO model-checking prob-
lem Each MSO[τ ] formula φ(y1, . . . , x`, X1, . . . , Xk) defines a mapping, also denoted by φ, over a
class Cτ of finite τ -structures: for each τ -structure A with domain A,

φ(A) = {(a1, . . . , a`, B1, . . . , Bk) | A |= φ (a1, . . . , a`, B1, . . . , Bk)} ⊆ A` × (P(A))
k

;

the class of mappings q over Cτ defined by some MSO formula with k free variables (i.e. such that
there exists an MSO formula φ with q(A) = φ(A) for all τ -structures A) is called the class of k-
ary MSO-definable queries over the class Cτ . The MSO evaluation problem on Cτ is the problem of
computing φ(A) given MSO[τ ] formula φ and τ -structure A; obviously, by solving this problem we
can also solve the problem of evaluating MSO queries over Cτ . The MSO model-checking problem on
Cτ is the problem of deciding whether A |= φ given MSO[τ ] formula φ and τ -structure A.

3 The construction of the model-theoretic automaton A on
strings. First step: construction of the q-preautomaton.

The MSO-to-automata direction of Büchi’s theorem is proved by effectively constructing an automaton
for each sentence φ; the construction is by induction on the structure of φ (thus it involves the
computation of automata for MSO (sub)formulas and not for sentences only). Clearly this proof is
constructive and it provides a principle of inductive automaton definition (it is this same principle
that we follow in our approach). However there is an alternative proof of the MSO-to-automata
direction of Büchi’s theorem provided by Ladner in [22] and which uses model-theoretic tools. This
proof is more existential in nature and it consists in defining a completely different automaton that
we will call the model-theoretic automaton (in particular this automaton is not defined by induction
on φ).
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Below we quote the words of Ladner from its paper [22]: “The work of Büchi (1962,1963) and
others has established a close tie between finite automata and monadic-second-order theories of linear
order...On the other hand, Ehrenfeucht (1961) and Läuchli (1968) have used certain kinds of model
theoretic games to show the decidability of some first-order and weak monadic second-order theories
of linear orders. Büchi’s method and those of Ehrenfeucht and Läuchli seem quite different, but as
we shall show in the paper, their methods are really closely related. The main thrust of the paper is to
relate theories of linear orders with monadic predicates to finite automata using model theoretic game
techniques. (...) Although the main results we obtain are not original, we believe that the method
of model theoretic games greatly simplifies their proofs. The game technique seems to minimize the
formula manipulation of earlier proofs while at the same time emphasizes the combinatorial aspects
of the proofs.”

Before describing this model-theoretic automaton as defined by Ladner, let us briefly recall some
basic model-theoretic notions concerning each relational signature τ and each integer q ≥ 0. Two τ -
structures are said to be MSOq-equivalent (or equivalent according to the equivalence relation ≡MSO

q )
if they satisfy the same MSO τ -sentences of quantifier rank at most q (we call them q-sentences for
short); recall that formulas of quantifier rank q are those having exactly q quantifiers in their prenex
normal form. The equivalence classes of ≡MSO

q are called MSO q-types (q-types for short). Each q-
type is a set of equivalent structures and it is characterized by a set of sentences, namely its q-theory
i.e. those q-sentences that are true in each structure of the given type. It is not hard to verify that,
for given τ and given q, there are - up to logical equivalence - finitely many τ -formulas of quantifier
rank q; therefore there are finitely many q-types of τ -structures.

Checking whether two τ -structures are MSOq-equivalent is a decidable property thanks to the
Ehrenfeucht-Fräıssé theorem which establishes a necessary and sufficiant condition between MSOq-
equivalence and the existence of a winning strategy for the (player called) Duplicator in the Ehrenfeucht-
Fräıssé game played on these structures by the Spoiler and the Duplicator ([11], [28]). Notice however
that, for some structures, proving the existence of a winning strategy can be arbitrarily complicated as
explained in [1]; thus the decidability of the aforementioned property does not necessarily imply effec-
tive constructibility (see also section 4). A fondamental property of q-types (that can be proved using
Ehrenfeucht-Fräıssé games) is that the q-type of any given structure is determined by the q-types of
its substructures; this is a composition theorem. Indeed the so-called composition method originated
with the classical Fefermann-Vaught theorem for First-Order Logic and was generalized to Monadic
Second Order Logic by Shelah, Gurevitch, see [23]. The composition theorem for string-structures
expresses the property that the q-type of a string σ1...σn depends exclusively on the type of the
substring σ1...σn−1 and on the type of the substring σn which is determined by the symbol σn. Anal-
ogous composition theorems exist for every class of structures definable by so-called MSOL-smooth
operations [7], [23]: in particular this is the case for trees and τ -structures of bounded tree-width (see
section 5).

Each composition theorem establishes that by “properly extending” MSOq-equivalent (sub)struc-
tures we obtain MSOq-equivalent structures; for string-structures, “properly extending” means con-
catenating the same symbol to the end of the equivalent substrings. The proof via Ehrenfeucht-Fräıssé
games consists in “properly extending” the existing winning strategy of the Duplicator on the equiv-
alent substructures into a winning strategy of the Duplicator on the structures obtained by “properly
extending” those substructures. This proof thus attests the interdependency between q-types and it
is more of existential nature. There exists another proof of composition theorems which is namely the
original idea of the proof in the first versions of Fefermann-Vaught theorem. This proof is constructive
and it consists in producing for each q-type its q-theory (or relevant parts of it). We will discuss this
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in section 6.
Definition of the q-preautomaton Aq. The finiteness of the set of all q-types, together with the

precise functional dependency that can be established among q-types (via the aforementioned compo-
sition theorems) lead, in the case of strings, to a natural as well as elegant automaton definition due
to Ladner [22]. The states of this deterministic automaton Aq,φ are the (names of) q-types; the initial
state is the q-type of the empty string. There exists a transition labelled σ from q-type S1 to q-type
S2 if, for any string s, it holds that if s ∈ S1 then s · σ ∈ S2 where · denotes string concatenation
(this is a well defined transition function since equivalent string-structures extended with the same
symbol produce equivalent string-structures). It follows that string s = σ1...σn belongs to the q-type

Q iff the unique run ρ of Aq,φ on s ends in Q (i.e. ρ has the form Q0
σ1→Q1...Qn−1

σn→Q where Q0 is
the initial state of Aq.φ). Moreover, two strings σ1...σn and σ′1...σ

′
m belong to the same q-type Q (i.e.

they are MSOq-equivalent) if their respective runs both end at state Q. We have given so far all the
ingredients of an automaton excepting its final states. I.e. we have given the definition of what we
shall call the model-theoretic q-preautomaton which is independent from any specific formula φ. We
will see that in order to (define and) construct this q-preautomaton we need to know nothing about
the q-theory of each q-type.

Definition of the model-theoretic automaton Aq,φ for sentence φ. Now in order to obtain the
model-theoretic automaton for sentence φ of quantifier rank q we must properly attribute a set of
final states to this model-theoretic q-preautomaton: a state (i.e. a q-type) is accepting iff it consists of
structures satisfying φ. It follows that, given any two non-isomorphic sentences φ1 and φ2 of quantifier
rank q, their respective model-theoretic automata Aq,φ1

and Aq,φ2
share the same q-preautomaton

part and they only differ in their sets of final states.
It follows from previous description that the model-theoretic automatonAq,φ for sentence φ defined

by Ladner has a natural and simple definition easy to understand. Its construction however seems
not to be realistic since even the construction of the q-preautomaton involves an enormous number
of tasks to be performed, as we explain below.

Construction of the q-preautomaton Aq. We describe an algorithm that constructs the set of
states and the set of transitions of Aq (at the same time we discuss the correctness of the algorithm).
Recall that a q-type is an equivalence class of structures and that each state symbol Q is the name
of some q-type. The algorithm does not need to know every structure in each q-type but only one
representative of the class, that we call witness of the state. The witness of state Q is the structure
denoted W (Q). It will be clear that, by construction, W (Q) is chosen to be the smallest structure
(i.e. having the smallest domain) among all MSOq-equivalent structures that constitute the q-type
Q.

We maintain two sets of states States andNewStates. The setNewStates consists of all (recently)
created states that have not been processed yet. A state is processed if all the transitions that come
out of it have been created. Once a state is processed it is erased from NewStates. The set States
consists of all the states produced so far. States and NewStates are initialized to the empty set.

At each step, we choose a state Q in NewStates and, for each σ ∈ Σ, we produce a σ-transition
from Q (thus probably creating new states as we will see). Recall from the preautomaton definition
that transitions are deterministic, thus for each (Q, σ) there exists a unique σ-transition from Q. Also

recall that each σ-transition from Q has the form Q
σ→Qσ where W (Qσ) ≡MSO

q W (Q)σ and where the
name of Qσ must be chosen very carefully, respecting the fact that two distinct states cannot denote
the same q-type.

Thus in order to create the correct σ-transition from Q, the string W (Q).σ must be compared with
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the witnesses W (ξ) of all states ξ produced so far and it must be checked whether W (Q).σ ≡MSO
q

W (ξ). If some state ξ0 is found in States s.t. W (Q).σ ≡MSO
q W (ξ0) then, by construction, ξ0 is the

unique such state and the comparison must stop; we can then create the correct σ-transition from Q
which is the new transition Q

σ→ξ0. Otherwise, if there exists no state ξ ∈ States s.t. W (Q).σ ≡MSO
q

W (ξ) then we must create a new state Q′ and set W (Q′)=W (Q).σ; the correct σ-transition from Q

to be created is the new transition Q
σ→Q′. Observe here that it is an extremely expensive procedure

to check whether a new state must be created or not since numerous Eherenfeucht-Fräıssé games have
to be played (we come back to this point later).

We give below the algorithm producing the q-preautomaton Aq. This algorithm, named proce-
dure CreateAq, starts with no input. It stops when NewStates = ∅ (since the number of q-types
is finite there exists a step of the algorithm during which no new state is created i.e. NewStates := ∅).

Procedure CreateAq %Algorithm producing the q-preautomaton Aq
NewStates := ∅
States := ∅
Begin
Create new state Q0 (the initial state)
NewStates := NewStates ∪ {Q0}
States := States ∪ {Q0}
W (Q0):=structure of the empty string
WHILE NewStates 6= ∅ DO
For each state Q ∈ NewStates do

For each symbol σ ∈ Σ,
if there exists ξ0 ∈ States s.t. W (Q).σ ≡MSO

q W (ξ0) then create a new transition Q
σ→ξ0

else create a new state Q′

NewStates := NewStates ∪ {Q′}
States := States ∪ {Q′}
W (Q′):=W (Q).σ

create a new transition Q
σ→Q′

NewStates := NewStates \ {Q}
End
Construction of the datalog program Πq computing q-types of finite strings (assuming that the q-
preautomaton Aq has already been constructed).
Once the q-preautomaton Aq is constructed, it is straightforward to produce the rules of a datalog
program Πq that computes all q-types of finite Σ-strings. Program Πq has as IDB predicates the
names of q-types on strings (i.e. the states of Aq) and as EDB predicates, the predicates of the signa-
ture of finite strings. Recall from section 1 how strings are represented as finite structures. We obtain
program Πq by translating the transitions of the q-preautomaton into datalog rules. Thus transition

Q
σ→Q′ is represented by the rule Q′(x′) ← Pσ(x′), succ(x, x′), Q(x). There is an initialization rule,

namely Q0(x)← Pε(x), init(x) that attributes the name Q0 to the q-type of the one-element structure
representing the empty string. Suppose that the aforementioned datalog program Πq is executed on
a given EDB database that represents a string s viewed as a τ -structure S according to the above
conventions; suppose that m belongs to the domain of S. The atom Q(m) will be produced exactly
if the IDB predicate Q denotes the q-type of the substring s′ of s corresponding to the substructure
S′ of S of domain {0, 1, ...,m} i.e. the atom Q(m) will be produced exactly if s′ ≡MSO

q W (Q).
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Direct construction of Πq (i.e. without having constructed the q-preautomaton Aq.
We can also produce the datalog program Πq directly. We have to create the IDB predicates that are
distinct names for distinct q-types. And we have to maintain a witness W (Q) with each IDB Q s.t.
the structure W (Q) belongs to the corresponding q-type Q. We start with Q0 having as witness the
structure W (Q0) of the empty string. Q0 is defined by the initialization rule Q0(x)← Pε(x), init(x)
that naturally follows from the way we represented strings as structures. We maintain two sets of
IDB predicates IDBs and NewIDBs. The set IDBs consists of the IDBs produced so far. The set
NewIDBs consists of all (recently) created IDBs that have not been processed yet. An IDB Q is
processed if all the rules that have Q in their body have been created: there is one such rule rσ for
each σ in Σ, and rσ has the form Qσ(x′) ← Pσ(x′), succ(x, x′), Q(x). where the IDB predicate Qσ
denotes the q-type of strings s′ obtained by concatenating a string s of q-type Q with the one-letter
string σ (i.e. s′ = s.σ and s′ ≡MSO

q W (Q).σ). A necessary correctness condition for program Πq is
that each q-type must be represented by a unique IDB predicate. Thus, in order to obtain a correct
name for Qσ, we must check whether the q-type of Qσ is equal to the q-type of some already produced
IDB predicate i.e we must compare the structure W (Q).σ that belongs to the type of Qσ with the
witnesses W (ξ) of previously created IDB predicates ξ (as we previously did when producing the
transitions of the q-preautomaton). The algorithm takes no input and it terminates when no new
IDB is created.

We give below the algorithm producing the datalog program Πq. This algorithm, named procedure
CreateΠq, is very similar to our previous algorithm CreateAq that produces the q-preautomaton Aq;
this is natural since Πq mimicks the construction of Aq. It follows that both program Πq and the
q-preautomaton Aq have (essentially) the same complexity.

Procedure CreateΠq %Algorithm producing the datalog program Πq

NewIDBs := ∅
IDBs := ∅
Begin
Create new IDB Q0

NewIDBs := NewIDBs ∪ {Q0}
IDBs := IDBs ∪ {Q0}
W (Q0):=structure of the empty string
create rule Q0(x)← Pε(x), init(x)
WHILE NewIDBs 6= ∅ DO
For each IDB predicate Q ∈ NewIDBs do

For each symbol σ ∈ Σ,
if there exists ξ0 ∈ IDBs s.t. W (Q).σ ≡MSO

q W (ξ0) then create rule ξ0(x′)← Pσ(x′), succ(x, x′), Q(x)
else create a new IDB Q′

NewIDBs := NewIDBs ∪ {Q′}
IDBs := IDBs ∪ {Q′}
W (Q′):=W (Q).σ
create rule Q′(x′)← Pσ(x′), succ(x, x′), Q(x).

NewIDBs := NewIDBs \ {Q}
End
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4 Second step: Constructing final states. Can the model-
theoretic automaton be used as a model-checking algorithm?

The construction of the q-preautomaton presented in the previous section faces two major problems.
The first one is the very big size of the set of states. Indeed, in [22] lemma 3.1, Ladner gives an
upper bound for the number of MSOq-equivalence classes involving a double summation over Stirling
numbers. As Makowsky reports in [23] page 190 “The upper bound given there is at least an q times
iterated exponential”. The second problem is the need to play Ehrenfeucht-Fräıssé games a numerous
number of times that is quadratic w.r.t. the number of states. Each of these numerous times when
some Ehrenfeucht-Fräıssé game has to be played, it must be checked whether the Duplicator has a
winning startegy. The latter is far from being an easy task as explained in [1]: “An Ehrenfeucht-
Fräıssé game is played between two players, called the spoiler and the duplicator; nonexpressibility
results involve proving that the duplicator has a winning strategy. Often this proof of existence is
quite complicated (see e.g. [l0, l]), which is not surprising: a spoilers strategy may be arbitrarily
complicated, and the proof has to argue that no strategy prevails against the duplicator. Thus, it
seems quite important to develop tools for proving that the duplicator wins.”

This means that the construction of the q-preautomaton Aq is practically non feasible. We saw
that the datalog program Πq mimics the construction of Aq; therefore the construction of Πq is
practically non feasible too.

Makowsky in his survey [23] remarks that the model-theoretic automaton of Ladner does not give
a computable MSO-to-automata translation; more precisely he writes: “The historically first algorith-
mic result which has a proof using the FefermanVaught theorem is the celebrated characterization of
Büchi of regular languages in terms of definability by MSOL-sentences [17,18]. The theorem was also
independently proved by Trakhtenbrot [163], and Elgot [45]. In the papers [17,18,45,163] the model
theoretic content of the proof was lost in the constructive details. A very transparent translation proof
may be found in Straubings excellent monograph [154] ([26]). A clearly model theoretic proof using
EhrenfeuchtFräıssé games is due to Ladner, [96] ([22]), cf. also [41] ([11]). This proof does not give
a computable translation, but is the key to further generalizations.”

Despite of that, we proceed with the practically non feasible “construction” of the model-theoretic
automaton Aq,φ (and its corresponding program Πq,φ) and show that the way final states are con-
structed hides an even greater problem that makes both Aq,φ and Πq,φ definitely unusable as model-
checking algorithms.

Construction of the model-theoretic automaton Aq,φ for sentence φ of quantifier rank q (assuming
that the q-preautomaton Aq has been constructed).
The states, initial state and transitions of Aq become respectively those of Aq,φ. In order to complete
the definition of the model-theoretic automaton Aq,φ, the status of accepting states (of Aq,φ) is
attributed to some states of Aq so that the following is satisfied for any string-structure A: A |= φ iff
Aq,φ has a successful run on A. This means that a state Q is accepting iff φ belongs to the q-theory
of the q-type named Q. From the way Aq has been constructed, the q-theory of Q is not known, but
what is known is its witness structure W (Q). It follows that the only way to find whether a state Q is
accepting or not, without doing any extra work (such as total or partial computation of the q-theory
of Q), is to check whether W (Q) |= φ.

This leads to the following algorithm, named CreateAq,φ, that produces the model-theoretic au-
tomaton Aq,φ. Procedure CreateAq,φ uses procedure CreateAq that creates the q-preautomaton Aq.
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Procedure CreateAq,φ
Begin
Final := ∅
Procedure CreateAq %Execute the procedure that creates the q-preautomaton
For each state Q ∈ States do

If W (Q) |= φ then Final := Final ∪ {Q}
End

Even if we manage to construct first Aq and then the model-theoretic automaton Aq,φ itself,
we still face major problems when trying to use Aq,φ as the basis for a model-checking algorithm
ModelAlgo. This is proved in the following proposition.

Proposition 4.1 The model-theoretic automaton Aq,φ cannot be used as a model-checking algorithm.

Proof 4.1 In order to answer the question “does A |= φ?” the model-checking algorithm ModelAlgo
(which uses Aq,φ) would compute the run Q0 → ... → Qt of Aq,φ on A and answer yes iff Qt is a
final state; recall that the necessary condition for checking the latter is to check whether W (Qt) |= φ.
This means that the algorithm ModelAlgo must call some model-checking algorithm, which is either
a different algorithm, that we call ModelAlgoB, or it is ModelAlgo itself. The first case is irrelevant
since it makes no sense to define ModelAlgo which uses ModelAlgoB instead of using ModelAlgoB
directly! In the second case ModelAlgo does not terminate for certain input structures, namely it
loops for each input structure A s.t. the unique run of Aq,φ on A is Q0 → ... → Qt and A is
precisely the witness structure W (Qt) of Qt. In other words, for such structures W (Qt) the argument
is clearly circular (self-referential) since for answering “does W (Qt) |= φ?” using the model-theoretic
automaton (i.e. algorithm ModelAlgo) one must know whether Qt is a final state and in order to
know the latter one must already know whether W (Qt) |= φ. This proves that the construction of
the model-theoretic deterministic automaton Aq,φ cannot be part of any algorithm solving the MSO
model-checking problem on finite strings. This remains true even if Aq,φ is “constructed on-the-fly”
which practically means that we work with Aq (i.e. not every state of Aq is checked for being final
but only the last state Qt of its run on each given input structure).

Construction of the datalog program Πq,φ. The construction of Aq,φ can be directly simulated by a
datalog program Πq,φ that we give below.

Procedure CreateΠq,φ

Begin
Procedure CreateΠq %Execute the procedure that creates the datalog program Πq

For each IDB Q ∈ IDBs do
If W (Q) |= φ then create rule φ(x)← tail(x), Q(x).

End

Proposition 4.2 The datalog program Πq,φ cannot be used as a model-checking algorithm.

Proof 4.2 Since the datalog program Πq,φ mimics the model-theoretic automaton Aq,φ, proposition
4.2 is a corollary of proposition 4.1. However, for sake of completeness, we re-prove it by reasoning
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on program Πq,φ directly.
Program Πq,φ is obtained by enriching the datalog program Πq of previous section with rules defining
a new IDB predicate named φ (if we see Πq,φ as mimicking Aq,φ this new predicate φ is the one that
will characterize final states of Aq,φ). These new rules, added to Πq, are defined in such a way that
the following holds whenever program Πq,φ is executed on (a given EDB database representing a string
s viewed as) a τ -structure S of domain {0, 1, ...,m}:
the atom φ(m) will be produced by the rule instantiation φ(m)← tail(m), Q(m) iff the following three
conditions are satisfied:
1) the atom tail(m) holds (this is true by definition of the EDB database that represents structure S
and which must contain tail(m)), 2) the atom Q(m) holds i.e. Q(m) has been inferred by the rules
of the “preautomaton program” Πq and this means that S ≡MSO

q W (Q); indeed, since m is the last
element (tail) of S it holds, by construction of Πq, that Q is the q-type of structure S and 3) for this
particular IDB Q (Q names the q-type of structure S) there exists a rule rQ : φ(x)← tail(x), Q(x) in
Πq,φ; this means, by construction of Πq,φ, that this rule has been created after the (necessary for its
creation) condition W (Q) |= φ has been checked and found true. Since S ≡MSO

q W (Q) it holds that
S |= φ iff W (Q) |= φ.
According to the previous analysis, program Πq,φ attests, for each structure S, that S |= φ exactly when
it produces the fact φ(m) when running on (the EDB database of) S. This confirms that Πq,φ has
been conceived to work as a model-checking algorithm. However Πq,φ fails to work as a model-checking
algorithm because it fails to answer the question “does S |= φ?” when S (of q-type Q) is the witness
structure W (Q) itself. Indeed in that case the following self-referential argument appears causing the
algorithm to loop: in order for program Πq,φ to attest that W (Q) |= φ (by producting φ(m)) it must be
already known - when constructing Πq,φ - that W (Q) |= φ, otherwise the rule rQ : φ(x)← tail(x), Q(x)
cannot be created (notice that rQ is the unique rule of Πq,φ that could have produced φ(m)).

We will see that this impossibility for Πq,φ and for the model-theoretic automaton Aq,φ to work as
model-checking algorithms extends to all MSOL-inductive classes of structures (like finite trees and
structures of bounded tree-width).

5 The model-theoretic automaton on MSOL-inductive struc-
tures: the case of trees and the case of structures of bounded
tree-width.

In the present section we generalize the results of previous sections 3 and 4. We start by recalling the
basic notions of MSOL-smooth operations on structures and MSOL-inductive classes of structures
(from [23] definitions 4.1, 4.3 and 4.5).

The binary operation Op on τ -structures is called MSOL-smooth if a composition theorem provable
via MSO Ehrenfeucht-Fräıssé games holds for it; this means that for any τ -structures A and B, the
q-theory (i.e. the q-type) of the structure Op(A,B) depends only on the q-theory of A and on the
q-theory of B. (The definition of n-ary MSOL-smooth operations, n > 2, is analogous). A class
K of τ -structures is MSOL-inductive if it is defined inductively using a finite set of MSOL-smooth
operations as follows: we are given a finite set K0 of finite τ -structures and a finite set O of MSOL-
smooth operations. Now, K is defined as the smallest class of τ -structures containing K0, and which
is closed under isomorphisms and the operations in O. We call parse tree tA of structure A in K any
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tree that describes how the structure A is obtained according to the inductive definition of K 5. The
parse tree can either be the tree of a parse term constructed with constant symbols for structures in
K0 and function symbols for operations in O (see Courcelle’s papers) or it can be a colored tree with
colors encoding the elements in K0 or the operations in O (it is the case of valid trees that we define
below for tree-decomposed structures).

A model-theoretic tree automaton can be defined for each MSOL-inductive class K of structures,
generalizing the model-theoretic automaton for strings of Ladner. Indeed it is not hard to verify
that each MSOL-inductive class K of structures has a corresponding MSOL-inductive class of parse
trees; thus a model-theoretic tree automaton can be defined that runs on parse trees of structures in
K. The definition of the automaton will follow the composition theorem for these parse trees (which
reflects the composition theorem for structures in K). The automaton can be constructed via proce-
dure CreateAq,φ of section 4 provided that we have made the necessary modifications so that it can
handle the new form of transitions (and the same holds for procedure CreateΠq,φ that produces the
corresponding datalog program). This automaton is very similar to (and it generalizes) the model-
theoretic tree automaton for structures of bounded tree-width introduced and studied later in the
present section; thus it has the same properties and drawbacks as the model-theoretic automaton for
structures of bounded tree-width that we discuss later in this section; in particular it cannot be used
as an MSO model-checking algorithm for structures in K and neither can its corresponding datalog
program.
Before proceeding with the case of tree-decomposed structures we deal with Γ-colored trees. A major
difference between working on the class of all Γ-colored trees (see next) and working on a class C
of Γ-colored trees that represents a set of MSOL-inductive structures (see case of tree-decomposed
structures) is that C has not the straightforward inductive definition of Γ-trees anymore but it must
be be properly defined via an inductive definition that corresponds to its characteristic properties as
proper subset of the class of all Γ-trees.

The model-theoretic automaton on finite Γ-colored trees (w.l.o.g. we consider full binary trees). Let
Γ be a finite alphabet called set of colors. The class of finite Γ-labelled (full) binary trees (or Γ-trees
for short) is MSOL-inductive. Indeed it is the smallest class of structures containing K0, and which is
closed under isomorphisms and the operations in O, where K0 = {single-node Γ-trees} and O consists
of binary operations Opc, c ∈ Γ s.t. for each pair of Γ-trees (T1, T2), Opc(T1, T2) is the Γ-tree having
c-labelled root and left (resp. right) subtree T1 (resp. T2). The composition theorem for Γ-colored
binary trees expresses the property that the q-type of Opc(T1, T2) depends on the q-type of T1, the
q-type of T2 and the q-type of the root (which exclusively depends on its label c); in particular the
q-type of single-node Γ-trees only depends on the label of their unique node.

Following the above composition theorem for trees, a model-theoretic bottom-up tree automaton
can be defined that generalizes the model-theoretic automaton for strings of Ladner (see [24]). It
has q-types as states and its transitions have either the form δ0(σ) = θ, for σ ∈ Γ, when σ-labelled
single-node trees are representatives of the class θ or the form δ(θ1, θ2, σ) = θ when representatives
of the class θ are trees having their root labelled with σ ∈ Γ and their left (resp. right) subtree
belonging to θ1 (resp. θ2). We have defined the q-preautomaton so far; for given MSO sentence φ
(on the signature of Γ-labelled trees) the final states are defined in the same way as for the model-
theoretic string automaton for φ of Ladner. The model-theoretic automaton on finite trees provides

5For instance the parse tree tA can be constructed as follows: it has root labelled A; if A1, A2, A3 are structures
s.t. A3 = Op(A1,A2) and there is a node of tA labelled with A3 then this node has left (resp. right) child labelled
with A1 (resp. A2); leaves of tA are labelled with structures in K0 that participate to the inductive construction of A.
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an alternative proof of Doner/Thatcher-Wright theorem on MSO-to-automata connection on trees. It
can be constructed via procedure CreateAq,φ of section 4 provided that we have made the necessary
modifications to this procedure so that it can handle the present new form of transitions (and the same
holds for procedure CreateΠq,φ). Thus this automaton has the same properties and drawbacks as the
model-theoretic string automaton that we discussed in previous sections, in particular it cannot be
used as an MSO model-checking algorithm on trees and neither can its corresponding datalog program.

The case of structures of bounded tree-width
For each τ -structure A having a tree-decomposition I = (T , (an)n∈T ) of width ≤ w, we say that
the pair (A, I) is a tree-decomposed (τ, w)-structure; we call Sτ,w the class of all tree-decomposed
(τ, w)-structures. We encode tree-decomposed (τ, w)-structures as colored trees over the finite al-
phabet Γτ,w = W × P(W 2) × P(W 2) × P(W r1) × · · · × P(W r`) where W = {1, . . . , w + 1} and
τ = {r1, · · · , r`}. We call these trees valid Γτ,w-trees; they constitute a class Tτ,w of Γτ,w-trees which
is a proper subclass of all Γτ,w-trees. We show that the class Tτ,w of all valid trees is MSOL-inductive
and that a model-theoretic tree automaton can be defined which runs over valid Γτ,w-trees exclusively;
both results transfer to the class Sτ,w of tree-decomposed (τ, w)-structures. Notice that w.l.o.g. we
consider tree-decomposed (τ, w)-structures (I,A) where the underlying tree T of I is binary.

From tree-decomposed structures to valid trees encoding them. We encode the tree-decomposed (τ, w)-
structure (A, I) as a particular binary Γτ,w-tree TA;I = (T , γ), called valid Γτ,w-tree of (A, I).
TA;I is defined as follows: its underlying tree is the tree T of the tree-decomposition I; and its
coloring function γ encodes at each node n the structural properties of I i.e. the size of the bag an
(first component of γ(n)), the intersection of an with the bag of each of its children nodes (second
component of γ(n)), and the isomorphism type of substructure A|an of A induced by an (` last
components of γ(n)). That is,

TA;I = (T , γ),

and γ : T → Γτ,w, with γ(n) = (γ1(n), γ2(n), γ3(n), . . . , γl+2(n)) where

- γ1(n) = |an|,

- γ2(n) =

{
∅, if n is a leaf ;
({(i, j) | ain = ajn1

}, {(i, j) | ain = ajn2
}) if n1 (resp. n2) is left (resp. right) child of n.

- γi+2(n) = {(j1, . . . , jri) | (aj1n , . . . , a
jri
n ) ∈ RAi } for i = 1, · · · , `.

This valid tree definition is similar with the one in [16] (section 3.2) (based on that of [17, 14]).
However there is a difference in the way the second component of the color γ(n) is defined since this
component in [16] codifies the similarities between the bag of n and the bag of the father of n 6. This
has essential impact on the inductive definition of valid trees given below. Indeed with the valid tree
definition given in [17] (and in [16]) it is not possible to inductively define the class of valid trees, but
it is possible to inductively define the class consisting of valid trees and their subtrees.

Inductive definition of the class Tτ,w of valid Γτ,w-trees. We first need to introduce the following
definitions. We say that color c = (c1, c2, ..., c`+2) ∈ Γτ,w is a valid color if every integer m occurring

6Observe that in the present paper the second component γ2(n) of the coloring function has two components; the
reason for that choice is that we wish to maintain the analogy with the second component of the coloring function in
[17, 14, 16].

15



in c satisfies the following: if m > c1 then m occurs necessarily in the second component of some
pair of c2. Let c, c1, c2 be three valid colors in Γτ,w where c = (c1, · · · , c2`

) and cs = (cs1, · · · , cs2`
) for

s = 1, 2; we say that (c1, c2) is c-compatible if for s = 1, 2, for j = 1, ..., ` and (u1, ..., uk) ∈ c2+j it holds
that if u1, ..., uk belong to dom(msc2) then (msc2(u1), ...,msc2(uk)) ∈ cs2+j where, for s = 1, 2, msc2
denotes the mapping W →W having as graph the sth component of c2. We say that the Γτ,w-trees T1,
T2 are c-compatible if the root of T1 (resp. T2) is c1-labelled (resp. c2-labelled) and the pair of colors
(c1, c2) is c-compatible. Two decomposed structures (A1, I1) and (A2, I2) are called c-compatible if
their respective valid trees TA1;I1 and TA2;I2 are c-compatible. A valid color c = (c1, c2, · · · , c2+`) is
called valid leaf color if both the first and the second component of c2 are equal to ∅.

Now we give the inductive definition of the class Tτ,w of valid trees. Indeed Tτ,w is the smallest
class of Γτ,w-trees containing K0, and which is closed under isomorphisms and the operations in O,
where K0 = {single-node trees s.t. the color c of their unique node is a valid leaf color of Γτ,w} and
O is a finite set consists of binary operations Opc for each valid color c of Γτ,w; the operation Opc
is defined as follows: for each pair of c-compatible Γτ,w-trees (T1, T2), Opc(T1, T2) is the tree with
c-labelled root and left (resp. right) subtree T1 (resp. T2) 7.

Isomorphic tree-decomposed structures. This is a strong notion of isomorphism: two tree-decomposed
structures (A1, I1) and (A2, I2) are called isomorphic if 1) the two structures A1 and A2 are isomor-
phic in the usual sense (i.e. via a bijection isom that maps the elements of the domain of A1 to those
in the domain of A2) and 2) by applying isom to (the domain elements in the bags of) I1 we obtain
I2 i.e. isom(I1) = I2 and isom−1(I2) = I1.

From valid trees back to tree-decomposed structures. Let (A, I) s.t. TA;I = (T , γ). It is immediate
to see that, for each (A′, I ′) which is isomorphic to (A, I) it holds that TA′;I′ = TA:I . Thus each
valid Γτ,w-tree (T , γ) represents a class of isomorphic tree-decomposed structures; and we will show
how to compute one representative (A, I) of this class. Starting with a valid Γτ,w-tree (T , γ) we first
produce the tree decomposition I of the desired tree-decomposed structure (A, I). By definition I
is a pair (T , (an)n∈T ) thus our major task is to describe how the bags an of I are produced. Once
this is done and once we have proved that (T , (an)n∈T ) is indeed a tree-decomposition, the remaining
(easy) task is to define A in the following way. First, by making the union of the sets of elements in
each bag of I, we obtain the domain of A. Second, by using the last ` components of the color γ(n)
of each node n and using the bag of n, we produce the tuples that occur in this bag. Precisely, for
j = 1, · · · , `, it holds that from γ2+j(n) and from the bag an of n we can obtain the set of tuples over
relation rj that occur in an. By making the union of these sets over all nodes n of T , we obtain the
set of tuples of each relation rj of A and this completes the definition of A.

Thus we proceed with the proof (by induction on trees), showing the construction of I only.
For a c-labelled single-node tree, c = (c1, · · · , c2`

), it is immediate to produce I which has a unique
bag (1, · · · , c1).

For the induction step we need to handle the case of three-nodes valid trees first. Consider (T , γ)
with root n, left child n1 and right child n2 and respective colors c, c1, c2 where c = (c1, · · · , c2`

)
and cs = (cs1, · · · , cs2`

) for s = 1, 2; since (T , γ) is a valid tree it holds that (c1, c2) is c-compatible.
We produce (T , (an)n∈T ) as follows. The bag an of n is the tuple (1, · · · , c1). For s = 1, 2 the bag
ans of ns is a tuple of positive integers of length cs1 s.t. the jth component of ans is i iff the pair

7To simplify notations we haven written T for a valid tree instead of (T , γ); it is clear how the coloring function γ
of T = Opc(T1, T2) is produced from the coloring functions of T1 and T2.
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(i, j) ∈ Πs(c2); all the remaining components of ans are new arbitrary integers not used so far 8.
The above definition of the pair (T , (an)n∈T ) is guaranteed to produce a tree-decomposition precisely
because (c1, c2) is c-compatible.

Consider now the general case of a valid tree (T , γ) (denoted simply as T ). and let T = Opc(T1, T2).
In order to obtain the pair (T , (an)n∈T ) we first produce the bags of the root of T and those of its
two children r1, r2. To achieve this, we erase from Opc(T1, T2) all its nodes excepting r, r1 and r2,
thus obtaining a three-nodes valid tree T0; we apply to T0 the method given above and obtain the
pair (T0, (an)n∈T0) which is - by construction - a tree-decomposition I0. Since the valid tree T that
we consider is equal to Opc(T1, T2), it holds by induction hypothesis that we have already produced
for each Ts, s = 1, 2, a tree-decomposed structure (As, Is) s.t. TAs;Is = Ts (w.l.o.g. we assume that
the domains of A1 and A2 are disjoint); i.e. we have the tree-decompositions I1 = (T1, (an)n∈T1)
and I2 = (T2, (an)n∈T2). For s = 1, 2 we apply to Is a renaming fs in order to make the bag of
the root r1 (resp. r2) of T1 (resp. T2) be the same as in the three-node tree-decomposition I0 that
we just defined, i.e. fs maps each element of the bag of rs from Is to the corresponding element
(i.e. at the same position) of the bag of rs from I0. We denote by fs(Is) the tree-decomposition
obtained by applying fs to (every element in the bags of) Is. The tree-decomposition I of the desired
tree-decomposed structure corresponding to the valid tree T is (T , (bn)n∈T ) where for n ∈ T0, bn is
equal to the bag of n in I0, and for s = 1, 2 and n ∈ Ts, bn is equal to the bag of n in fs(Is); notice
that, thanks to the renaming fs, the value of the bag of rs ∈ T0 ∩ Ts is well-defined 9. It is clear that
I is a tree-decomposition.

The aforementioned proof describes the construction of a tree-decomposed structure corresponding
to a given valid tree. In the case of single-node valid trees the proof produces a completely specified
tree-decomposed structure that we call the tree-decomposed structure of valid tree the c-labelled single-
node tree and that we store in variable SingleNode(c) of procedure CreateΠq,φ (that procedure is
given next). In the inductive step the structure produced has as domain a finite subset of IN as above
but the latter is not uniquely determined since the way of choosing those integers that must be new
and not used so far has not been specified. If we adopt some specific algorithm for choosing these
new integers, we obtain a specific structure; in procedure CreateΠq,φ we assume that this is the case
and it means that, for given tree-decomposed structures W (Q1) and W (Q2), the tree-decomposed
structure Opc(W (Q1),W (Q2)) is uniquely determined.

The model-theoretic automaton for valid Γτ,w-trees representing structures of bounded tree-width. Let
(A, I) be a tree-decomposed (τ, w)-structure w.l.o.g. we have assumed that the underlying tree T of
I is binary with left subtree T1 and right subtree T2. For i = 1, 2 let Ii be the restriction of I to Ti
and let Ai be the structure induced by Ii (Ai is a substructure of A).
Using Ehrenfeucht-Fräıssé games we can prove the following composition theorem for tree-decomposed
structures. The q-type of A depends 1) on the type of its substructures A1 and A2, 2) on the relations
of A that exist among elements in the bag Br of the root r of T and 3) on the way Br intersects
with the bag of the root of Ti for i = 1, 2; recall that previous informations 2) and 3) are precisely
encoded in the coloring function of the valid Γτ,w-tree TA;I of (A, I) and that there are finitely

8For instance, suppose that the second component c2 of the color c of n is c2 = ({(1, 3), (3, 2)}, {(3, 1)}) which means
that the first (resp. third) element of an is equal to the third (resp. second) one of an1 and the third element of an is
equal to the first one of an2 ; if an = (1, 2, 3) then we can choose an1 = (4, 3, 1) and an1 = (3, 5) (here the new chosen
integers are 4 and 5). In this three-nodes tree exemple the domain of A is {1, 2, 3, 4, 5}.

9In other words we could say that we obtain I by “gluing together” f1(I1) and f2(I2) as left and right subtrees
resp. of I0.
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many such coloring functions. Since each tree-decomposed structure is encoded as a valid tree and
each valid tree encodes isomorphic tree-decomposed structures it follows that there is a 1-1 and onto
correspondance between q-types of tree-decomposed (τ, w)-structures and q-types of valid Γτ,w-trees.
The aforementioned composition theorem can be equivalently stated as follows: if the valid Γτ,w-tree
T = TA;I has as left subtree the valid Γτ,w-tree T1 = TA1;I1 and as right subtree the valid Γτ,w-tree
T2 = TA2;I2 then the q-type of T depends on the q-type of T1, the q-type of T2 and the type of the root
r of T (which exclusively depends on its label c); this can be reformulated as follows: for c-compatible
valid trees T1, T2, the q-type of Opc(T1, T2) depends on the q-type of T1, the q-type of T2 and c. In
particular the q-type of single-node valid Γτ,w-tree only depends on the label c of its unique node. We
have translated the composition theorem for tree-decomposed (τ, w)-structures into a composition
theorem for valid Γτ,w-trees (and conversely from this composition theorem for valid Γτ,w-trees we
can obtain the aforementioned composition theorem for tree-decomposed (τ, w)-structures).

A model-theoretic tree automaton can be defined following the aforementioned composition the-
orem for valid Γτ,w trees. It has q-types of valid Γτ,w trees as states; for each valid leaf color c in
Γτ,w there exists a transition δ0(c) = Q if Q is the q-type of the c-labelled single-node valid tree;
for each valid color c in Γτ,w there exists a transition δ(Q1, Q2, c) = Q if Q is the q-type of trees
Opc(T1, T2) s.t. their left (resp. right) subtree T1 (resp. T2) belongs to q-type Q1 (resp. Q2). We
have defined the q-preautomaton so far and it can be “constructed” as described in section 3 using
a witness for each q-type i.e. each state 10. It is important to notice that each state can be seen,
either as a q-type of valid trees or as the q-type of the corresponding tree-decomposed structures.
This means that from that (same) q-preautomaton we can obtain model-theoretic automata either
for sentences written over the vocabulary of tree-decomposed structures (which is τ) or for sentences
written over the vocabulary of valid trees which are Γτ,w-colored trees (it is the usual vocabulary of
colored trees where only valid colors of Γτ,w are considered). Since we are interested in τ -structures of
bounded tree-width we define the automaton having tree-decomposed structures (and not valid trees)
as witnesses; then for given MSO τ -sentence φ the final states are defined in the usual way: the IDB
Q is final if W (Q) |= φ (i.e. the structure of the tree-decomposed structure W (Q)) satisfies φ). The
automaton can be constructed via procedure CreateAq,φ of section 4 provided that we have made
the necessary modifications. The computations of that automaton can be described by a datalog
program Πq,φ as we did for strings. We give below the procedure CreateΠq,φ that produces program
Πq,φ directly. It is not hard to verify that this procedure is obtained from procedure CreateΠq,φ

of section 4 after doing the modifications that are necessary for handling tree transitions. Thus the
model-theoretic automaton for tree-decomposed (τ, w)-structures has the same properties and draw-
backs as the model-theoretic string automaton that we discussed in previous sections, in particular it
cannot be used as an MSO model-checking algorithm on structures of bounded tree-width and neither
can its corresponding datalog program.

Procedure CreateΠq,φ %Algorithm producing the datalog program Πq,φ

V alidColors := {c | c valid color }
V alidLeafColors := {c | c valid leaf color }
For each c ∈ V alidLeafColors

10Let Q1, Q2 be states (i.e. names of q-types) and c be a color. For each (Q1, Q2, c) there exists a unique c-
transition from (Q1, Q2). In order to create the correct c-transition from (Q1, Q2), the tree-decomposed structure
Opc(W (Q1),W (Q2)) must be compared with the witnesses W (ξ) of all states ξ produced so far and it must be checked
whether Opc(W (Q1),W (Q2)) is MSOq-equivalent with W (ξ). It follows that a numerous number of Ehrenfeucht-
Fräıssé games must be played and this makes the construction of the q-preautomaton unfeasible.
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SingleNode(c):= the tree-decomposed structure of valid tree the c-labelled single-node tree
NewIDBpairs := ∅
IDBs := ∅
Begin
Choose c0 ∈ V alidLeafColors
V alidLeafColors := V alidLeafColors \ {c0}
Create new IDB Q0

IDBs := IDBs ∪ {Q0}
W (Q0):= SingleNode(c0)
Create rule Q0(x)← Pc0(x), leaf(x)
For each c ∈ V alidLeafColors,

if there exists ξ0 ∈ IDBs s.t. W (ξ0) ≡ SingleNode(c) then create rule ξ0(x)← Pc(x), leaf(x)
else create a new IDB Q′

IDBs := IDBs ∪ {Q′}
W (Q′):= SingleNode(c)
create rule Q′(x)← Pc(x), leaf(x)

NewIDBpairs := IDBs× IDBs
WHILE NewIDBpairs 6= ∅ DO

For each pair (Q1, Q2) ∈ NewIDBpairs do
For each c ∈ V alidColors s.t. (W (Q1),W (Q2)) is c-compatible,

if there exists ξ0 ∈ IDBs s.t. Opc(W (Q1),W (Q2)) ≡MSO
q W (ξ0) then

create rule ξ0(x′)← Pc(x
′), succ(x′, x1), Q(x1), succ(x′, x2), Q(x2)

else create a new IDB Q′

IDBs := IDBs ∪ {Q′}
NewIDBpairs := (IDBs× {Q′}) ∪ ({Q′} × IDBs)
W (Q′):=Opc(W (Q1),W (Q2))
create rule Q′(x′)← Pc(x

′), succ(x′, x1), Q(x1), succ(x′, x2), Q(x2).
NewIDBpairs := NewIDBpairs \ {(Q1, Q2)}

For each IDB Q ∈ IDBs do
If W (Q) |= φ then create rule φ(x)← root(x), Q(x).

End

This model-theoretic automaton provides an alternative proof of theorem 3.1. of [16] restricted
to MSO sentences. Indeed theorem 3.1. [16], restricted to sentences, establishes a direct MSO-to-
automata connection on tree-decomposed structures via a constructible proof based on w-decomposition
automata introduced in [16]); this theorem can be formulated as follows: if a set of tree-decomposed
(τ, w)-structures is definable by an MSO τ -sentence φ then it is recognizable by the w-decomposition
automaton w-dec-Assignφ. The aforementioned notions of definability and recognizability for tree-
decomposed structures are analogous to the corresponding notions for strings and trees given in
Section 2; their definitions follow. A tree-decomposed (τ, w)-structure (A, I) is recognized by a w-
decomposition automaton Aw if there exists a successful run of Aw on (A, I). A class C of tree-
decomposed (τ, w)-structures is recognizable if there exists a w-decomposition automaton that rec-
ognizes exactly those structures that belong to C. A class C of tree-decomposed (τ, w)-structures is
MSO[τ ]-definable if there exists an MSO[τ ] sentence φ such that, for every tree-decomposed (τ, w)-
structure (A, I) , φ is true on (A, I) iff (A, I) is in C (see [16]).
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The datalog approach in [20] and in [25]. In [20] (proof of theorem 4.6) the authors describe for each
(τ, w) and for each unary MSO τ -formula φ(x) the construction of a datalog program conceived for
computing the satisfying assignments of φ(x) in any τ -structure of tree-width w. The program has
three strata and the first two strata are independent from the particular formula φ(x). The rules of the
last stratum are those that produce the satisfying assignments of φ(x) and a circular (self-referential)
argument appears in the way these third stratum rules are defined (i.e. in the condition that must be
verified before every such rule is produced 11). This 3-strata program comprises as 2-strata almost-
subprogram, the program that corresponds to MSO sentences (i.e. without free variables). Indeed,
as mentioned by the authors in pages 325-326 of [20], the program for MSO sentences is obtained
by erasing the second stratum and performing slight modifications in the body of the rules of the
third stratum (without changing the condition that must be checked in order to produce these last
stratum rules). It is not hard to verify that the algorithm that describes the “construction” of this
2-strata program for MSO sentences is exactly the procedure CreateΠq,φ given just above 12, up to
the following two technical differences: 1) the authors of [20] work with tree-decompositions while
we work in a more abstract and formal way, with the corresponding valid Γτ,w-colored trees that
represent them and 2) the authors of [20] work w.l.g. with a normalized, much simpler, form of
tree-decompositions (called normalized or nice) while we work with the general form. Practically this
means that fewer valid colors are necessary for specifying normalized/nice decompositions and thus
fewer corresponding rules are produced 13. These differences have no impact on the fact, easy to
verify, that the algorithm describing the construction given in [20] is nothing but procedure Create-
Πq,φ i.e. the transcription in datalog of the model-theoretic automaton for φ on τ -structures of width
w. Since this automaton cannot be used as a model-checking algorithm (as we have already proved)
it follows that the main result of [20] which is theorem 4.6 is not provable by the given proof i.e. no
unaryMSO-to-datalog translation is proved in [20].
In [25] a datalog program construction is described for solving the MSO counting problem (i.e. for
input MSO formula φ(X1, · · · , Xn) output how many satisfying assignments this formula has). Then
the authors use that datalog program to produce an algorithm for the enumeration problem (i.e. for
input MSO formula φ(X1, · · · , Xn) output the satisfying assignments of this formula). The datalog
program construction follows a method very similar to the one in [20] for unary MSO. Again a
circular (self-referential) argument exists between the construction of this datalog program and the
construction of the algorithm for the enumeration problem: indeed for producing the rules of the last
stratum one needs to already know (for instance via some algorithm solving the enumeration problem)
if some given assignment (A1, · · · , An) is a satisfying assignment; and to produce the algorithm for the
enumeration problem one must already have produced the datalog program for counting because the
former uses the IDBs (of the last stratum of the latter) and these IDBs are defined by rules produced
by using already existing information about satisfying assignments.

Let us observe that the aforementioned datalog program construction in [25] is based on specific
composition results (stated as lemma 1 in [25]) which concern formulas with free set variables. These
composition results do not constitute a generalization of the ones for unary MSO formulas given in

11Each rule with head φ(x) is created for deriving satisfying assignments φ(a) but before creating such a rule it must
be verified whether some witness structure satisfies φ(a).

12The construction of its first stratum corresponds to the construction of the q-preautomaton by procedure CreateΠq .
The procedure CreateΠq for tree-decomposed structures is obtained by erasing the last two lines of pseudo-code from
the procedure CreateΠq,φ given in this section.

13It is particularly useful to have normalized tree-decomposition in a context like the one in [20] where the construction
of rules is described “in words” following the inductive construction of tree-decompositions; indeed the description “in
words” is more complicated than the description by colors that we adopt via operations Opc in procedure CreateΠq,φ.
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[20] (for nice tree-decompositions) or in [17] (in a more general form); they are classically provable
via Ehrenfeucht-Fräıssé games, but there is still need for more analytical and complete proofs since in
[25] only a sketch of proof is given. Moreover the MSO formulas considered in [25] are normalized so
that they have only one kind of free variables (namely set variables and no element variables) while
structures considered in lemma 1 have two kinds of distinguish features, a) distinguished elements of
the domain and b) distinguished sets of elements of the domain. This means that on the one hand
free variables of formulas are viewed in a uniform way as set variables, no matter if they are singletons
(i.e. represent elements of the domain) or not, while on the other hand it is clear that, in the various
statements of lemma 1, the role played by distinguished elements of the domain is different from the
role played by distinguished sets of elements of the domain. The latter makes the need for a complete
proof of lemma 1 even more necessary.

6 Model-theoretic model-checking on effectively MSOL-
inductive classes of structures.

In the present section we show that - despite the negative (w.r.t. model-checking) results of previous
sections related to the model-theoretic automaton - there exist model-checking algorithms based
on model-theoretic tools. Moreover there exists a uniform model-checking algorithm valid for all
MSOL-inductive structures, it is the Courcelle-Makowsky theorem that we give below after giving
some necessary preliminary notions. All the material of the present section is from section 4 of [23]
(namely definitions 4.1, 4.3, 4.5, 4.17, 4.18 as well as theorems 1.6 and 4.21). Again we restrict the
presentation to binary operations (the generalization to n-ary operations is straightforward).

The operation Op is called effectively MSOL-smooth if it is MSOL-smooth (i.e. it has a composition
theorem provable via MSO Ehrenfeucht-Fräıssé games) and its composition theorem has also the
following computable version: For every q ≥ 0 and for every MSO sentence of quantifier rank at
most q, one can compute effectively a reduction sequence, i.e., a sequence (ψA1 , ..., ψ

A
m, ψ

B
1 , ..., ψ

B
m) of

MSO-sentences of quantifier rank at most q, and a boolean function Bφ : {0, 1}2m → {0, 1} which
computes the truth value of φ on Op(A,B) from the truth values of ψA1 , ..., ψ

A
m on A and the truth

values of ψB1 , ..., ψ
B
m on B. More precisely Op(A,B) |= φ if and only if Bφ(bA1 , ..., b

A
m, b

B
1 , ..., b

B
m) = 1

where, for j = 1, ...,m, bAj = 1 iff A |= ψAj and bBj = 1 iff B |= ψBj .
Thus when Op is effectively MSOL-smooth the problem of finding whether the sentence φ belongs

to the q-theory of Op(A,B) effectively reduces to the problem of finding whether the sentences ψAj
belong to the q-theory of A and the sentences ψBj belong to the q-theory of B for j = 1, ...,m.
This means that solving the model-cheking problem on Op(A,B) effectively reduces to solving the
model-cheking problem on A and on B.

Notice that the first such computable version of composition theorem has been proved by Feferman-
Vaught page (it is theorem 1.6 in [23] page 163) for the operation of union of structures (for FO Logic
and) for MSO Logic; with the present terminology this theorem states that Union is an effectively
MSOL-smooth operation on τ -structures. Morover the result states that the time complexity of the
computation of the reduction sequence is bounded by an iterated exponential where the number of
iterations depends on the quantifier rank q of φ and is O(q).

Effectively MSOL-smooth operations allow to inductively define classes of structures where the
MSO model-checking problem can be solved in a uniform way as proved by the Courcelle-Makowsky
theorem that we give below (it is theorem 4.21 in [23]).
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A class K of τ -structures is (effectively) MSOL-inductive if it is defined inductively using a finite
set of MSOL-smooth operations as follows: we are given a finite set K0 of finite τ -structures and
a finite set O of (effectively) MSOL-smooth operations. Now, K is defined as the smallest class of
τ -structures containing K0, and which is closed under isomorphisms and the operations in O.

For given sentence φ, the reduction sequence of φ w.r.t. the operation Op is denoted Red(φ,Op)
and the corresponding boolean function (which computes the truth value of φ in (Op(A,B) from the
truth values of the formulas in its reduction sequence in A and B respectively) is denoted BOp(φ).
If O is a set of effectively MSOL-smooth operations, we denote R(φ,O) and call reduction set of φ
for O the smallest set of formulas which contains φ and satisfies the following: if ψ ∈ R(φ,O) and
θ ∈ Red(ψ,Op) for Op ∈ O then θ ∈ R(φ,O).

The look-up table of φ consists of all the quadruples (ψ,Op,BOp(ψ), Red(ψ,Op)) for ψ ∈ R(φ,O)
and Op ∈ O.

All known MSOL smooth operations are also effectively MSOL-smooth, thus every known MSOL-
inductive class of τ -structures is effectively MSOL-inductive. The following important theorem gen-
eralizes Courcelle’s theorem on graphs of bounded tree-width to every effectively MSOL-inductive
class of τ -structures.
Courcelle-Makowsky Theorem (stated as Theorem 4.21 in [23], page 191). Let K be an effectively
MSOL-inductive class of τ -structures given by a finite set K0 of τ -structures and MSOL-smooth
operations O, and let φ be an MSO τ -formula. Given a (parse term i.e.) a parse tree tA for A ∈ K
of size nt, the problem of deciding, for fixed φ, whether A |= φ can be solved in linear time in nt.
Proof [23]. Since O is a finite set of effectively MSOL-smooth operations, both the reduction set
R(φ,O) of φ and the look-up table Look(φ,O) of φ are finite and computable as functions of φ and
O. Using the look-up table Look(φ,O) we compute the truth values of the formulas in R(φ,O) on
every structure in K0. This uses a constant amount of time and does not depend on A. Now we use
the boolean functions of the look-up table and the parse tree tA to compute the truth value of φ in
A in a bottom-up way. This dynamic programming algorithm uses O(nt) time.

The model-theoretic approach in [17]. Section 2 in [17] deals with the MSO evaluation problem on
structures of bounded tree-width by using two distinct methods. In the second part of this section
(see also [14]) the problem is solved for all MSO formulas via an automata-theoretic approach and
by reducing the problem to a tree problem (see the description in the Introduction). In the first part
of section 2 in [17] the problem is solved for unary MSO formulas only (i.e. formulas with one free
variable that is first-order) and completely different tools are used, namely model-theoretic ones based
on q-types. The composition theorems for tree-decomposed structures that the author uses (given in
lemma 11 and in the proof of lemma 12 of section 2) are the same as those given in [20] (lemmata 3.5,
3.6 and 3.7 concerning unary MSO queries) up to the minor differences that come from the different
kinds of tree-decompositions chosen in each work. In [17], instead of using a datalog program, the
author gives a dynamic programming algorithm which runs on the tree of the tree-decomposition
where each node n is equipped with information about the content of the corresponding bag and
its interrelationship with the bags of the children of n; this information (isomorphism type, equality
type) is expressed in a form independent from the structure’s domain and it will become the coloring
function of the colored tree that expresses (and abstracts) the tree-decomposition (in subsection 2.3.2
of [17] and in [14]). The dynamic programming algorithm given in subsection 2.2 of [17] makes two
traversals on the tree, first a bottom-up one then a top-down one. These two traversals correspond
to the two traversals performed by the first stratum (bottom-up traversal) and then the second
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stratum (top-down traversal) of the datalog program in [20] 14. In each traversal, the same q-type
is computed by both approaches ([17] and [20]) at each node n 15. However there is an essential
differentiation between these two approaches. On the one hand the q-types in [20] are known by one
witness structure and no set of formulas; it is the information provided by the first two strata of the
datalog program in [20] and this information is still incomplete (it says nothing about the formula).
Thus a third stratum has to be added to the program; the construction of this third stratum presents
the insuperable problems that have been already discussed in the previous section. On the other
hand the q-types in [17] are considered as sets of formulas that can be produced by functions Γ (for
tree-decompositions with more that one bag) and ∆ (for single-nodes tree decompositions), both
depending on τ , q and w. Though these functions are not defined in [17] it is possible to formally
define them because they depend on finite (though extremely large) information related to the finite
set of all possible valid colors and to the finite (up to isomorphism) set of all τ -formulas φ(x) of
quantifier rank at most q. These functions could be computed either by some brute force algorithm
or by some algorithm extending (to unary MSO formulas) the idea of reduction sequences of formulas
(explained earlier in the present section); both algorithms would be of very high complexity (at least
a tower of exponentials of height q) thus useless for practical use.

7 Conclusion

We have reviewed the various model-theoretic approaches to the MSO evaluation problem, especially
to the model-checking problem, starting from finite string structures up to general MSOL-inductive
classes of structures. This study allows to clearly distinguish the constructive methods from the
non-constructive ones and to better understand the reasons for their respective constructibility/non-
constructibility. Though the argumentation developed throughout the present work makes the terms
constructive and non-constructive understandable, we also refer the reader to the definition from The
Oxford Dictionary of Philosophy given in the Introduction.

We have reminded/shown in this paper that the model-theoretic automaton of Ladner provides
a non-constructive proof for establishing the MSO-to-automata connection on finite strings and that
it constitutes an alternative to the usual constructive proof establishing this same connection via
inductively-defined automata. Moreover we have proved that the model-theoretical automaton cannot
be used as an MSO model-checking algorithm. In order to generalize the model-theoretic automaton
on strings to a corresponding one on structures of bounded tree-width, we have defined a particular
subclass of colored trees over a particular alphabet of colors; the model-theoretical automaton runs
on these trees which play the role of parse trees for structures of bounded tree-width. The way these
colored trees are obtained suggests an alternative method for obtaining parse trees of inductively
defined structures.

We hope that the analysis of the model-theoretic approaches to Monadic Second-Order Logic
performed in the present paper will help in clarifying fundamental logical notions used by the computer
science community as far as Monadic Second Order Logic is concerned. Moreover we believe that our

14The first (bottom-up) traversal of [17] corresponds to a run of the q-preautomaton and thus it corresponds to the
first stratum of the datalog program in [20]; indeed we have shown that the construction of the first stratum of the
datalog program in [20] corresponds to the construction of the q-preautomaton.

15During the first (bottom-up) traversal the q-type at n is the q-type of the substructure induced by the subtree
of the tree-decomposition rooted at n. While in the second (top-down) traversal the q-type at n is the q-type of the
substructure induced by (the tree-decomposition corresponding to) the complement of this subtree rooted at n, plus n
itself.
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present work will facilitate the task of undertaking a thorough comparison of the existing datalog-
based approaches on the MSO-evaluation problem, namely the automata-theoretic MSO-to-datalog
computable translation given in [16] and the existing datalog-based approaches (that are model-
theoretic) in [20, 25].
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8 Appendix: Datalog preliminaries

In the datalog context, a database of domain D is a finite relational structure D = (D, {r1, . . . , rn})
of signature {R1, . . . , Rn} (i.e. D is a finite set and each Ri is a predicate symbol of arity ai, naming
relation ri over D); we shall equivalently represent D as a set of Ri-facts (i.e. expressions of the
form Ri(c1, . . . , cn), cj ∈ D), i = 1, . . . , n, i.e. D =

⋃
i{Ri(c) | c ∈ ri ⊆ Dai}. A datalog program

is a collection of rules of the form A0 ← A1, . . . , Ak where A0 is the head, and A1, . . . , Ak, form the
body of the rule. Each Ai is an atom i.e. an expression of the form R(x1, . . . , xm) where the xi’s are
either variables or constants and R is a predicate symbol (we say predicate for short); each variable
occurring in the head must have at least one occurrence in the body. Predicates appearing in rule
heads name relations defined by the program and are called intensional database (IDB) predicates
while predicates not appearing in rule heads are called extensional database (EDB) predicates; the set
IDB(Π) (resp. EDB(Π) ) of IDB (resp. EDB) predicates of program Π constitutes the intensional
(resp. extensional) schema of Π. The set of constants appearing in Π is denoted by Const(Π). We
call input database for program Π any database with signature EDB(Π).

Given a domain D and given a finite set V of variables, we call D-valuation v over V a total
mapping from V to D; we call D-instantiation (or simply instantiation) of a rule r the result of
applying to r a D-valuation v over the set of variables occurring in r, i.e. the result of replacing
each variable x in r by v(x). In the following, Π denotes a program, D denotes an input database of
domain D for Π and we refer to them by the pair (Π,D). We say that the fact P (a), a = (a1, . . . , am),
ai ∈ D ∪ Const(Π), is derivable from (Π,D) (or is computed by Π on input D), and we write
(Π,D) |= P (a), if either P (a) ∈ D or there exists a D-instantiation r′ of a rule r of Π such that P (a)
is the head of r′ and every fact in the body of r′is derivable from (Π,D).

Given (Π,D), we define the semantics of Π on D, denoted Π(D), as the set of facts derivable
from (Π,D); Π(D) is finite and it constitutes a database over domain D ∪Const(Π) and of signature
EDB(Π) ∪ IDB(Π), s.t. Π(D), when restricted to signature EDB(Π), coincides with D16. Clearly,
each program Π defines a mapping from input databases of signature EDB(Π) to output databases
of signature EDB(Π)∪IDB(Π) such that the image of D is Π(D). A datalog query Q is a pair (Π,Q)
consisting of a datalog program Π together with an IDB predicate Q ∈ IDB(Π) called goal predicate;
Q defines a mapping from input databases for Π to relations named by the predicate Q, such that,
for every input database D, Q(D) is the set of Q-facts derivable from (Π,D) (clearly Q(D) ⊆ Π(D));
we also consider Q(D) = {a ∈ D ∪ Const(Π) | (Π,D) |= Q(a)} (especially in the statements of our
propositions) and we say that Q on input D computes Q(D). Two datalog queries (Π, Q) and (Π′, Q)
are equivalent if they define the same mapping. We call arity of program Π the maximum arity of the
IDB predicates of Π; the arity of query (Π, Q) is the arity of Π. A datalog program/query is monadic
if its arity is 1.

The above given recursive definition of derivable facts from (Π,D) yields the following algorithm
(known as bottom-up evaluation) for computing Π(D) in a finite number of steps starting from input
database D: first we set D0 = D; then, at each step i + 1 > 0 we produce a new database Di+1, by
enriching current database Di with the heads of those rule instantiations of Π having in their body
only facts contained in Di. After k steps, for some k, we will finally have Dk = Dk+1 and Π(D) = Dk;
clearly k ≤ |D|ar(Π) where ar(Π) is the arity of Π. We call active instantiations of (Π,D) the
instantiations of Π participating in the computation of Π(D) during bottom-up evaluation; and we

16The rules of Π are interpreted as logical formulas universally quantified, thus Π(D) is a model of Π containing D;
P (a) is true in model Π(D) iff P (a) is derivable from (Π,D) (i.e. Π(D) |= P (a) iff (Π,D) |= P (a)).
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measure the complexity of evaluating program Π on input D by the number of active instantiations
of (Π,D).

By allowing negated atoms in the body of datalog rules, we obtain datalog with negation programs,
called datalog¬ programs (see [2, 4] for details). A datalog¬ program Π is called stratified if there
exists a partition {Π1, . . . ,Πn} of Π such that each IDB predicate is defined by a unique subprogram
Πi and such that Πi’s (called the strata of Π) can be ordered is such a way that if IDB predicate P ′

(resp. the negation of P ′), defined by Πj , is used in the definition of IDB predicate P , defined by Πk,
then Πj ≤ Πk (resp. Πj < Πk); let Π1 < · · · < Πn be such an ordering, the semantics of stratified
datalog¬ program Π is defined as follows: Π(D) = D ∪

⋃
1≤i≤n Π′i(D) where, for all i, P (a) ∈ Π′i(D)

if there exists an instantiation r′ of a rule r of Πi such that P (a) is the head of r′ and each fact P ′(b)
(resp. negated fact ¬P ′(b)) in the body of r′ is contained in D∪

⋃
j<i Π′j(D). Notice that a datalog¬

program with negation on EDB predicates only, is a special case of stratified datalog¬ program having
as single stratum itself. Notice that the above notion of stratification is also applicable to datalog
programs (i.e. programs without negated atoms); when a datalog program can be partitioned into
strata in the way described above, we say that it is stratified.
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